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A SEPARATELY CONTINUOUS FUNCTION
NOT SOMEWHAT CONTINUOUS

WOJCIECH BIELAS

Abstract. We construct a separately continuous function f: Q x Q — [0, 1]
and a dense subset D C Q x Q such that f[D] is not dense in f[Q X Q], in other
words, f is separately continuous and not somewhat (feebly) continuous.

1. Introduction

The notion of a feebly continuous function was introduced and examined
by Z. Frolik ([I]). Some authors say somewhat continuous function instead
of feebly continuous function, see for example [2]. A function f is somewhat
continuous, if the preimage f~1[U] of any non-empty open subset U has non-
empty interior. By [2, Theorem 3|, any surjection f: P — @ is somewhat
continuous if and only if the image f[M] of a dense subset M C P is dense
in Q.

If X is a Baire space, Y is of weight w and Z is a metric space, then
any separately continuous function f: X x Y — Z is somewhat continuous,
see [3]. Recall that a function f: X XY — Z is separately continuous, if func-
tions f(x,-) and f(-,y) are continuous for each (z,y) € X x Y. T. Neubrunn
observed that the assumption of separate continuity can be weakened, see
[4, Theorem 2 and Theorem 3|. Additionally, he presented counterexamples,
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which witness that both conditions: X being Baire and Y being second count-
able, are necessary, see [4, Example 3 and Example 4|. In [4, Example 3], it
is defined a function f: (0,1) x Y — {0,1} such that all functions f(-,y) are
quasicontinuous and all functions f(z,-) are somewhat continuous, but f is
not somewhat continuous. But [4, Example 4| shows that there is a function
f:(@Qn(0,1)) x (1,00) — {0, 1} such that all sections f(-,y) are quasicontin-
uous and all sections f(z,-) are somewhat continuous, but f is not somewhat
continuous.

We construct a separately continuous function f: Q x Q — [0,1] and a
dense subset D C Qx@Q such that the image f[QxQ] C [0, 1] is dense and f[D]
is a singleton, hence f is not somewhat continuous. The construction relies on
the following observation. If (z¢,yo), ..., (¥n,yn) are such that x; # x; and
yi 7 yj for i < j < n, then the intersection

({20} x QU@ x {gu}) N [J (i} x Q) U(Q x {i})

<n

is finite. Thus, having defined a continuous function on the set | J,_,, ({z:} x
Q) U (Q x {y:}), we can easily extend it to a continuous function on the set
Uicn({zi} x Q) U (Q x {y;}). It remains to observe that there exists a dense
subset {(xy,yn): n € N} C Q x Q such that

Qx Q= J (e} x QU@ x {ya})

neN

with x; # x; and y; # y; for i < j.

2. The construction

We proceed to establish the following lemma.

LEMMA 1. If (x0,Y0)s- -, (Tn, yn) in QxQ are different points and &;,n; €
[0,1) for 0 < i < n, then there exists a continuous function f: ({x,} x Q) U
(Q x {yn}) — [0,1] such that
® f(mvy) =1 f (x,y) = (Tn,Yn);

o f(zn,yi) =& and f(zs,y,) = ni, for any 0 <i <n;
o clf{zn} x Q] =1[0,1].
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PRrROOF. The set A = {(zp,yi): @ < n}U{(x;,yn): ¢ < n} is finite, hence
there exists a continuous function g: R x R — [0, 1] such that g(z,,y,) = 1,
9(xn,y:) = & and g(z;,yn) = n;, for any i < n. Let h: R x R — R be given
by the formula

h(z,y) = max{0,1 — dist((x,y), 4)}
for any (x,y) € R x R. The restriction

(b 9l ({znyx@)U@x {ya}) = f

is the desired function. O

If AC X xY, then the sets A, = {y € Y: (z,y) € A} and AY = {z €
X: (z,y) € A} are called sections. Fix a subset

A={(zn,yn):neN}CQxQ

such that all sections A, , AY" are singletons and {z,: n € N} = {y,: n €

N} = Q.

THEOREM 1. If A is defined as above, then there exists a separately con-
tinuous function f: QxQ — [0, 1] such that f[A] is a singleton, but the image
flQ x Q)] is dense.

PRrROOF. Let fo: ({0} xQ)U(Qx{yo}) — [0, 1] be any continuous function
such that fo(zo,y0) = 1 and cl fo[{zo} x Q] = [0,1]. Assume that we have
defined functions fy,..., fn_1 such that if i < k < n, then
(1) fr: {zr} x Q) U (Q x {yx}) — [0,1] is continuous,

(2) fr(@r,ye) =1,

(3) fel@r, yi) = fi(wr,yi) and fi(zi, yx) = fi(@i, y)-

Using Lemma [1I| with parameters §; = f;(x,,y;) and n; = fi(z;,y,) for any
i < n, we obtain a continuous function

fo: ({zn} x QU@ x {yn}) = [0, 1]

such that conditions (1)—(3) are satisfied for i < k < n. Finally, let f: QxQ —
[0, 1] be given by the formula f(z,,yn) = fim(Tm,yn) for m,n € N.

Fix (xmayn) € Q X Q For each Yk € Q, we have f(mmayk) = fm(mm’yk)v
which implies that f[(,, }xq is continuous. By condition (3), fr(zx,yn) =
fo(xk,yn), hence f(zr,yn) = fr(@k,yn) = fnu(Tk,yn), which implies that
flox{y.} is continuous.
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Functions f and fy agree on the set {z¢} x Q, hence cl f[{zo} x Q] = [0, 1].
Clearly, we have f[A] = {1}. O

COROLLARY 1. There exists a separately continuous function f: Q x Q —
[0, 1] which is not somewhat continuous.

PRrROOF. It suffices to assume that the set A in Theorem [ is also dense

in Q x Q. O
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