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A PARAMETRIC FUNCTIONAL EQUATION
ORIGINATING FROM NUMBER THEORY

Az1z MoUuzoUNZ| DRISS ZEGLAMI, YOUSSEF AISSI

Abstract. Let S be a semigroup and o, € R. The purpose of this paper
is to determine the general solution f: R2 — S of the following parametric
functional equation

fzize + ayry2, z1y2 + z2y1 + Byiy2) = f(z1,y1) f(z2, y2),

for all (z1,y1), (2,y2) € R?, that generalizes some functional equations aris-
ing from number theory and is connected with the characterizations of the
determinant of matrices.

1. Introduction

Throughout this paper S denotes a semigroup (i.e., a non-empty set
equipped with an associative composition rule (z,y) — zy), K denotes ei-
ther the set of real numbers R or complex numbers C, and «a, 3 € R. The
semigroup S will represent the range space of the solutions in the second sec-
tion of this paper. We equip R? with the multiplication rule *q,8 defined by

(x1,41) *a,8 (T2,92) = (122 + ay1y2, T1y2 + T2y1 + By1y2),
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for all (z1,y1), (z2,y2) € R% The rule makes R? into an abelian monoid with
neutral element (1,0).
We introduce the multiplicative Cauchy *,, g-functional equation

(E(a, B)) F((@1,91) *a,p (72,92)) = f(z1,91) f(22,92),
ie.
(1.1) f(z1ze + ay1ya, x1y2 + x2v1 + Byaye) = f(x1,y1) (22, y2),

where (z1,91), (z2,y2) € R? «, 3 are fixed real parameters and f: (R?, x, 5) —
S is the unknown multiplicative function to be determined.

Let us mention some recent contributions to the theory of functional equa-
tions related to (1.1)). For 8 = 0, where (E(a, )) reduces to (E(«, 0)), Berrone
and Dieulefait (J5]) characterized the solution f: R? — R of the functional
equation

f(x1£U2 + ay1y2, 1y2 + :chyl) = f($1,y1)f($2,y2),

that arises from the product of two numbers in a quadratic number field.
Functional equations which result from the formula of the product of two
numbers in a pure cubic (resp. quartic) number field were investigated in [1T]
(resp. [15]). Another particular instance of is the functional equation

(1.2) f(z1x2 — y1y2, T1y2 + T2y1 + y1y2) = f(z1,11) f (22, y2),

which was derived from the Proth identity. Ebanks (|§]) found the solu-
tions f: F? — S of , here I is any field containing Q(iv/3) and S is
a commutative semigroup, and Chavez and Sahoo ([6]) determined its solu-
tions f: K2 — K. In [9] Jung and Bae discussed the form of the solutions
f:R? - R of

f(ivlﬂCQ —Y1Y2,T1Y2 + 3322/1) = f(x1,y1)f(w2,y2),

which arises from the following identity (z122 + y1y2)? + (21y2 — 22y1)? =
(23 + y?) (3 + y3). Akkouchi and Rhali ([4]), Chavez and Sahoo ([6]) de-
scribed, for a fixed A € K* := K\ {0}, the solutions f: K* - K and f: K* —
S, respectively, of the functional equation

fxiza + (XA = D)yrya, 21y2 + 2y1 + (A — 2)y1y2) = f(z1,91) f(22,y2),

which is connected to the determinant of some matrices.
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Recently, the authors (|I0]) treated another kind of equation than (L.1)).
They described the solutions f: R? — My(C) of the matrix functional equa-
tion

(1.3) f(x1z2 + ayrye, x1y2 + yrayr) = f(x1, y1) f(@2, ¥2),

where «,~ are fixed real numbers. Of course, Eq. differs from
when v # 1.

In connection with the characterization of functional equations arising
from the number theory, the present paper complements and contains the
existing results by finding the solutions f: R? — S of the parametric func-
tional equation (E(«,)). We impose no conditions like continuity on the
solutions.

(1) We characterize, in terms of multiplicative functions from (R, -) or (C,-)
to S, the solutions f: R? — S of (E(a, 3)).

(2) We find explicit expressions for the functions f: R? — C satisfying the
equation (E(a, f)), and

(3) we describe, in terms of multiplicative functions M : (R, ) — R and addi-
tive ones A: (R, +) — R, its real-valued solutions.

(4) By a more direct approach, we solve the particular instance of (E(«, 3))
for 4% + 4a # 0, in which S = M, (C).

Notation. Throughout this paper K denotes either R or C with K* = K\{0},
Rt = {z € R | 2 > 0}, and S denotes a semigroup. That S is a regular
semigroup means that for all x € S there exist a € S such that ¢ = zaz.

In the sequel, all semigroups and groups will be denoted using multiplica-
tive notation. Let S1, S be semigroups. A function ¢: S; — S5 is said to be
a semigroup morphism if ¢(xy) = ¢(x)p(y) for all z,y € Sy. If the semigroup
operation in S5 is a multiplication, then the semigroup morphism ¢ is said to
be a multiplicative function. If the semigroup operation in Sy is the addition,
then the semigroup morphism ¢ is said to be an additive function. A character
on a group G is a multiplicative function y: G — C*, where C* denotes the
multiplicative group of non-zero complex numbers. As well known, any non-
zero multiplicative function on a group is a character (see [13, Lemma 3.4(a)]).
It is possible for a multiplicative function on S to take the value 0 on a proper
non-empty subset of S. For any multiplicative function ¢: S — C we use the
notation

Iy :={z e8| ox) =0}
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2. Main results

Inspired by papers [6, 8, [7], we will describe the solutions f: R? — S of
the functional equation (F(a, f)). Let H be the set defined by

H:={(2,2) | z € C}.
We equip H with the multiplication rule ¢ defined by
(21,21) © (22, 22) = (2122,2122) for all 21,29 € C.

The following lemma presents a result that is essential for the proof of our
main results.

LEMMA 2.1. Let o, 8 € R such that 3% +4a < 0. The map 7: (R?,%4,5) —
(H, o) defined by

T(xay) = (x—i_%(ﬁ—i_l\/ _ﬁ2_4a)y7x+%(ﬁ_i\/ —62—4a)y), CU,Z/EK

s a bijective homomorphism.

1
Proor. With the notation & := 5(6 +iy/—p? — 4a), we have

T((#1,51) *a,8 (22, ¥2)) = T(2122 + ay1y2, T1y2 + T2y1 + By1y2)
= ((z1 + &y1) (w2 + Eya), (21 + Ey1) (2 + Eya))
= (mu(21, Y1) 71 (22, y2), T2 (21, 41) 72 (22, 42))
=7(x1,51) © 7(72,2),

for all (z1,y1), (72,92) € R?. This implies that 7 is an homomorphism from
(R?%, %4.5) to (H, o). To show that 7 is bijective, it is elementary to see, for all
(2,%) € H with z = a + b, (a,b) € R?, that

I6] 2
x, =|a— ba b
(@9) ( VB2 —da /B2 —da >

is the unique element of R? such that 7(z,y) = (2, 2). O
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The following theorem lists the solutions f: R? — S of the equation
(E(a, B)) when 8% + 4a # 0.

THEOREM 2.2. Let a, 3 € R such that B2 + 4a # 0. The general solution
f:R?2 — S of (E(a, B)) depends on the sign of B + 4« and is given by:
(1) If % + 4a > 0, then

Flau) = My (24 5(5 — /B T da)y) Moz + (5 4+ /B2 T da)y),

for all x,y € R, where My, Msy: (R,-) — S are multiplicative functions.
(2) If B% 4+ 4a < 0, then

f(x,y) = M(x+ %(ﬁﬂ'v—ﬁ? - 404)1/),

for all z,y € R, where M: (C,-) — S is a multiplicative function.

PROOF. Let f: R? — S be a solution of (E(«, 3)). In solving equation
(E(a, B)), two different cases arise depending on the sign of 5% + 4a.
Case 1: If 82 + 4a > 0, we distinguish between two subcases.

Subcase 1: Suppose first that a # 0. Putting v = /82 +4a, s = B+~
and § = 8 — v, it is easy to see that sd = —4a, s # 0 and § # 0. We adopt
the ideas of [6] to the situation at hand. In matrix terminology, (E(a, #)) can
be written as

(1, Y1) *a,8 (T2, ¥2) = (x122 + ay1Y2, T1Y2 + T2Y1 + By1y2)

_ 1) ay2 X1
Y2 T2+ Py y1 )’

where x1, T2, y1,y2 € R. The diagonalization of last equality gives us

1
To + =0y 0 x
(10) %o ) =@ | 2 et ()
0 T2 + 58Y2
2

2

1 1 af —5 1
where @ = 2 2 |Jand Q' =— 9

s 0 N 1
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Hence, the equation (E(a, 3)) can be reformulated as

1

+ =0 0

(2.1) f(@ Tt 1 Q' ( 21 )) = f(x1,y1) f (22, y2),
0 T2+ 58y !

where x1, 2, y1,72 € R. We define the function: ¢: R? — S by
(2.2) H(X) = [(QX), X eR®.

We use (2.2]) to rewrite (2.1) in terms of ¢ as

1
B i) + *53/2 0
(2.3) ¢< 2 ] Q! < o ) )
0 T2 + 5592 v

= ¢<Q_1 < z:ll >)¢(Q_1 < zz >>, x1,T2,Y1,y2 € R.

We make the change of variables

(2.4) (“J> — Q! <xﬂ) for j = 1,2.
Uj Yj

We obtain after some computations that

1 -6
To + -0y 0 iuz 0
2 1 = 2a
0 To + =Sy 0 Evg
2+ 5592 %

By the change of variables (2.4)), the equation ([2.3)) becomes

—— Uy 0 U U
¢< 206 s < ZJ; )) :¢(Ui>¢(vz>, u17u2701702€R-
2%y
2¢

This yields that

-0 s
(2.5) ¢(%u1u2,;—av1v2) = ¢(U1,’()1)(Z)(UQ,U2), Uy, U2, V1,V € R.
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Let h: R? — S be a function defined by h(u,v) := ¢( — ﬁu, if;v), where
(u,v) € R%. Since a # 0 we get that

(2.6) d(u,v) = h( 215 ;Sv>, (u,v) € R2.

By using (2.6) in (2.5 we find that

Yo —=yd ys s -0 s -0 s
h(—ul—w, vl—vg) = h(—ul, —vl)h<—uQ, —vg).
2 2cy 200 2« « o 2 «

This yields that
(2.7) h(z122,y1y2) = h(w1,y1)h(T2,92), 1,91,72,92 € R.
If we put y1 = y2 = 1 and 1 = x2 = 1 separately in , we get respectively
h(z1x2,1) = h(z1,1)h(z2,1), x1,22 €R,
and  h(1,y192) = h(1,y1)h(L,y2), w192 €R.
These yield that there exist multiplicative functions Mi, Ms: (R,-) — S such
that h(z,1) = Mi(x) and h(l,y) = Ms(y) for all z,y € R. Since h(z,y) =

h(z,1)h(1,y) for all x,y € R, we deduce that h(z,y) = My (x)Ma(y), =,y € R.
So according to (2.6]), we get

-0
(2.8) o(x,y) = Ml( 21 )Mz(;iy)
From and we infer that

ren =o(a (7))

S a 1) a
Y I A
2y v 2y 0l

(g TP e %)
(o (e )

:Ml(x+%(ﬂ—\//62+4a) )Mg(ﬂv—l- (B+ /B2 + 4a) )
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Subcase 2: If a = 0, then § € R* and (E(a, 3)) becomes

(2.9) f(x1w2, 21y2 + 2291 + Byrye) = f(w1,91) f (22, 92),

where x1,72,91,92 € R. Let f: R2 — S be a solution of (2.9). By using the
function §: R? — S defined by

(2.10) S(u,v) := f(u,v/B), wu,v€ER,

the equation becomes

(2.11) F(u1,v1)F(ug,v2) = F(uiug, urve + ugvy + v1v2), U1, us,v1,v2 € R.

Let k: R? — S be the function defined for any x,y € R by

(2.12) k(z,y) == §(z,y — ).

By using in , we arrive at the functional equation
k(x1,y1)k(w2,y2) = k(z172,9192),  T1,72,91,92 € R.

In a similar fashion as in (2.7)), we deduce that there exist multiplicative
functions My, Ms: (R, ) — S such that

(2.13) k(x,y) = Mi(x)Ma(y), z,y€R.
Thus, by virtue of and in , we infer that
f(z,y) = My(z)Mz(z + By), =,y €R.
So we are in case with a = 0.
Case 2: Suppose that 32 +4a < 0. We use the notations of Lemma In
term of the function g: H — S defined by
(2.14) g:=for },
the equation (F(a, 3)) reads as
9(T (@1, 91) a8 (22,42))) = 9(7(21,41))9(7 (2, 42)),

i.e.

g(1(w1,y1) 0 T(w2,92)) = g(7(21,91))9(7 (22, y2))-
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For ¢ = (84 i\/—fB? — 4a), the last equation becomes

(2.15) g ((z1 + &yr, 1 + Eyr) © (w2 + Y2, 22 + Ea))
=g (961 +&y1, 1 + f_yl) g (962 + Y2, T2 + 5_212) .
If we put z; = x; + y; for all z;,y; € R and ¢ € {1,2} in (2.15)), we get

9((21,21) © (22, 22)) = g(21,Z1)9(22, Z2), 21,22 € C.

This yields that

9(z129,2122) = g(21,%21)9(22,Z2), 21,22 € C,

which means that there exists a multiplicative function M: (C,-) — S such
that g(z,z) = M(z), z € C. So from (2.14) we obtain

Flay) = M(z 4+ 5(5+ i/~ —da)y), o,y € R

Hence we complete the proof of the first direction.
Conversely, simple computations prove that the formulas above for f define
solutions of (F(a, f)). O

e For K = R, as an immediate consequence of Theorem taking 5 =A—2
and & = XA — 1 where A € R*, we get [6, Theorem 3.3] on the semigroup-
valued solutions of (E(a, 3)) on R2.

e Asanother interesting consequence of Theorem on the solutions f: R? —
S of (E(a, B)), we get [6, Theorem 3.2].

Now we focus on the solutions f: R? — S of (E(a, 3))in the case 32+4a = 0.

PROPOSITION 2.3. Assume 32 + 4o = 0. If f: R?> — S is a solution
of (E(a,B)) then there exist multiplicative functions M: (R,-) — S and
x: (R,+) — S such that, for all (x,y) € R?, we have

(1) for =0:
fay) =M@)x(2) ifz#0 and f2(0.y) = M(0),

(2) for 840

f(z,y) IM(:Hgy)x(

By
2z + By

) z'fx+§y7&o and f2<—%ﬁy,y> = M(0).
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Moreover, in both cases, if S is uniquely 2-divisible semigroup, then
f(—%ﬂy,y) = M(0) for all y € R.

PRrROOF. Let f: R? — S be a solution of (E(a,)). Since 82 + 4a = 0,
then (E(a, B)) is (E(—i,@%,@)) :

2
(2.16) f(ﬂhl’z - %yly%xl?ﬂ + zoy1 + ﬂyly2> = f(x1, 1) f(22,y2).

If 5 =0, then (2.16) becomes
(2.17) f(w1z2, 21y2 + 22y1) = f(21,91) f (22, 42).

Putting y; = y2 = 0 and 27 = xo = 1 separately in (2.17]), we obtain respec-
tively
f(z122,0) = f(21,0)f(22,0), x1,22 €R,
and  f(L,y1 +y2) = f(Ly1)f(L,92), v1,92 €R.

These yield that there exist multiplicative functions M: (R,:) — S and
x: (R,+) — S such that f(z,0) =: M(x) and f(1,z) =: x(x) for all x € R.
If  # 0, then we have f(z,y) = f(x,0)f(1, g), which implies that

x

f(z,y) = M(w)x(%) for all (z,y) € R* x R.

Otherwise, we have f2(0,y) = f(0,0) = M(0). If we suppose that S is an
uniquely 2-divisible semigroup, then we get f(0,y) = M(0) for all y € R,
because M?(0) = M (0).

Suppose now that 3 # 0. Let F: R?> — S be a function defined for any
u,v € R, by

(2.18) F(u,v) = f(u,2v/p).

Then, the equation (2.16]) can be expressed in terms of F' as follows

F(uy,v1)F(uz,ve) = f(u1,2v1/8) f(uz,2v2/B)

_ 62 201 209 B 209 2v1 2v1 2v9
= F<“1u2 13 3’ 5(“17 +u27 +5?7))

(219) = F(u1u2 — V12, U1V2 + U2V1 + 2’1)11)2), Uy, U2 V1, V2 € R.
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Define the function g: R? — S for any =,y € R, by

(2.20) 9(z,y) == F(z —y,y).

By using in , we arrive at the functional equation

(221)  g((z+y)(ut0), (@ +y)v+y(uto)) =g +yy)g(utov),

where z,y,u,v e R. If weset x1 =z +y, y1 =y, ra =u+wv and y2 = v in
(2.21]), we find that

g(r122, 192 + T2y1) = 9(x1,91)9(x2, Y2),

i.e. g is a solution of (2.17)). So in view of the previous discussions we have for
all z,y € R

(2.22) 9(z,y) = M(-’E)X(%) ifx#0 and ¢*(0,y) = g(0,0),

where M: (R,:) — S and x: (R,+) — S are multiplicative functions and

g(0,0) = M(0). From (2.20) and (2.22)) we get

Y
(2.23) { F(z,y) ZM($+y)X<m—+y), r+y#0,

F?(z,y) = F(0,0), r+y=0, zyek

By using 1) in 1} we obtain f(z,y) = M(a:—&—gy)x(%iyﬁy) if:v—i—gy #0
and f2(—5By,y) = f(0,0) = M(0). If S is uniquely 2-divisible multiplicative
semigroup, we get f(—%ﬁy,y) = M(0). 0

3. The scalar solutions of (E(a, 3))

In this section, we describe the solutions f: R? — K of (E(«,()). The
previous discussion allows us to determine the complex-valued solutions of
the equation (E(«, 3)).

COROLLARY 3.1. The general solution f: R*? — C of (E(a, 3)) depends
on the sign of % + 4a and is given by:
(1) If B2 + 4a = 0, then either f = 1 or there ewist multiplicative functions
M: (R,:) —» C and x: (R,+) — C such that for all z,y € R we have
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(il) For B # 0,

fo =) Ml 5N Tg) e v
0, else.

(2) If B2 + 4 > 0, then for all (z,y) € R?* we have

Flay) = My (4 5(8 — B+ da)y) Mo + S (5 + /B + day),

where My, Ms: (R,-) — C are multiplicative functions.
(3) If B% +4a < 0, then for all (z,y) € R? we have

Flay) = Mz + 5(8 +iv/~F7 — da)y),

where M : (C,-) — C is a multiplicative function.

PRrROOF. Let f: R?2 — C be a solution of (E(a, 3)). We have the following
two cases:

Case 1: Suppose that 32 + 4a = 0. We distinguish between two subcases:

(i) if B = 0, then according to Proposition we infer that there exist

multiplicative functions M: (R*,-) — C and x: (R,4+) — C such that

flz,y) = M(m)x(%) for all (z,y) € R* x R and f2?(0,y) = £(0,0) for

any y € R. Since f2(0,0) = £(0,0) then f(0,0) = 0 or £(0,0) = 1. If
f£(0,0) =1 then f(z,y) = f(x,y)f(0,0) = f(0,0) =1 for all z,y € R.
The second possibility f(0,0) = 0 gives f(0,y) =0 for all y € R.
(i) If B # 0, we get the desired result by using Proposition and proceed-
ing as for (i).
Case 2: If 82 +4a # 0, then we get the desired result by taking S = (C, )
in Theorem O

As another consequence of Theorem [2.2] we express in terms of multiplica-
tive functions on (R,-) and additive ones on (R, +) the real-valued solutions

of (E(a, B)).
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COROLLARY 3.2. The general solution f: R*> — R of (E(«,[3)) depends
on the sign of B2 + 4o and is given by the following forms:
(1) If B2 4+ 4a = 0, then either f = 1 or there exist a multiplicative function
M: (R,-) — R and an additive one A: (R,+) — R such that for all

z,y € R we have
(i) For B =0,

fy) :{ 3’4(93) exp(A(y/z)), iig

(ii) For B # 0,

oo M o (45 2), =+ G
0, else.

(2) If % + 4a > 0, then for all (x,y) € R? we have

Flay) = M (2 + 56— VB + da)y ) Moz + (8 + VB + da)y),

where My, My: (R,-) — R are multiplicative functions.
(3) If B2 + 4 < 0, then either f = 1 or there exist a multiplicative function
M: (R*,.) = R and an additive one A: (R,+) — R such that

LI

flz,y) = M(ng + Bxy — ay2) exp (A(arctan 55 1 By

for all (x,y) € R?\ {(0,0)} and f(0,0) = 0.

PROOF. Let f: R? — R be a solution of (E(a, 3)). Depending on the sign
of 32 4 4a, we have the following three cases:
Case 1: Suppose that 82 + 4a = 0.

(i) If B = 0 then, according to Proposition there exist multiplicative
functions M: (R*,) — R and x: (R,+) — R such that f(z,y) =
M(z)x(y/x) for all (z,y) € R* x R. From [I, Theorem 5 in Chapter 3],
the multiplicative function x from (R, +) to R has one of the following
expressions

X=0 or x(z)=-exp(A(z)), z€R,

where A: R— R is an additive function. Thus f(z,y) =M (x) exp(A(y/x)),
(z,y) € R* xR. For f(0,y), y € R, we can proceed like in Corollary [3.1]
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(ii) If B # 0, then we get the desired result by using Proposition and
proceeding as for (i).

Case 2: If 32 +4a > 0, then we get the expected result by taking S = (R, )
in Theorem 2.2l
Case 3: If % + 4 < 0 then, from Theorem we have

(1) fwy)=m(e+ 56+ iV ), wyeR

where m: (C,-) — R is a multiplicative function. For all 21, 2z, € C we have
(3.2) m(z122) = m(z1)m(z2).
So m(0) = 1 or m(0) = 0. If m(0) = 1 then for zo = 0 in (3.2) we get
m = 1. Suppose now that m(0) = 0. Since m(\/u;)m(y/uz) = m(y/uiuz) for
all uy,us € RT, then the map M: (RT,-) — R defined by

M(u) :=m(v/u) for any u € RT,

is a multiplicative function. Let z = u + iv € C* and z = |z|exp(if), 6 € R,
be its polar decomposition. We have

(3.3) m(z) = (|| exp(i0)) = M(|z2)m(exp(i)).
Now, for all 81,65 € R we have
m (exp(ib1)) m (exp(ibz)) = m(exp(i(01 + b2))).
Thus, in terms of ¥ (0) := m(exp(if)), we get
(01 4 02) = P(61)Y(02), 01,02 € R.
From [I, Theorem 5 in Chapter 3|, ¢ has one of the following two forms
B=0 or B(0) = exp(A(B), 0ER,
where A: R — R is an additive function. Hence, we deduce from that
m(z) = M(|2[?) exp(A(6))

(3.4) = M(|2?) exp (A(arctan%)),
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for all z = u+ v € C*, where M: (RT,:) — R is a multiplicative function
and A: (R,+) — R is an additive one. From (3.1)) and (3.4)) we conclude that,
for all (z,y) € R?\ {(0,0)},

flz,y) = M((a: + %6y)2 _ %(52 + 4a)y2) exp (A<arctan m))
M»

= M(2? + Bxy — ay?) e (A(arctan
( Bry — ay”) exp 20 1 By

and f(0,0) =m(0) = 0.
Conversely, it is elementary to prove that the formulas for f above define
solutions of (F(a, f)). O

e For K =R, as an immediate consequence of Corollary [3.2] taking 3 = X —2
and o = A — 1 where A € R*, we get [4, Theorem2.1].
As other interesting consequences of Corollary on the solution f: R? —
R of (E(a, B)), we get
e [6, Theorem 1.1], [8, Corllary 3.2] and [7, Theorem 2.1 in which (o, 3) =
(-1,1).
e |5, Theorem 1|, here 5 = 0.

4. The 2 X 2 matrix valued solutions of (E(«, 3))

In this section, the range space of the solutions of (E(«, )) is the semi-
group Ms(C). The significant difference from Section 2 is that here (from
Theorem Remark and Proposition we can find, for 5% 4+ 4a # 0,
explicit expressions of the solutions f: R? — My(C) of (E(«, 3)) in terms of
scalar multiplicative functions on R or C. Some numerous references concern-
ing the study of matrix functional equations can be found e.g. in [2, [3, [10]
12 [14]. The following lemma describes the solutions of the matrix Cauchy
functional equation, namely

(4.1) M(z)M(y) = M(zy), x,y€S,
on a regular abelian semigroup S.

LemMA 4.1 ([10]). Let S be a regular abelian semigroup. The solutions
M: S — My(C) of the matriz multiplicative Cauchy functional equation (4.1))
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are the matriz valued functions of the two forms below in which P ranges over

(1)
¢1($) 0
0 ¢

where @1, ¢o: S — C are multiplicative functions.

) o(z) B)A()
P< 0 o)

M(x)zP( x)>P‘1, z €S,

>P‘1 if veS\I,,
if LUEI¢,

M(z) =

where ¢: S — C is a multiplicative function and A: S\ I, — C is an
additive function.

REMARK 4.2. Let ¢: (K, ) — C be a non-zero multiplicative function. It
is easy to verify that I, = {0} or I, = @. In fact, suppose that there exists
zo # 0 such that ¢(zo) = 0 then for all z € K : ¢(z) = ¢(20)¢(;5) = 0 which
contradicts our assumption.

We will apply Lemmato give the solutions f: R? — My (C) of equation
(E(a, B)). So we will first discuss the regularity of (R?, x, 3).

LEMMA 4.3. Let a, 3 € R such that % + 4a # 0. The set (R?,%,.5) is
a regular abelian monoid.

PROOF. Clearly (R?, %, 5) is an abelian monoid. In order to prove that it
is regular, we will show that for all X € R? there exists Z € R? such that
X =X %082 %03 X. Let X = (z,y) € R?, we have

(2,9) *a,5 (x + By, —y) = (2 + Bzy — ay?,0)
= (2% + Bzy — ay”)(1,0).

So we have the following two cases:
Case 1: If 22 + Bay — ay? # 0, then X is invertible and its inverse is
X 1= PR r— (x + By, —y). So it is enough to take Z = X! € R2.
Case 2: Suppose that 22 + Bzy — ay? = 0. If y = 0, then X = (0,0) and
the result can be trivially shown. If y # 0, then we see that 82 + 4a > 0
because % + 4a # 0. Hence

2 + Bry — ay® = (:1: + %(ﬁ — /2 +4a)y) <x+ %(54- VB2 +4a)y> =0.
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1
We first suppose that z = —5(6 + /2% + 4a)y, then
_ (2 2 2
X #ap X = (27 + ay”, 2zy + By7)
1
= (8 + VB +10)%? + ay?, —/F + day?)

(B+VB% +4a)y, y)

1
= —VE ay( -5

= —V/ (% + 4ayX.
By using the fact that (R?, %, g) is abelian and (1,0) is its neutral element,
we find that
-1 -1

X= 0 XagpX=Xkop (e
Py X=X Uy

Then, it is enough to take Z = (ﬁ, 0) € R?. Similarly, if z = —%(5 -
ay

(170)) *a,ﬁ X

1
V% + 4a)y, then we get that X = X %, 3 (—=———==",0) %3 X. So it is
V6?2 +day

enough to take Z = (*, 0). This completes the proof of the lemma. [

VB2 t+day

The following main theorem highlights the 2 x 2-matrix valued solutions
of Eq. (E(a, B)) for 8% + 4a # 0. It reads as follows:

THEOREM 4.4. Assume (32 +4a # 0. The general solution f: R%?—My(C)
of (E(a, B)) is given by the following expressions in which P € GLo(C)

o =p ATV 0 Yo

0 P2(z,y
flz,y) = ¢(I’y)P( (1) w(qi’y) >P1 if (z,y) € R2\ I,
0 Zf (-T,y) € I¢7

where ¢, ¢1, p2: (R?, *4,5) — C are multiplicative functions and 1: (R*\Iy, *q.5)
— C is an additive one.

PROOF. Let f: R?>—M5(C) be a solution of (E(«,8)) with 8% + 4a # 0.
Then for all (z1,y1), (¥2,92) € R? we have

J((z1,91) *a,B (2,92)) = flx1,y1) f(22,y2).
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This means that, with S = (R? x, 3), the function f is a solution of the
matrix multiplicative Cauchy functional equation . According to Lemma
(R?%, x4 5) is, for 3% + 4a # 0, a regular abelian monoid. Then the result
follows immediately from Lemma [£.1] O

REMARK 4.5. Let ¢: (R?, %, 3) — C be a non-zero multiplicative function.
It is easy to verify, by using Corollary [3.1] and Remark [4.2] that

1) If 82 4 4 < 0, then either Iy = @ (in this case ¢ = 1) or I, = {(0,0)}.
& ¢
(2) If B2 + 4a > 0, then either Iy = & or

f¢={(—%(ﬁ¢ 62+4a)y,y> IyER}-

REMARK 4.6. The multiplicative functions ¢: ( (i.e. the so-
lutions ¢: R? — C of (E(a, B))) are given in Corollary -' and (3). Then,
from Theorem [£.4] in order to get the explicit expressions of the solutions
[ (R% x4 3)—M2(C) of (E(a,f)) it remains to determine, for a fixed mul-
tiplicative function ¢: (R?, %, 3) — C, the solution ¢: R? \ I, — C of the
Cauchy’s additive *, g-functional equation

(4.2) V((#1,91) *a,8 (22, 42)) = ¥(@1,91) + (22, 92).
Clearly, if I, = @ then ¢ = 0 because ¥(z,y) + 1(0,0) = 1(0,0) for all
(z,y) € R2. So in the following proposition we work with I # &.

PROPOSITION 4.7. Assume that B +4a # 0 and let ¢: (R?,%4,5) — C be
a fized non-zero multiplicative function such that I, # @. The general solution
: R*\ I, —» C of depends on the sign of $? + 4a and is given by:

(1) If B2 +4a < 0, then there exists an additive function A: (C*,-) — C such
that

¥(e,) = A+ 5 (8 +iv/ =57~ da)y),

for all (z,y) € R*\ {(0,0)}.
(2) If B? + 4 > 0, then there ewist additive functions Ay, As: (R*,.) — C
such that

— 2 3
for all (x,y) € R*\ Iy and here

f¢={(—%(6¢ 62+4a)y,y) IyGR}-
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PROOF. Let ¢: R? \ I, — C be a solution of equation such that
B2 + 4a # 0. In what follows we distinguish between two cases:

Case 1: Suppose that 3% + 4a < 0. From Remark we have I; =
{(0,0)} because here I, # @. For all (a,b) € R?\ {(0,0)} we define the
function ®: H* — C by

i 2
V5% - 4ab’ V5% - 4ab>

where H* := {(2,%) | 2 € C*}, this is equivalent to
(43) 9(wy) =0z + L(B+iv/~FF — da)y,z + 5(5 — iV/ P — day),
where z,y € R. For any (z1,y1), (z2,y2) € R2\ {(0,0)} we compute that
@ (o1 + (8 + v/ =5 — Ay, 21 + 5(8 —iv/ =B — daun )
82y 4 3 (B+iv/ T~ da)ys, 2+ (5 — i/~ da)ye)

= Y(z1,y1) + (72, Y2)

= Y(x122 + ay1y2, T1Y2 + T2y1 + By1y2)

=0 (o1-+ 505+ ivF— daym) (a2 + 36+ VT~ Tale),

®(a + ib,a — ib) ::’L/)(a*

(o1 500 iV~ dapn) (a2 + (5~ iv/=F  da)n) ).
This means that, for all z1, zo € C*, we have
D(21,21) + P22, 22) = P(2122,2122),
which yields that the function A: (C*,-) — C defined by
(4.4) A(z) = ®(z,z) forall z € C*,

is additive. Therefore, from (4.4) and (4.3]), we infer that

P, = Ao+ 5(6+ivV=FF —da)y), (r.y) €R\{(0,0)}.
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Case 2: Suppose that 32 + 4a > 0. Define : R? \ I, — R* x R* by

1 1
o(a,y) = (v + 38— VI + o)y, o + 38+ VB +da)y).
for all (z,y) € R?\ I, and let ® be the binary operation on R* x R* defined by

(@1, 1) © (22,92) = (B122, 152), (21, 91), (T2, 92) € R" X R™.
According to Remark and the fact that I, # @, we can easily prove
that o is a bijective homomorphism from (R*\ I, *_ ,) to (R* x R*,®). Let
U: R* x R* — C be a function defined by
(4.5) U:=qoo L
From we reformulate in terms of U as

Yoo((z1,y1) *a,8 (22, y2)) = Vo o(z1,y1) + ¥ o o(z2,42),
for all (z1,v1), (z2,y2) € R?\ I,. This yields that
U(o(z1,y1) © 0(x2,y2)) = Y(o(21,91)) + ¥(o (22, 42))-
Hence, for all (uy,v1), (uz,v2) € R* x R* we have
U(uy,v1) + U(ug,va) = ¥((ur,v1) © (u2,v2)) = ¥(urug, v1v2).

By using the last equality, we conclude that the functions x — ¥(z,1) and
y — U(1,y) are additive functions from (R*,-) to (R, +) and that

U(z,y) =V(z,1)+¥(l,y), =zyeR™
So there exist additive functions A, As: (R*,-) — (R, +) such that
(4.6) U(z,y) = Ai(z) + A2(y), z,y €R™
Therefore, from and , we conclude that
Pz, y) = Wool(z,y)
= \Il<x + %(5 — VB2 +4a)y,z + %(5 + \/M)y)
= A (a: + %(B - mw) + Az(a: + %(5 + \/M)y)

The converse statement is straightforward. ]
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