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GENERALIZATIONS OF SOME INTEGRAL INEQUALITIES
FOR FRACTIONAL INTEGRALS

GHULAM FARID, ATIQ UR REHMAN

Abstract. In this paper we give generalizations of the Hadamard-type in-
equalities for fractional integrals. As special cases we derive several Hadamard
type inequalities.

1. Introduction

For the last few years many researchers have considered the field of inequal-
ities; many extensions and generalizations of several well known inequalities
have been found so far. Convexity and theory of inequalities provide funda-
mental assistance in various branches of mathematics, especially mathematical
analysis, functional analysis etc. The Hadamard and Fejér—-Hadamard inequal-
ities are of great interest for the researchers, and their various extensions and
generalizations have been found (see, [1-3,/6/8,/11-14,/18-20] and references
therein).

Convex functions play a vital role in various fields of mathematics, science
and engineering.

A function f: [a,b] — R is said to be convex if

FOz+ 1 =Ny) <Af(z)+ (1 =N F(y)
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holds for all z,y € [a,b] and A € [0, 1]. If — f is convex, then f is called concave
function and vice versa.
In literature double integral inequality

f<a—2H)) = bia/abf(l‘)dxﬁwj

where f: I — R is a convex function on the interval I of real numbers and
a,b € I with a < b, is known as the Hadamard inequality. If f is concave then
the above inequalities hold in the reverse direction.

In [10] Fejér gave the following generalization of the Hadamard inequality.

THEOREM 1.1. [5] Let f: [a,b] — R be a convex function and g: [a,b] — R
s a nonnegative, integrable and symmetric to ‘%rb Then the following inequal-

ity holds:

f <a ;L b) /abg(a?)d:v < /ab f(@)g(z)da < M /abg(i’f)df’?-

In literature above inequality is known as the Fejér-Hadamard inequality.

Nowadays the Hadamard and Fejér-Hadamard inequalities came into focus
of many researchers via fractional calculus. Recently a lot of papers have been
dedicated to this subject (see, |12,/17,{19] and references therein).

In [17] k-fractional Riemann-Liouville integrals are defined.

Let f € Lq[a,b]. Then k-fractional integrals of order a, k > 0 with a > 0
are defined as:

15440 = g [ @0 o>
and
a,k 1 b a_q
L f(x) = M/ﬂc (t—x)x ' f(t)dt, = <b,
where I'y () is the k-Gamma function defined in [4] as:
Ii(a) = /00 to‘_le_%dt,
0

also

Fp(a+ k) = al'g(a).
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For k = 1, k-fractional integrals give well-known Riemann-Liouville frac-
tional integrals.

In [18] Sarikaya et al. proved the following results of Fejér—-Hadamard type
inequalities for convex functions.

THEOREM 1.2. Let f: I° — R be a differentiable mapping on I°, a,b € I°

with a < b and let g: [a,b] — R be continuous on [a,b]. If |f'| is convex on
[a,b], then the following inequality holds with o > 0 and ||g]|ec = sup |g(t)|:

| ([ o) @+ g1 - [ ([ o) swsio
- Oé/ab </tbg(s)ds>alg(t)f(t)dt (b—a)*lgll5

a+1
THEOREM 1.3. Let f: I° — R be a differentiable mapping on I°, a,b € I°
with a < b and let g: [a,b] — R be continuous on [a,b]. If |f'|7 is convex on
[a,b], where ¢ > 1, then the following inequality holds with o > 0, % + % =1

and ||gllcc = sup [g(t)|:

| ([ st0s) trt@+ s - [ ([ st0as) " atw s
—a / ( / bg<s>ds)“;(t) Foa <20= a>a+1||g||:opf'<a>\q IO

(ap+ 1) 2
In this paper we generalize Theorem [I.2)and Theorem [I.3] via k-fractional
integrals. We give also some refinements of results shown in |21]. We deduce
the results of [5,7,|18,21] as special cases of ours.

<

[ @)+ F ®)]]-

<

2. Main results
In this section we give generalizations of Theorem [1.2| and Theorem (1.3
We also obtain results of [7,/18]. First, we need the following lemma.

LEMMA 2.1. Let f: I° — R be a differentiable mapping on 1°, a,b € I°
with a < b and let g: [a,b] — R be continuous on [a,b]. If f' € Li[a,b], then
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the following equality holds for k-fractional integrals:

1) ([ o) @ son -2 [ [Too) sws
[ ) g0 st0a
:/ab (/atg(s)ds>%f’(t)dt/ab (/tbg(s)ds)zf’(t)dt.

PRrROOF. One can have

(2.2) / ’ < / t g(s)ds> ey
-(/ bg(s)ds) ey -2

(2.3) /ab </tbg(s)ds> C et
—([Lawas) s+ [ ([ o) s

Subtracting (2.3) from (2.2]) we get (2.1)). O

Using above lemma we obtain the following generalization of Theorem [1.2]

g(t)f(t)dt

>R
o
m\c_
7 N
@\ﬁ
e
©
IS
[Va)
N—

and

THEOREM 2.2. Let f: I° — R be a differentiable mapping on I°, a,b € I°
with a < b and let g: [a,b] — R be continuous on [a,b]. If |f'| is convex on
[a,b], then the following inequality holds for k-fractional integrals:

-1

‘( [ ot9s) @012 [ ([ o) a0

e / b < / ”g(s>ds) s

(b—a)t+lgll &
241

<

[ (@) + F ®)]]-
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PROOF. Obviously f’ has Darboux property (as a derivative). Moreover,
since | f’| is convex, | f’| has a bounded variation on [a, b]. Consequently, by |16,
Proposition 3.2|, f’ is continuous and therefore f’ € Li[a, b]. Hence, from
of Lemma [2.1] we have

‘ ([ o) @+ g1 -2 [ ([ o) gt s0a
L[ aas) e

< "1 [ s 1rwpars [°] [ s 17 e
[ [

As g(t) < ||glloo, sO wWe have

‘(/abg(é‘)ds) %[f(a) + f(b)] — % /: </atg(s)ds)zlg(t)f(t)dt
- 2/b (/tbg(s)d3>z_lg(t)f(t)dt

o | b . b .
<lolk| [ - afire [ (b—t)klf’(t)!dt}
f’(b_ta+t_ab>‘dt

b
— & t— <*
lol&| [ = | (=t =

b
o b—t t—a
NS e
-1—/(1(6 )& f(b_aa—i—b_ab)’dt}

Using convexity of |f’| we get

‘(ng(s)ds)z[f(a)+f(b)]_Z/j(/atg(s)ds)k
_Z/: </tbg(s)d5>;z

g(t)f(t)dt

g(t) f(t)dt
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a b o — —a
< gl [/ (1= (ol @I+ ol o) )

v b(btﬁ(:_:i\f’(a)+Z_Z!f’(b)!>dt}

from which, after a little computation, we get the required result. O

COROLLARY 2.3. For g(s) = 1 we have the following Hadamard-type in-
equality for k-fractional integrals:

|f(a) T /() Te(a+k) [ﬂff(b) +Ig’“_”“f(a>}

2 2(b—a)¥

b—a

< 1) 1 (@) + LF' @)1}

REMARK 2.4. For k = 1 in Theorem [2.2] we get Theorem [1.2] For g(s) = 1
along with & = 1 we get |18, Corollary 2|. Further, if « = 1 along with £ =1
we get |18, Corollary 3].

Now we give the generalization of Theorem [I.3]

THEOREM 2.5. Let f: I° — R be a differentiable mapping on I°, a,b € I°
with a < b and let g: [a,b] — R be continuous on [a,b]. If |f'|7 is convex on
[a,b], where ¢ > 1, then the following inequality for k-fractional integrals holds
with % + % =1 and ||g]|coc = sup |g(t)|:

—1

(2.4 |(/abg<s>ds>%[f<a>+f<b>1—j A (/;g@)ds)% (1) (1)t

o
k

o /a” < / bg<s)ds> g(t) f(t)dt

_2b—a)t ] % {If’(a)l“r If’(b)lqr_
T (g 2

PROOF. Obviously f’ has Darboux property (as a derivative). Moreover,
since |f'|? is convex, |f’|? and hence also |f’| has a bounded variation on
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[a,b]. Consequently, by |16, Proposition 3.2|, f’ is continuous and therefore
f" € Li[a,b]. Hence, from (2.1]) of Lemma [2.1 we have

‘ ([ o) @+ g1 -2 [ ([ o) gt s0a

-2/ b ( / bg(s)ds) s
< /ab [ stas| 15 + /ab /tbg<s>ds

Using Hoélder’s inequality on R.H.S of above inequality we have

‘ ([ o) 5@+ g1 -2 [ ([ o) gt st0a
- Z/b </tbg(5)d5>klg(t)f(t)dt
= (/ab /ag(s ) (/ 17 (t) |th>

+</ab/t s dt) (/ 7 |th> .

As g(t) < ||glloo, sO We get

'( [ ots) @112 [ [Caas) " st sto
-2 b (/ bg(s)ds) oy
S||g||50[(/ab\t—a%”dt)’l’+(/a b)) }(/ 70 |th) .

'(t)|dt.
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Using convexity of |f’|? we obtain
‘(/abg(s)d8> %[f(a) + f(b)] — % /ab (/atg(s)ds)zlg(t)f(t)dt

a1

= b ( / bg<s>ds> St
<tk [ie-aza) ([ p-nta)’]

(/“b <§:2|f/(a)‘q * Z__Z\f’(bnq)dt) g

from which one can get inequality (2.4)). O

COROLLARY 2.6. For g(s) = 1 we have the following Hadamard-type in-
equality for k-fractional integrals:

|f<a> +f0)  Twla+k) [ an

5 2(b—a)% I, f(b)‘FIba’kf(a)} |

1

(b—a) <|f'(a)|q + |f'(b)|q> ‘
Ty 2

REMARK 2.7. For k = 1 in Theorem we get Theorem [I.3] If we take

a = 1 along with £ = 1, then we get |18, Corollary 5|. If we take a = 1,
g(s) =1 and with k£ = 1, then we get |7, Theorem 2.3].

3. Refinements of Hadamard-type inequalities
via k-fractional integrals

In this section we will give refinements of results proved in [21]. Then we
will deduce some of the results proven in [5,21].
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For a, k > 0 we define a function H”: [0,1] — R as follows:

(81) HE@)

In the next theorem we investigate properties of this function. This result is
also a generalization of |21, Theorem 2.2]. We use the following lemma [21].

LEMMA 3.1. Let f: [a,b] = R be a convex function and let h be defined by

w3t o)

Then h is increasing and convexr on [0,b — a| and

f(a;—b> gh(t)g M

2
for allt € [0,b — al.
THEOREM 3.2. Let f: [a,b] — R be a positive function with a < b. If

f is convex on [a,b], then the function H defined by (3.1) is conver and
monotonically increasing on [0, 1] and

a+b

) 1("5") = HEO) < HE)

ko Lrela+k) 1ok ak
< H,(1) = 2—a)t I3 f(0) + 1,7 f(a)

for all t €[0,1].

PROOF. First we prove that H” is convex on [0,1]. Let t1,t2, 8 € [0,1].
Then

HE(1 = )ty + Bto)

_ M/:f(((l — B)ta +ﬂt2)x+ (1 (- Byt +Bt2)a—21—b)>

[(b—2)* '+ (z—a)F ] dp
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“ [ (0o (=)

2
+6<(m - “%b)tz + a;b» [(b—a)F ' 4 (2 —a) ] da.

Using convexity of f we have

HE((1 - B)t1 + Bta)

< g agr | () ) om0t et

" %(I)(Dé—ﬁa)k/:f«x N GTH)@ + aer) [(b—2)F 1 4 (@ —a) 1] da

2
(1= B)Hg(tr) + BHL(t2).

Next we prove that H” is increasing on [0, 1].

b
Hfi(ﬁzM/a f(t:v—i—(l—t)GQH)) [(b—x)%_l—i—(:c—a)%_l] d

M/arzfcxﬂl—t)a;b) [(b— )% %

+ M/;f <t:c+ (1 —t)a;-b> [(b— )+ (z— a) ] da.

After a change of variables we obtain

HE®t) = M/abf(tw(l—t)a;b) [(b_x)%_1+(x_a)%—1]dx

s | D

2
b—a o
@ a+b tx b—a zx\%" ! /b—a
+4k(b—a)?:/0 f( 2 +2> [( > ty)

[\CRIR
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:4k(bcia)% /Ob—a (f <a;b_?>+f<a;b+t§>>
(e (509 e

Usmg Lemma and nonnegativity of (

c-
m
N8
SN—

>R

I
—_
—

o

|

S]

|
I8
SN—
B}
I
—_
o
=
o

m we get Hfj is increasing on [0, 1].
—a

Finally note that f (22) = H%(0) and

Fk(oz + kﬁ)

) = 565

o) + 1 f ()]

Therefore for 0 < t < 1 we have HF(0) < HEF(t) < HE(1), that is
holds. D

REMARK 3.3. For k =1 in above theorem we get |21, Theorem 2.2|. For
a =1 along with £ =1 in above theorem we get [5, Theorem 1].

To give refinement of |21, Theorem 2.3] we define another function J* :
[0,1] — R for a, k > 0 as follows:

(3.3) J(’j(t):M/ab [f((l";t)ﬁ(l;t)m)
(== (59")
(5 (5 (5 (22

We investigate properties of this function in the following theorem. This result
is also a generalization of |21, Theoren 2.3].

THEOREM 3.4. Let f: [a,b] — R be a positive function with a < b. If
f is conver on [a,b], then the function J* defined by (3.3) is conver and
monotonically increasing on [0,1] and

Fk(a + k)

(3.4) J50) = 565 %

15 7 0) + I ()]

for all t € [0,1].
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PRrROOF. From some basic properties of convex functions it follows that the
function J* is convex.
We prove that J* is increasing on [0, 1].

550 = grae [ [1(C e (5)2)
(5205
er((5 0 () () ()T e

)
“a et fon (5o (50))
(520 5)
(e () (555 (2w

10= g e [, (504 (5))
(=57 59")
(e (59 (59 = (22w
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—aimar [ (e () (B ()
v [ (- () ()T ()T

“sear ) (e (509 <o (o= (5]
(2= () e

As q(t) = b—a — (1 — t)z is increasing in [0, 1], so using Lemma we get
.. . .. —oa—z\ 71 21
h(q(t)) is increasing on [0,1] and nonnegativity of (22=22=z)% " 4 (Z)*
and —%— gives that J¥ is increasing on [0, 1].
8k(b—a)*
Finally note that

Tp(a+k)

0= 5007

125 0) + 134 ()]

and JE(1) = w Therefore for 0 < t < 1 we have J*(0) < J¥(t) < JF(1),
that is (3.4)) holds. O

REMARK 3.5. For k = 1 in above theorem we get |21, Theorem 2.3]. For
a =1 along with & = 1 we get |21, Theorem 1.2].
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