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SOME EXISTENCE RESULTS FOR SYSTEMS OF
IMPULSIVE STOCHASTIC DIFFERENTIAL EQUATIONS

SLIMAN MEKKI, TAYEB BLOUHI, JUAN J. NIETO, ABDELGHANI OUAHAB

Abstract. In this paper we study a class of impulsive systems of stochastic
differential equations with infinite Brownian motions. Sufficient conditions for
the existence and uniqueness of solutions are established by mean of some fixed
point theorems in vector Banach spaces. An example is provided to illustrate
the theory.

1. Introduction

Differential equations with impulses were considered for the first time by
Milman and Myshkis (J29]) and then followed by a period of active research
which culminated with the monograph by Halanay and Wexler ([19]). Many
phenomena and evolution processes in physics, chemical technology, popula-
tion dynamics, and natural sciences may change state abruptly or be subject
to short-term perturbations. These perturbations may be seen as impulses.
Impulsive problems arise also in various applications in communications, me-
chanics (jump discontinuities in velocity), electrical engineering, medicine and
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biology. A comprehensive introduction to the basic theory is well developed
in the monographs by Benchohra et al. (|2]), Graef et al. ([I5]), Laskshmikan-
tham et al. (J23]), Samoilenko and Perestyuk ([39]).

Random differential and integral equations play an important role in char-
acterizing many social, physical, biological and engineering problems; see
for instance the monographs of Da Prato and Zabczyk ([10]), Gard ([13]),
Gikhman and Skorokhod (|I4]), Sobczyk ([40]) and Tsokos and Padgett (J41]).
For example, a stochastic model for drug distribution in a biological system
was described by Tsokos and Padgett ([41]) to a closed system with a sim-
plified heat, one organ or capillary bed, and re-circulation of blood with a
constant rate of flow, where the heart is considered as a mixing chamber of
constant volume. For the basic theory concerning stochastic differential equa-
tions see the monographs of Bharucha-Reid ([4]), Tsokos and Padgett (J41]),
Sobezyk ([40]) and Da Prato and Zabczyk ([10]).

By using classical fixed point theory, in [9, [12], [I8, 21, 24l 25| 26| 38|,
the authors studied the existence and asymptotic stability and exponential
stability for impulsive stochastic differential equations.

In [I], the authors studied the following system of impulsive random semi-
linear differential equations without Brownian motion,

7' (t,w) = Ay (w)z(t,w) + f1(t, x(t,w),y(t,w),w), teJ=1]0,bl,
Y (t,w) = A (w)y(t,w) + falt,z(t,w),y(t,w),w), teJ =10,
x(t;,w) —x(ty ,w) = I(z(t, ,w),y(ty ,w)

y(thw) —y(ty ,w) = Ti(a(ty ,w), Yty ,w)
z(w,0) =p1(w), weN,

), k=1,2,...,m,
), k=1,2,...,m,

y(wa 0) = @2(0‘])7 w e Qv

where X is a Banach space and A; : Qx X — X,i = 1,2 are random operators.
They obtained the existence and uniqueness of solutions using fixed point
theory in vector Banach spaces.

Recently in [6], the authors used the idea of fixed point theory in gen-
eralized Banach spaces to prove the existence of mild solutions of impulsive
coupled systems of stochastic differential equations with fractional Brownian
motion.
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In this paper, we are interested in the questions of existence and uniqueness
of solutions of the following system of problems:

dr(t) =Y fH(tz(t), y(0)dW' () + g" (t, 2 (t), y(1))dt, t € Tt # t,
=1

(11) $dy(t) =D f2(ta(t),y()dW(t) + g°(t, x(t), y(t))dt, t € J,t # ty,
=1

z(0) =z0 €R, y(0) =y €R,

where 0 = tg < t; < ... <ty < tmy1 =T, J:=[0,T], f, % g', 9% J x
R? — R are Carathéodory functions, W' is an infinite sequence of independent
standard Brownian motions (I = 1,2,...), I, I € C(R,R)(k = 1,...,m),
and Ax|i—, = z(t]) —z(t;), Ayli=t, = y(t{) —y(t; ). The notations y(t;) =
lim y(tx + h) and y(t,) = lim y(tx — h) stand for the right and the left
h—0t h—0*+

limits of the function y at ¢t = t;, respectively. Set
fi('7x7y) = (ff(7$7y)a fé('vxay)v .. ')7
_ ; 3
1yl = (D2 mm)
1=1

where i = 1,2, fi(-,x,y) € [? for all z € R.

In recent years, in the absence of random effect and stochastic analysis
many authors studied the existence of solutions for systems of differential and
difference equations with and without impulses by using the vector version of
the fixed point theorem (see [5], 3, 20, 17, 22} 31 32} 35l B0], the monograph
of Graef et al. [15], and the references therein).

This paper is organized as follows. In Sections [2] [8] we introduce all the
background material used in this paper such as stochastic calculus and some
properties of generalized Banach spaces. In Section [d] we state some results
for fixed point theorems in generalized Banach spaces. Finally, an application
of Schaefer’s and Perov fixed point theorems in generalized Banach spaces are
used to prove the existence of solutions to problem .
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2. Preliminaries

Let (Q2, F,P) be a complete probability space with a filtration (F = F;)¢>0
satisfying the usual conditions (i.e. right continuity and Fy containing all
P-null sets). Assume W (t) is an infinite sequence of independent standard
Brownian motions, defined on (Q, F,P) that is, W (¢t) = (W(¢), W2(t),...)T.
An R-valued random variable is an F-measurable function z(t) : Q@ — R and
the collection of random variables

S={z(t,w) : Q—=R| t € J}

is called a stochastic process.
The following result is one of the elementary properties of square-integrable
stochastic processes (|27]).

LeEMMA 2.1 (It6 Isometry for Elementary Processes). Let (X;)ien be a
sequence of elementary processes. Assume that

1
T [e%¢) 2
/ E|X (s)]%ds < 00, |X|= (Z Xﬁ)
0 =1

Then

() (5 )

The next result is known as the Burkholder-Davis—Gundy inequalities. It
was first proved for discrete martingales and p > 0 by Burkholder (|7]) in
1966. In 1968, Millar (J28]) extended the result to continuous martingales. In
1970, Davis (JI1]) extended the result for discrete martingales to p = 1. The
extension to p > 0 was obtained independently by Burkholder and Gundy (|8])
in 1970 and Novikov ([33]) in 1971.

THEOREM 2.1 ([36]). For each p > 0 there exist constants ¢, Cp € (0,00),

such that for any progressive process x with the property that for some
t €0, 00), fot X2ds < 00 a.s., we have

t t 5
(2.1) ¢,E (/ des> <E<sup / X2dW (s ) < C,E </ des> :
0 5€[0,t] 0
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3. Generalized metric and Banach spaces

In this section we define vector metric spaces and generalized Banach
spaces and prove some properties. If z,y € R", z = (x1,...,2,), y =
(Y1,---,Yn), by * < y we mean x; < y; for all i = 1,...,n. Also |z| =
(|z1], - .., |xn]) and max(x,y) = max(max(z1,y1),. .., max(z,,y,)). lf ¢ € R,
then x < ¢ means z; < ¢ for each i = 1,...,n. For x € R", (z); = x;, 1 =
1,...,n.

DEFINITION 3.1. Let X be a nonempty set. By a wvector-valued metric
on X we mean a map d: X x X — R" with he following properties:
(i) d(u,v) >0 for all u,v € X; d(u,v) =0 if and only if u = v.
(ii) d(u,v) =d(v,u) for all u,v € X.
(iii) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
Note that for any i € {1,...,n} (d(u,v)); = d;(u,v) is a metric space in X.

We call the pair (X, d) a generalized metric space. For r = (r1,7r2,...,1,) €
R?, we will denote by

B(zg,r) ={z € X : d(zo,z) <r}
the open ball centered in zy with radius r and

B(zo,7) = {z € X : d(x0,2) <7}
the closed ball centered in zg with radius r.

DEFINITION 3.2. Let E be a vector space on K = R or C. By a vector-
valued norm on E we mean amap ||-||: E — R’} with the following properties:
(i) ||lz|| > 0 for all x € E ; if ||z = 0 then z = 0,
(ii) [[Az|| = |A|||z| for all z € E and X € K,
(i) [l + yll < 1ol + lyl| for all 2,y € E.

The pair (E, || - ||) is called a generalized normed space. If the generalized
metric generated by || - || (i.e. d(z,y) = ||z — y||) is complete then the space
(E,| - ) is called a generalized Banach space, where

|z =yl
|z —yll =
|z —ylln
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Notice that || - || is a generalized Banach space on E if and only if || - ||;, i =
1,...,n are norms on FE.

REMARK 3.1. In generalized metric space in the sense of Perov’s, the no-
tations of convergence sequence, Cauchy sequence, completeness, open subset
and closed subset are similar to those for usual metric spaces.

DEFINITION 3.3. A square matrix of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other
words, this means that all the eigenvalues of M are in the open unit disc.

LeEmMA 3.1 (|37]). Let M be a square matriz of nonnegative numbers. The
following assertions are equivalent:

(i) M is convergent towards zero;
(ii) the matriz I — M is non-singular and

I-M)y'=I+M+M+...+ M +..;

(iii) ||A|| < 1 for every A € C with det(M — A\I) = 0;
(iv) (I — M) is non-singular and (I — M)~ has nonnegative elements.

In the next part, we present the versions of Banach, Schauder and Schae-
fer’s fixed point theorems in generalized Banach spaces.

THEOREM 3.1 ([34]). Let (X,d) be a complete generalized metric space
and let N: X — X be such that

d(N(x),N(y)) < Md(z,y)
for all x,y € X and some square matrix M of nonnegative numbers. If the
matriz M is convergent to zero, that is M¥ — 0 as k — oo, then N has a
unique fized point x, € X,
d(N*(x0),2.) < M*(I — M) d(N (), z0)

for every xg € X and k > 1.

THEOREM 3.2 (|16} 42]). Let E be a generalized Banach space, C C E be a
nonempty closed convex subset of E and N: C' — C be a continuous operator

such that N(C) is relatively compact. Then N has at least fized point in C.

As a consequence of Schauder fixed point theorem we present the version
of Schaefer’s fixed point theorem in generalized Banach space.
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THEOREM 3.3 (|16]). Let (E,|| -||) be a generalized Banach space and
N: E — E be a continuous compact mapping. Moreover assume that the set

A={z € E:xz=AN(x) for some A € (0,1)}

is bounded. Then N has a fized point.

4. Existence and uniqueness results

Let Ji = (tk,tk+1), k = 1,2,...,m. In order to define a solution for
Problem (|1.1)), consider the space of piece-wise continuous functions

PC={z: QxJ—R, zeC(J,R), k=1,...,m such that
z(t),-) and z(t,, ) exist with z(t;,) = z(tx, )}
endowed with the norm
2] b = sup Ela(t, ) |*.
ted
PC' is a Banach space with norm || - || pc.

DEFINITION 4.1. An R-valued stochastic process u = (z,y) € PC' x PC'is
said to be a solution of with respect to the probability space (2, F,P),
if:

1) wu(t) is Fy-adapted for all t € Jy, = (tg, tg+1], k=1,2,...,m;

2) wu(t) is right continuous and has limit on the left;
3) u(t) satisfies that

o) =20+ Y [ (529 ()W
1=170

+ / g s, a(s),y(s)ds+ S I(alt), €

0<t, <t

) =po+Y / F2(s,2(5), y(s))dW(s)
=170

4 / P, y)ds+ S Tulytn), te

0<t, <t
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Let us introduce the following hypothesis:

(H1) There exist nonnegative numbers a; and b;, ¢ = 1,2 such that for all z,
Y, T,y € Rt € J we have

E(If'(t,z,y) — f'(t,7.9)) < aif(jz - 7*) + bE(ly - 71*).

(H3) There exist positive constants «; and ;, i = 1,2 such that for all z, v,
T,y € R,t € J we have

E(lg'(t, z,y) — ' (t,7,9)°) < aE(|lz — z|)* + BE(ly — 7).

(H3) There exist constants d > 0 and dj, > 0, k = 1,...,m such that for all
r,y, T,y R

E(|Ix(2) — Ix(@)*) < diE(|z — 7))%, E([Ix(y) — Tk(@)[*) < diE(|ly - 5[?).
Our first main result in this section is based on Perov’s fixed point theorem.

THEOREM 4.1. Assume that (Hy)—(Hs) are satisfied and the matriz M is
given by

C T+ Csb T
M:\/g(\/ ba1 + o T+ 1 /Cabi + B )’
VCaas + aT VC2by + BT + 1o

h=Y di, lb=>_di,
k=1 k=1

where Cy > 0 is defined in Theorem 2.1 If M converges to zero, then the
problem (L.1)) has unique solution.

PRroOOF. Let X = PC x PC. Consider the operator V: X — X defined by
N(Jf,y) = (Nl(x7y)7N2(x7y))7 (1‘7y) € PC x PC

where

Ni(z(t),y(t)) = o + Z/ [ (s,2(5), y(s))dW' (s)
1=1"0

_|_/O gl(svx(s),y(s))dS—F Z Ik(ﬁ(tk))y

0<t <t
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and

No(z(t),y(t)) = yo + Z/ [P (s, 2(s),y(s))dW' (s)
1=1"0

_|_/0 92(57x(5),y(8))d8+ Z Tk(y(tk))

0<tr<t

Fixed points of operator N are solutions of problem ({1.1)).
We shall use Theorem to prove that N has a fixed point. Indeed, let
(z,y),(Z,7) € X. Then we have for each t € J

N1 (z(t), y(t) — Ni(@(2), 5(t))|?

2

<33 [ sale).us) ~ . 2(5), () (5)
1=170
3 / (9(s, 2(5),y(s) — g(5, 7(5), T(s))ds

+3 3 [Iu(x(te)) — Iu(@(t) .
k=1

By Theorem 2.1} we get

E[N1(2(t), y(t)) — Ni(z(t), 5(1)) |

<30, / EJfY (s, 2(s),y(s)) — FM(5.7(s), 7(s))[2ds
L3t / Elg (s, 2(s), y(s)) — ' (s, 2(s), 7(s))|2ds

+3 iEUk(m(tk)) — Ly(@(tx))]*.
k=1

Therefore,

ig?E’Nl (2(t), y(t)) = Ni(@(t), 5(1))* < 3(Coar + enT + h)llw — T b

+3(Coby + /1) ||y — 7l %0
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Similarly we have
IN2(2,y) = Na(Z,9) | e < 3(Caaz + coT)|lz — T be
+ (Caby + BoT + 1) |ly — Tl %0
Hence

\wmmwau:CWM%wM@wwﬁ

| Nao(z,y) — Na(Z,9) || pc

<3 (\/CQCM + a1 T+ 1 VC3by + /1T ) <||96 - $|Pc)
N VCaas + axT VCaby + BT + 15 ly —7llpc)

Therefore

[ =7l pc

N(x,y) — N(Z,5y <M _
NG - M@l < 01 (07

> ,  forall (x,y), (Z,7) € X.

From Perov’s fixed point theorem, the mapping N has a unique fixed (x,y) €
PC x PC which is unique solution of problem (1.1)). O

We present now the existence result under nonlinearities f* and ¢°, i = 1,2
satisfying a Nagumo type growth conditions:

(H4) There exist a function p; € L*(J,RT) and a continuous nondecreasing
function ; : [0,00) — [0, 00) for each ¢ = 1,2 such that for all z,y € R

E(|f1(t 2, 9)1%) < pr(@)wr (E(|z]* + [y[*),
E(£2(t 2, 9)1)? < p2(6)v2(E(|2]* + [y[*),

with

/OT’”“S”“/: R

where my(t) = max{4Csp; (t), 4Tp2(t)}, vi = 4E|zo|> + 4> " | ck.

(Hs) There exist a function p; € L*(J,RT) and a continuous nondecreasing
function 1; : [0,00) — [0, 00) for each i = 3,4 such that for all z,y, € R
we have

B(lg'(t, 2, y)1*) < pa(O)ys(E(|z* + yI*)),

with

/OTW(S”“/: nEEee
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where

ma(t) = max{4Cops(t), 4Tps(t)}, v2 = 4Elyol* + ) .
k=1

(Hg) There exist positive constants ¢, ¢, k = 1,...,m, such that
E(|I(2))? < cr, E(Ir(y))? <& forall (z,y) € R%

THEOREM 4.2. Assume that (Hy)—(Hg) hold. Then (1.1)) has at least one
solution on J.

PRrOOF. Clearly, the fixed points of N are solutions to , where N is
defined in Theorem [£.1] In order to apply Theorem [3.3] we first show that N
is completely continuous. The proof will be given in several steps.

STEP 1. N = (Np, N3) is continuous.

Let (x,,yn) be a sequence such that (x,,y,) — (z,y) € PC x PC as
n — co. Then

|N1 (xn(t)a yn(t)) - Nl(x(t)v y(t))|2
<3

Z/ (fi (s, 2n(s), yn(5)) = [ (s,2(5), y(s)))dW'(s)
1=1"0

2
+3

/O (9" (3, 2n(5), yn(5)) — g (5,2(5), y(s)))ds

+3> [Ti(@a(t)) — Te(z ()]

From Theorem we obtain

EIN1 (2 (t), yn(t)) — Na(a(t), y(t)?

< 30, / E|F1(5,2n(5), un () — (5, 2(5), y(s)) | ds
L3t / Elg (5,20 (5), yn(s)) — g-(5. 2(s), y(s)) [2ds

+3 ElLi(n(tr)) — Iu(tn) .

k=1
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Since f!, g' are Carathéodory functions and Iy, I} are continuous functions,
by Lebesgue dominated convergence theorem, we get

§E§E|N1($n<t),yn(t>) - N1($(t),y(t))|2 < 302E||f1(,xn,yn) - fl('v‘ray)niz

+ 3T]E||gl(>wnayn) - gl('7x7y)“%2

+ 32E]Ik(xn(tk)) — I(z(t))]* = 0 as n — oo.
k=1

Similarly

EIEIIJ)ElNz(xn(t),yn(t)) = Ni(z(t), (1)) < 3CE[f2(y 20, yn) — F2(2,9) 12

+ 3TE||92<, Tn,y yn) - 92('5 xz, y)HL2

+3 BT (yn(tr) — Tr(y(te))]> = 0 as n — oo.
k=1

Thus N is continuous.

STEP 2. N maps bounded sets into bounded sets in PC' x PC.

Indeed, it is enough to show that for any g > 0 there exists a positive
constant [ such that for each (z,y) € B, = {(z,y) € PC x PC : ||z| pc <
a, |lyll < q}, we have

|N(z,9)lpc <1=(l1,12).

For each t € J, we get

N1 ((t), y(8) [ < 4fao* + 4] Z/ [ (s, 2(s),y(s))dW' (s)|?
1=1"0

+4]/ (s, z( s))ds|? —|—4\ka($ t)]?

Using the inequality (2.1)), we also get

E[N1(2(t), y(t))]* < 4Elzol* + 4Cs 1]l 1191(29)

+ 4T ||ps||Lrp2(29)ds + 4 Z Ch-
k=1
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Therefore

Ny, )llpe < 4EJaol? + 4Cs ol 21 (20)
+ 4”p2HL1¢2(QQ)dS + 420]€ = 1.
k=1

Similarly, we have

IN2 (2, y) | e < 4E[wo|* + 4Cs|ps |l L1tba(q) + 4llpallLrta(@)ds + 4 @ = Lo
k=1

STEP 3. N maps bounded sets into equicontinuous sets of PC x PC.
Let B, be a bounded set in PC x PC' as in Step 2. Let 1,72 € J,r; <12
and v € B,;. Then we have

|N1(z(r2), y(r2)) — Ni(z(r1),y(r1))]* < 3

[ g sl psa

T1

Z/Tz fit(s,z(s), y(s)dW'(s)
=1/

+3 +3 > Hela(te))?

r1<tp<ro

Hence

B[Ny (x(r2), y(r2)) — Ni(z(r1),y(r1))|* < 3Ca1(q) /T2 pi(s)ds

T1

+T1/}2(CI)/ pa(s)ds+3 Y ¢

r1<ti<ts

The right-hand term tends to zero as |ro — r1| — 0. As a consequence of
Steps 1 to 3 together with the Arzela-Ascoli, we conclude that N maps B,
into a precompact set in PC' x PC.

STEP 4. It remains to show that

A={(z,y) € PC x PC: (x,y) = AN(x,y),\ € (0,1)}

is bounded.
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Let (z,y) € A. Then x = ANy (z,y) and y = ANz (z,y) for some 0 < A < 1.
Thus, for t € J, we have

Elz(t)]* < 4Elwo|* + 402/0 p1(s)¢1(Elz(s)]” + Ely(s)|*)ds

4T / pa(s)6a(Ela(s)[2 + Ely(s)[2)ds + 43 .
k=1

Hence
t
Elz(t)|? < 4E|zol? + 4C; / p1(5)0r (Bl (s)? + Ely(s)[)ds
0
t
AT [ pa(s)alBla(o) + Ely(s) ds+4zck
0
and
t
Ely(t)|> < 4B|zo|? + 4C, / ps()a(Elx(s) 2 + Ely(s)[?)ds
t
+4T/O pa(s)0s (Ela(s)]2 + Ely(s) ds+4ch
Therefore
t
Elz(t)® + Ely(t)> < 7 + / p(5)S(Elz(3)|? + Ely(s)|?)ds,
where

k=1

By the Gronwall inequality, we have
T
Elz(t)]? + Ely(®))> <T~! (/ p(s)ds) =K, foreachteJ,
2!

where
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Consequently
[z][pc < K and [ly|pc < K.

This shows that A is bounded. As a consequence of Theorem we deduce
that N has a fixed point (z,y) which is a solution to the problem (1.1)). O

The goal of the second result of this section is to apply Schauder’s fixed
point. For the study of this problem we first introduce the following hypothe-
ses:

(H7) There exist nonnegative numbers a; and b;,c;, i = 1,2 such that for all
xz,y € R, we have

E(|fi(t, 2, 9)*) < @GE(|2])* + BiE(y))? + 1.

(Hg) There exist positive constants @; and f3;, \;, i = 1,2 such that for all
xz,y € R, we have

E(lgi(t, z,y)|*) < @E(2])* + BE(y)? + A

(Hy) There exist constants d > 0,d >0ande; >0, i=1,2and k=1,...,m
such that

ZEHk )2 < dE|z)* + e,
ZEHI@ )|? < dE|z|* 4 ey, for all z € R.

THEOREM 4.3. Assume (H7)—(Hg) hold and

Cour +aul +d  /Coby + B,T
Mab:\/§ \/21 1 2U1 /81

’ VOiaz v asT  \/Coby + BT +d

converges to zero. Then problem (1.1) has at least one solution.
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PRrROOF. Let X = PC x PC. Consider the operator N = (N1, Ny): PC x
X PC' — PC x xPC' defined for x,y € PC by

Na(a () (0) =20+ 3 [ s, os),(s) W (s)
1=170

_|_/0 gl(s,x(s),y(S))dS+ Z Ik(x(tk))

0<trp<t
and
Nafalt) v(0) = 10+ 1 / f2(5,2(5), y(s)) AW (s)
/ s, 2(s),y)ds + > Tuly(tn)).
O<tp<t
Set

D ={(z,y) € PCx PC: ||lz| pc < Ry, [[ylpc < Ra}.

Obviously, the set D is a bounded closed convex set in space PC x PC.
It is clear that

[N1(2(t), y(t)]* < 4lzol” + 4] Z/O Fi(s,2(s), y(s))dW ()]

+4y/ (s, ( ds]2+\4ZIk
From the inequality (2.1]), we get
t
E| N1 ((t), y())[2 < 4E|zo)? +402a1/ Bl (s)|ds
0
B t t
+4b102/ E|y(s)|2ds+401T+4Ta1/ E|z(s)[?d(s)
0 0
- t
+ 4ﬁ1T/ Ely(s)|?ds + 4\ T + 4dE|z|* + 4eq,
0
thus

sup E[N1(x(t), y(1))|* < 4(Coar + @ T + d)||z]|pc + 4(C2br + 51 T)|lyll pe
teJ

(4.1) + 4E|zo|? + 4e; + 4Tc; + 4T ).



276 Sliman Mekki, Tayeb Blouhi, Juan J. Nieto, Abdelghani Ouahab

From (4.1) we obtain that

(4.2) INy (@, 9)) | pe < @rllz] e +billyll e + &,

where

Zil = 2\/0261 + alT + d, gl =2 0251 + BlTa

51 = 2\/E‘$0’2 + e +T01 +T)\1

Similarly we have

(4.3) IN2(2,9) | po < @@l pe + ballyll pe + 22,

where

ay = 24/ Coas + 4asT, 62 = 2\/0252 + B2T + 8,

and & = 2v/E|yo|2 + 4ea + Ty + Tha.

Now (4.2)), (4.3)) can be put together as

IN(z,y)lx = <H$833H§2>

VOya; +aul +d  4/Cyby + B,T <Hprc> . <51> ‘

VCaas + aT \/0252 + BT +d 1yllpc c2

Therefore
||9€||Pc> <51>
N(zx, <M, + 1~ ).
NGl < Mas ([12) + (2
Since My p € Myxn(Ry), N(x,y) converges to zero. Next, we look for two

positive numbers Rj, Ry such that if ||z||pc < Ri, ||yllpc < Rg , then
IN1(z,y)||lpc < R, ||[Na(x,y)||pc < Ry. To this end it is sufficient that

() <o () + (2)
o= (52) = (2)

whence

IN
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that is

(g;) < (I Myy)! (2) :

Thus, it is clear that there exist Ry, Ry > 0 such that

N(D) C D,
where

D = {(z,y) € PC x PC: ||z|pc < Ry, |lyllpc < Ra}.

Hence, by Theorem the operator IV has at least one fixed point which is

solution of (1.1).

5. An example

O

In this section we consider the following example of stochastic differential

equation:

o0

dx(t) = Z(G,Ql_l,_l sin k%2 4 ag; cos I2y)dW'(t)
=1

+di(t+x(t) +y@)dt, tel01],t# %

o0

dy(t) = (bas1 sin k> + by cos Py)dW' ()

(5.1) =

+da(t +x(t) +y(t))dt, tel0,1],¢# %

_ =) _y(@) _1
Ax(t) = clm, Ay(t) = clm, t= 3

z(0) = zo, y(0) = yo,
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where c1,co € R, (a;)ien, (0)ien € 12, f1, f2:[0,1] x R x R — R are defined
by

Nt z,y) = Z(a2k+1 sin k%z + agy, cos k2y),
k=1

fa(t,2,y) =Y (bagy1sin k2x 4 boy, cos k?y).
k=1

We deduce that

If1(t e, )P <4) ai <oo, | folt,z,y)|* <4 bF < oo
k=1

k=1

Hence

Elfit,z.y)? <4 ai +E(|z* + [y]*),

k=1
E|fa(t, z,y)[? Z by + E(|z|* + |y|*) for all z,y € R.
k=1
Also we have
hw=a—" L) zet s EL@P<a EL@P<e,
1+ |(t)] L+ yl
and

g tzy)=di(t+z+y), ¢ty =dlt+a+y), zyeR, tel01].
Hence
Elg*(t,z,y)|* < 3d; 1+E|z|*+E[y*), E|g*(t,z,y)[> < 3d5(1+E|z|*+E[y|*).

Thus all the conditions of Theorem hold, and then Problem (j5.1)) has at
least one solution.
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