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SOME FIXED POINT THEOREMS
VIA COMBINATION OF WEAK CONTRACTION

AND CARISTI CONTRACTIVE MAPPING

Kushal Roy, Sayantan Panja , Mantu Saha, Zoran D. Mitrović

Abstract. In this paper we introduce some new types of contractive mappings
by combining Caristi contraction, Ćirić-quasi contraction and weak contraction
in the framework of a metric space. We prove some fixed point theorems for
such type of mappings over complete metric spaces with the help of ϕ-dimi-
nishing property. Some examples are given in strengthening the hypothesis of
our established theorems.

1. Introduction and preliminaries

In recent years, there appeared a considerable interest in the fixed point
theory. Currently fixed point theory has various applications in different
branches of mathematics such as boundary value problems, nonlinear differ-
ential and integral equations, nonlinear matrix equations, homotopy theory
etc. The main purpose of fixed point theory is to deal with several mappings
either of contractive type or non-expansive type in nature over various gen-
eralized metric spaces beyond our usual metric spaces and to investigate the
existence of their fixed points therein.
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In the year 1922, S. Banach ([1]) introduced the most celebrated theorem
in fixed point theory known as Banach Contraction Principle.

Theorem 1.1 ([1]). Let (M,d) be a complete metric space. If a map
T : M →M satisfies

d(Tξ, Tη) ≤ ad(ξ, η) for all ξ, η ∈M and for some a ∈ [0, 1),(1.1)

then T has a unique fixed point in M .

In 1976, Caristi ([3]) had established another famous fixed point theorem
using a suitably defined lower semi-continuous function.

Theorem 1.2 ([3, 9]). If (M,d) is a complete metric space and ϕ : M →
[0,∞) is a lower semi-continuous function, then a mapping T : M → M sat-
isfying

d(ξ, T ξ) ≤ ϕ(ξ)− ϕ(Tξ) for each ξ ∈M,(1.2)

has a fixed point in M.

Subsequently Ćirić ([4, 5]) had introduced a new contractive condition and
proved a prominent fixed point theorem for a quasi contraction mapping. This
mapping might be discontinuous in nature.

Theorem 1.3 ([4, 5]). Let (M,d) be a complete metric space and T be a
self mapping on M. If T satisfies

d(Tξ, Tη) ≤ kR(ξ, η) for all ξ, η ∈M and for some k ∈ [0, 1)(1.3)

where R(ξ, η) = max{d(ξ, η), d(ξ, T ξ), d(η, Tη), d(ξ, Tη), d(Tξ, η)}, then T has
a unique fixed point in M.

In the year 2004, V. Berinde ([2]) had introduced a generalized contrac-
tive mapping, namely weak contraction mapping, which is so strong that it
generalizes not only just Banach contraction maps but also Kannan maps,
Chatterjea maps, Zamfirescu maps and also partially Ćirić quasi contraction
maps and proved a fixed point theorem on it, which is given below.

Theorem 1.4 ([2, 10]). Let (M,d) be a complete metric space. If a map-
ping T : M →M satisfies

d(Tξ, Tη) ≤ δd(ξ, η) + Ld(η, Tξ) for all ξ, η ∈M,

for some δ ∈ [0, 1) and for some L ≥ 0 then T has at least one fixed point
in M.
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Though the approaches of the renowned results of Caristi ([3]) and Banach
([1]) are quite different and the corresponding proofs vary, Karapınar et al.
([7]) have proposed a new contractive type condition which is the combination
of the two contractive conditions (1.1) and (1.2), and proved a fixed point
theorem in a complete metric space, stated below.

Theorem 1.5 ([7]). Let (M,d) be a complete metric space and T : M →M
be a mapping. If there exists a function ϕ : M → [0,∞) such that

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))d(ξ, η)(1.4)

for all ξ, η ∈M with ξ 6= Tξ, then T has a fixed point in M.

The contractive condition (1.4) has been further generalized by combin-
ing the contractive conditions (1.3) and (1.2) and the following fixed point
theorem has been proved by Karapınar et al. (see [8]).

Theorem 1.6 ([8]). Let (M,d) be a complete metric space and T : M →M
be a mapping. If there exists a function ϕ : M → [0,∞) such that

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))R(ξ, η)(1.5)

for all ξ, η ∈ M with ξ 6= Tξ, where R(ξ, η) = max{d(ξ, η), d(ξ, T ξ), d(η, Tη),
d(ξ, Tη), d(Tξ, η)}, then T has at least one fixed point in M.

There are some mappings which are not Ćirić-quasi contraction mappings
but satisfy the contractive condition (1.5). See the following example.

Example 1.7. LetM = [0, 1] be the metric space equipped with the usual
metric d. Let T : M →M be defined by

T (ξ) =

{
0, if 0 ≤ ξ < 1

2 ,

1, if 1
2 ≤ ξ ≤ 1.

Then T satisfies the contractive condition (1.5) for ϕ : M → [0,∞), which is
defined by

ϕ(ξ) =


1, if ξ = 0,

4, if 0 < ξ < 1
2 ,

6, if 1
2 ≤ ξ < 1,

3, if ξ = 1.
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If T satisfies the contractive condition (1.3) then there exists 0 ≤ q < 1 such
that

d(Tξ, Tη) ≤ q max{d(ξ, η), d(ξ, T ξ), d(η, Tη), d(ξ, Tη), d(Tξ, η)},

for all ξ, η ∈M . Then for ξ = 1
2 and η < 1

2 we have

1 = d(Tξ, Tη) ≤ qmax{d(ξ, η), d(ξ, T ξ), d(η, Tη), d(ξ, Tη), d(Tξ, η)}(1.6)

= qmax
{1
2
− η, 1

2
, η,

1

2
, 1− η

}
.

Taking η → (1/2)− in (1.6) we see that 1 ≤ q/2 < 1/2, a contradiction.
Therefore T is not a Ćirić-quasi contraction map.

Any mapping satisfying (1.4) also satisfies the contractive condition (1.5)
but the converse is not true in general.

Example 1.8. Let M = [0, 3] be the metric space endowed with the usual
metric d. Let T : M →M be defined by

T (ξ) =


1, if 0 ≤ ξ < 1,

2, if 1 ≤ ξ < 2,

3, if 2 ≤ ξ ≤ 3.

Then T satisfies the contractive condition (1.5) for ϕ : M → [0,∞), which is
defined by

ϕ(ξ) =


5, if 0 ≤ ξ < 1,

4, if 1 ≤ ξ < 2,

3, if 2 ≤ ξ < 3,

2, if ξ = 3.

But T does not satisfy the contractive condition (1.4). If T satisfies (1.4) for
some ϕ : M → [0,∞) then for ξ = 1 and η < 1 we have

1 = d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))d(ξ, η)

= (ϕ(1)− ϕ(2))(1− η).

By taking η → 1− we arrive at a contradiction.
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In this article, we define some new contractive conditions which generalize
the contractive conditions (1.5) and (1.6) and prove some fixed point theorems
in a complete metric space which generalize the results of Karapınar et al.
(see [7], [8]).

2. Main results

In this section we correlate the weak contraction mapping with Caristi
contractive mapping in the framework of metric spaces. First we define some
new contractive mappings.

Definition 2.1. Let (M,d) be a metric space and T : M → M be a self
map. Then T is said to be
(i) orbital Banach–Caristi contractive mapping if there exists ϕ : M →

[0,∞) such that for all ξ ∈M ,

d(Tξ, T 2ξ) ≤ (ϕ(ξ)− ϕ(Tξ))d(ξ, T ξ).(2.1)

(ii) weak Banach–Caristi contractive mapping if there exist ϕ : M → [0,∞)
and L ≥ 0 such that for all ξ, η ∈M with d(ξ, T ξ) > 0 we have

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))d(ξ, η) + Ld(η, Tξ).(2.2)

(iii) weak Ćirić–Caristi contractive mapping if there exist ϕ : M → [0,∞)
and L ≥ 0 such that for all ξ, η ∈M with d(ξ, T ξ) > 0 we have

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))R(ξ, η) + Ld(η, Tξ),(2.3)

where R(ξ, η) = max{d(ξ, η), d(ξ, T ξ), d(η, Tη), d(ξ, Tη), d(η, Tξ)}.

Remark 2.2. Condition (2.1) generalizes condition (1.1) in the paper [6].

Definition 2.3 (ϕ-diminishing property). Let (M,d) be a metric space
and T : M →M be a mapping. Also let ϕ : M → [0,∞) be a given mapping.
Then T is said to have ϕ-diminishing property in M if for any ε > 0 there
exists ξ ∈M with d(ξ, T ξ) > 0 such that 0 ≤ ϕ(ξ)− ϕ(Tξ) < ε.

Lemma 2.4. If in a metric space (M,d), T does not have ϕ-diminishing
property for some ϕ : M → [0,∞) then T has a fixed point in M.
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Proof. Since T does not have ϕ-diminishing property for ϕ : M → [0,∞),
there exists ε > 0 such that ϕ(ξ)−ϕ(Tξ) ≥ ε for all ξ ∈M with d(ξ, T ξ) > 0.
Let ξ0 ∈ M be chosen as arbitrary and let us construct the Picard iterating
sequence {ξn}, where ξn = Tnξ0 for all n ≥ 1. If possible let ξn 6= ξn+1

for all n ≥ 1. Then we have {ϕ(ξn)}n∈N is monotone decreasing sequence of
real numbers which is bounded below. So it is convergent that is a Cauchy
sequence. But since ε ≤ ϕ(ξn) − ϕ(ξn+1) for all n ≥ 1 then {ϕ(ξn)}n∈N can
not be Cauchy, arrives at a contradiction. Therefore there must exists some
m ∈ N such that ξm = ξm+1 and hence T has a fixed point in M. �

Now we recall the definition of orbital continuity of a mapping (see [5]):
For a self mapping T over a metric space (M,d) the set O(ξ, T ) := {Tnξ : n =
0, 1, 2, · · · }, ξ ∈ M , is called an orbit of the mapping T and T is said to be
orbitally continuous at a point p ∈M if for any sequence {ξn} ⊂ O(ξ, T ) (for
some ξ ∈M) ξn → p implies Tξn → Tp as n→∞. Moreover, if T is orbitally
continuous at each point ofM then T is said to be orbitally continuous onM .

Theorem 2.5. Let (M,d) be a complete metric space and T : M →M be
an orbital Banach–Caristi contractive mapping. Then T has a fixed point in
M , provided T is orbitally continuous on M .

Proof. If T does not have ϕ-diminishing property for the function ϕ
appearing in the definition of T then T has a fixed point in M by Lemma 2.4.
So we assume that T has ϕ-diminishing property in M .

Let us choose a0 ∈ M and we construct the Picard iterating sequence
{an}, where an = Tna0 for all n ≥ 1. If an = an+1 then T has a fixed point
in M . So without loss of generality we assume that d(an−1, Tan−1) > 0 for
all n ∈ N. Then due to condition (2.1) we have

d(an, an+1) = d(Tan−1, T
2an−1)(2.4)

≤ (ϕ(an−1)− ϕ(an))d(an−1, Tan−1)

= (ϕ(an−1)− ϕ(an))d(an−1, an) for all n ≥ 1.

Let us denote d(an−1, Tan−1) = sn for all n ∈ N. Then from (2.4) we get

0 <
sn+1

sn
≤ ϕ(an−1)− ϕ(an) for all n ≥ 1.(2.5)

Thus for any k ∈ N we have

k∑
i=1

si+1

si
≤

k∑
i=1

{ϕ(ai−1)− ϕ(ai)} = ϕ(a0)− ϕ(ak).(2.6)
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Now from (2.5) it follows that {ϕ(an)}n∈N is a monotone decreasing sequence
of real numbers which is bounded below. So it is convergent and let it converge
to some r(≥ 0). Thus (2.6) implies that

∞∑
i=1

si+1

si
≤ ϕ(a0)− r <∞.

Therefore limi→∞
si+1

si
= 0 and for some fixed ρ ∈ (0, 1) there exists n0 ∈ N

such that si+1 ≤ ρsi for all i ≥ n0. Now for n0 ≤ p ≤ q we have

d(ap, aq) ≤
q−1∑
i=p

si+1 ≤
( q−1∑
i=p

ρi
)
s1 ≤

ρp

1− ρ
s1 → 0 as p→∞.

Therefore, {an} is a Cauchy sequence and since M is complete, there exists
e ∈M such that {an} converges to e. Since T is orbitally continuous in M it
follows that Tan converges to Te as n→∞. Hence Te = e and T has a fixed
point. �

Remark 2.6. The class of mappings satisfying the contractive condition
(2.1) is a larger class than the class of mappings satisfying the contractive
condition (1.4). If we take η = Tξ ∈M in the contractive condition (1.4) then
clearly it reduces to the contractive condition (2.1), but the converse is not
true. The following example proves our assertion.

Example 2.7. LetM =
[
0, 32
]
be the metric space endowed with the usual

metric d and T : M →M be defined by

T (ξ) =

{
0, if ξ ∈ [0, 1),
ξ
2 , if 1 ≤ ξ ≤ 3

2 .

Also let ϕ : M → [0,∞) be defined as ϕ(ξ) = 2ξ for all ξ ∈ M . Then T
is an orbital Banach–Caristi contractive mapping (2.1). Also T is orbitally
continuous and hence by Theorem 2.5, T has a unique fixed point 0 ∈M.
But T does not satisfy the contractive condition (1.4). If T satisfies (1.4) for
some ϕ : M → [0,∞) then for ξ = 1 and η < 1 we have

1

2
= d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))d(ξ, η)

=
(
ϕ(1)− ϕ

(1
2

))
(1− η).

By taking η → 1−, we arrived at a contradiction.
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Example 2.8. Let M = [0,∞) be the metric space endowed with the
usual metric and T : M →M be defined by

T (ξ) =

{
1, if ξ ∈ [0, 2),

ξ, if ξ ≥ 2.

Also let ϕ : M → [0,∞) be defined as ϕ(1) = 0 and ϕ(ξ) = ξ for all ξ 6= 1.
Then T is clearly an orbital Banach–Caristi contractive mapping and also
orbitally continuous in M. We see that T has uncountably many fixed points
in M.

Example 2.9. ConsiderM = c0, the space of all real sequences convergent
to zero, equipped with its usual metric d∞(ξ, η) = supn |ξn − ηn| for all ξ =
(ξn)n , η = (ηn)n ∈ M . Then (M,d∞) forms a complete metric space. Define
T : M →M by

T (ξ) = T ({ξn}) =

{ ξ
2 , if there is at least one ξn with |ξn| ≥ 1,

0, otherwise.

Take ϕ : M → [0,∞) defined by ϕ(ξ) = sup
n
|ξn| for all ξ = {ξn} ∈ M . Then

it can be easily checked that T is orbital Banach–Caristi contractive mapping
and also T is orbitally continuous. Clearly, the zero sequence (0, 0, · · · , 0, · · · ) ∈
M is a fixed point of T .

Theorem 2.10. Let (M,d) be a complete metric space and T : M →M be
a weak Banach–Caristi contractive mapping. Then T has a fixed point in M .

Proof. If T does not possess ϕ-diminishing property for the function ϕ
appearing in (2.2) then T has a fixed point inM , by Lemma 2.4. So we assume
that T has ϕ-diminishing property in M.

Let us choose a0 ∈ M and we construct the Picard iterating sequence
{an}, where an = Tna0 for all n ≥ 1. If an = an+1 then T has a fixed point
in M . So without loss of generality we assume that d(an−1, Tan−1) > 0 for
all n ∈ N. Then due to condition (2.2) we have

d(an, an+1) = d(Tan−1, Tan)(2.7)

≤ (ϕ(an−1)− ϕ(an))d(an−1, an) + Ld(an, Tan−1)

= (ϕ(an−1)− ϕ(an))d(an−1, an) for all n ≥ 1.
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Let us denote d(an−1, Tan−1) = tn for all n ∈ N. Then from (2.7) we get

0 <
tn+1

tn
≤ ϕ(an−1)− ϕ(an) for all n ≥ 1.

Arguing in a similar manner as in Theorem 2.5 we see that {ϕ(an)}n∈N con-
verges to some r ≥ 0 and {an} is a convergent sequence in M. Let it be
convergent to ω ∈M. Then from the contractive condition (2.2) we get

d(an+1, Tω) = d(Tan, Tω)

≤ (ϕ(an)− ϕ(an+1))d(an, ω) + Ld(ω, an+1)→ 0 as n→∞.

Therefore Tω = ω and ω is a fixed point of T in M. �

From Theorem 2.10 we get the following remark.

Remark 2.11. If we take L = 0 in the contractive condition (2.2) then
it reduces to the contractive condition (1.4). More precisely, Theorem 1.5
directly follows from Theorem 2.10 by choosing L = 0.

Therefore any mapping satisfying contractive condition (1.4) is a weak
Banach–Caristi contractive mapping but the converse is not true in general.
The following example proves our assertion.

Example 2.12. Let M = R, equipped with the usual metric d, and
T : M →M be given by

T (ξ) =

{
1, if ξ ≥ 0,

−1, if ξ < 0.

Then it can be easily checked that T is a weak Banach–Caristi contractive
mapping, i.e. satisfies (2.2) with suitable choice of ϕ and L ≥ 2 but it does not
satisfy the contractive condition (1.4). For if, T satisfy (1.4) then for ξ = 0
and η < 0 we have

2 = d(T0, Tη) ≤ (ϕ(0)− ϕ(1))d(0, η)

= (ϕ(0)− ϕ(1))|η| → 0 as η → 0−, a contradiction.

Here all the conditions of Theorem 2.10 are satisfied and T has two fixed
points −1 and 1.
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Theorem 2.13. In a complete metric space (M,d) a weak Ćirić–Caristi
contractive mapping T has at least one fixed point.

Proof. It is immediate that T has a fixed point in M without having ϕ-
diminishing property of T. So we suppose that T has ϕ-diminishing property
in M.

Let us choose a0 ∈ M and we construct the Picard iterating sequence
{an}, where an = Tna0 for all n ≥ 1. If an = an+1 then T has a fixed point
in M . So without loss of generality we assume that d(an−1, Tan−1) > 0 for
all n ∈ N. Then due to condition (2.3) we have

d(an, an+1) = d(Tan−1, Tan)(2.8)

≤ (ϕ(an−1)− ϕ(an))R(an−1, an) + Ld(an, Tan−1)

= (ϕ(an−1)− ϕ(an))max{d(an−1, an), d(an, an+1), d(an−1, an+1)}

≤ (ϕ(an−1)− ϕ(an))[d(an−1, an) + d(an, an+1)] for all n ≥ 1.

Let us denote d(an−1, Tan−1) = un for all n ∈ N. Then from (2.8) we get

0 <
un+1

un + un+1
≤ ϕ(an−1)− ϕ(an) for all n ≥ 1.(2.9)

Thus for any k ∈ N we see that

k∑
i=1

ui+1

ui + ui+1
≤

k∑
i=1

{ϕ(ai−1)− ϕ(ai)} = ϕ(a0)− ϕ(ak).(2.10)

Now from (2.9) it follows that {ϕ(an)}n∈N is a real monotonically decreasing
sequence which is bounded below. So it is convergent and let it converge to
some r(≥ 0). Thus (2.10) implies that

∞∑
i=1

ui+1

ui + ui+1
≤ ϕ(a0)− r <∞.

Therefore limi→∞
ui+1

ui+ui+1
= 0 and for some fixed σ ∈ (0, 12) there existsN ∈ N

such that ui+1

ui+ui+1
≤ σ i.e. ui+1 ≤ µui for all i ≥ N, where µ = σ

1−σ . Now for
N ≤ p ≤ q we have

d(ap, aq) ≤
q−1∑
i=p

ui+1 ≤
( q−1∑
i=p

µi
)
u1 ≤

µp

1− µ
u1 → 0 as p→∞.
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Therefore, {an} is a Cauchy sequence and, since M is complete, there exists
υ ∈M such that {an} converges to υ. Now,

d(υ, Tυ) ≤ d(υ, an) + d(Tan−1, Tυ)

≤ d(υ, an) + (ϕ(an−1)− ϕ(an))R(an−1, υ) + Ld(υ, Tan−1)

= d(υ, an) + (ϕ(an−1)− ϕ(an))max{d(an−1, υ), d(an−1, an),

d(υ, Tυ), d(υ, an), d(an−1, Tυ)}+ Ld(υ, an) for any n ∈ N.

Taking n → ∞, by continuity of d we get d(υ, Tυ) = 0. Hence T has a fixed
point in M. �

Example 2.14. Let M = {1, 2, 3, 4}, endowed with the usual metric, and
T : M → M be defined by T1 = 2, T2 = 3, T3 = 4 and T4 = 4. Also let
ϕ : M → [0,∞) be given by ϕ(1) = 10, ϕ(2) = 9, ϕ(3) = 8 and ϕ(4) = 7.
Then clearly T is a Ćirić–Caristi contractive mapping and all the conditions
of Theorem 2.13 are satisfied. Here T has a unique fixed point in M.

Remark 2.15. Theorem 1.6 directly follows from Theorem 2.13, by choos-
ing L = 0.

We can use one of the following contractive conditions instead of the con-
tractive condition (2.3).

Corollary 2.16.
(i) For all ξ, η ∈M with d(ξ, T ξ) > 0, T satisfies

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))[αd(ξ, T ξ) + βd(η, Tη)] + Ld(η, Tξ),

where 0 ≤ α+ β ≤ 1 and L ≥ 0.

(ii) For all ξ, η ∈M with d(ξ, T ξ) > 0, T satisfies

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))[γd(ξ, Tη) + δd(η, Tξ)] + Ld(η, Tξ),

where 0 ≤ γ + δ ≤ 1 and L ≥ 0.

(iii) For all ξ, η ∈M with d(ξ, T ξ) > 0, T satisfies

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))[λd(ξ, η) + µd(ξ, T ξ) + νd(η, Tη)]

+ Ld(η, Tξ),

where 0 ≤ λ+ µ+ ν ≤ 1 and L ≥ 0.
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(iv) For all ξ, η ∈M with d(ξ, T ξ) > 0, T satisfies

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))[βd(ξ, η) + γd(ξ, Tη) + δd(η, Tξ)]

+ Ld(η, Tξ),

where 0 ≤ β + γ + δ ≤ 1 and L ≥ 0.

(v) For all ξ, η ∈M with d(ξ, T ξ) > 0, T satisfies

d(Tξ, Tη) ≤ (ϕ(ξ)− ϕ(Tξ))[αd(ξ, η) + βd(ξ, T ξ) + γd(η, Tη)

+ δd(ξ, Tη) + ζd(η, Tξ)] + Ld(η, Tξ),

where 0 ≤ α+ β + γ + δ + ζ ≤ 1 and L ≥ 0.

Acknowledgments. The authors are thankful to the learned referee for
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