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SOME NEW OSTROWSKI’S INEQUALITIES FOR
FUNCTIONS WHOSE nt"DERIVATIVES ARE
LOGARITHMICALLY CONVEX

BADREDDINE MEFTAH

Abstract. Some new Ostrowski’s inequalities for functions whose nt*deriva-
tive are logarithmically convex are established.

1. Introduction

In 1938, A.M. Ostrowski proved an interesting integral inequality, esti-
mating the absolute value of the derivative of a differentiable function by its
integral mean as follows

THEOREM 1 (|2]). Let f: I — R, where I C R is an interval, be a differ-
entiable mapping in the interior I°of I, and a,b € I1°, with a < b. If |f'| < M
for all x € [a,b], then

(1.1) ‘f(x)_bia/:f(t)dt‘gM(b—a)[iqL(ib__g)?z], YV € [a,b].

This is well-known as Ostrowski inequality. In recent years, a number of
authors have written about generalizations, extensions and variants of inequal-

ity .
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In [I], Cerone et al. proved the following identity

LEMMA 1 ([I, Lemma 2.1]). Let f: [a,b] — R be a differentiable mapping
such that f"=Y is absolutely continuous on [a,b]. Then for all x € [a,b] we
have the identity

b nole kL YR ()R
[ s =X [P ]

+(-1)" / bKn (z,t) fM(t) dt,

where the kernel K,,: |a, b]2 — R is given by

o =" irt € [a,2],
n(@B =0y ift € (x,0],

n!

x € [a,b],

and n is natural number, n > 1.
Wang et al. [4], proved the following identities

LEMMA 2 (4, Lemma 2.2]). For a >0 and k >0, z>0:

(1.2) J (o, k) = /01 (1—t)* ' ktdt = i(ln(z))_l < o0,

! > ( zlnk:)F1
- a—1p1 _ ALz —
(1.3) H(a,k,z).—/o Tt dt = 2 k;T)i<oo,

i—1
where (o), = 'Ho (a+ 7).
]:
We also recall that a positive function f: I — R is said to be logarithmi-
cally convex, if

fltz+(1—t)y) <[f@)] [fy)]

holds for all z,y € I and t € [0,1] (see [3]).

In this paper, by using the identity given in Lemma [I, we establish some
new Ostrowski’s inequalities for functions whose n!"derivatives are logarith-
mically convex.
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2. Main results

In what follows, we assume that n € N, and I C R is an interval where
[a,b] C I.

THEOREM 2. Let f: I — R be n times differentiable mapping on [a,b]
such that f € L([a,b)) and f™(x) # 0 for all x € [a,b]. If |f(")’ is

logarithmically convex, then the following inequality

b S [0-0 "+ ) -t
RCI e |79 @

(z—a)"+1

o[£ (@) + (b(:i)i;l PARIED] ifA —r=1

Iian+1 n 7$n+1 " 0T ]
e | )(a)l+%|f” IZ(1 +1> fA=1%T

—z n+1 n r—a n+1 n (=In )t .

($ a) +1 |f (a)| )\Z( (71’Ln+)\1))

+%|f(”)x|z(h;?£ ifA#1and T #1

IN

holds for all x € [a,b], where

|f(n) :E)|
(2.1) A= @)
|f(n) b)|
(2.2) T= |f(")(a:)|7
i1
and (n+1); = H(n+1—|—j).
j=0

PROOF. From Lemma [I| and the properties of modulus, we have

o[- (D @ -t
IRCIS b+ 1)

k=0

S/a (u—a ‘f(n) ’du+/:W’f(n)(u)‘du

FARNED)
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n+1 1
(2.3) :“3_73)/0 t" f(”)((l—t)a+tx)’dt
n+1 1
+(b—nx‘)/ (1= 0" [f(1 =)o+ 1b)| at.

Since | f (")i is logarithmically convex, ([2.3)) becomes

b n—1 VL L) (g — )R
[ a-E[e= et

+1 1
< (.’L‘ — a)n / n
n! 0

n+1 1
Gl —2:!) /O (1—t)"

(:L' - a)n-i-l

Il f(" (a)’ / 7MY dt
n (b _:;!)nH }f(n) (J;)’ /01 (1—t)" 7t dt,

where A and 7 are defined as in (2.1) and (2.2]) respectively.
Now, we proceed to the discussion of possible cases.

If \=7 =1, then (2.4) gives

VL L (g — )R
) |[ s dt— [“) e 1Y

(2.4)

)| | @[

@] oo @

(2.5)

n!

gw‘f(")(a)‘/olt”dt +W\f(")(w)\/l(l—t)”dt

- St bl

(b o .T,‘)n+1
(n+1)!

If \=1and 7 # 1, using (1.2), from (2.4 we obtain

b R ) L (L) (o — a)F
/a f(t)dt_kz_o[( ) (k(+ 1))!( ) }f(k) (x)

@)

(2.6)

T _;Cn+1 oo nr i—1
< & o) + O oy
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If A\ # 1 and 7 = 1, we can use (1.3) with z = 1. Then, from ([2.4) we obtain

o[-0+ D @ et
(2.7) _;%[ ) }ﬂ)@)
(b n )"H‘l n - (_ln)‘)i_l
= -+])v ‘f()(m)) ‘f()(a)’Agg; (n+1),

In the case A\ # 1 and 7 # 1, using Lemma [2| for (2.4]), we get

b n—1 (b— ;U)k+1 + (_1)k (2 — a)k+1
/ f(t)dt—kZ_o[ ] }f““) (x)

(Z'—a)n+1 . e e] (—IHA)i_l (b_x)n—i-l . (o) (lnT)i—l
<) )(“)’A; m+y, T i )<$)‘;(n+1)i'

The desired result follows from (12.5)—(2.8]). O

(2.8)

THEOREM 3. Let f: I — R be n times differentiable mapping on [a,b]
such that f™ € L ([a,b]) and £ () # 0 for all x € [a,b], and let ¢ > 1 with
% + % = 1. If | f(™|9 is logarithmically convez, then the following inequality

n 1
%+U.

T a"+ n In+ n ]

ﬁ‘f“ @]+ S| s =

np Pn

(zma)" ™ p(n) (bm”l £\ | ) FA=1

(n P+1)pnl ‘f (a)} + +1) - <q1n,r ) ‘f (CL‘)’ if £

oo (501 | 5 LT e
= (np+1)7 n! <q1“> 1/ (a)’+(np+1)%n! @) if A # T

e (354) 17 )

(np+1) 7 n! 1
n+1 q = )
+((b__:61))£ | (;ln_:)q |f(n)(x>| fAN#LandT#1

np P nl

holds for all x € [a,b], where X\ and T are defined by (2.1) and (2.2)) respec-
tively.
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PROOF. From Lemma [ properties of modulus, and Holder’s inequality,
we have

b nTLE g o (L1 (1 — q)F !
me—;ﬂ L e

< [ o] [T 0]
:@ZfHAV
Ty
e ()

g ) ([ eof )

a)TL-f—l

B (:;:r 1) nl (/o1 = pas ] dt);

([ o e ')

Since | f iq is logarithmically convex function, we deduce

b n—1 k+1 k+1

<l (/ )

jt1 1 7
T Ut £ ’(/ thdt> .
(np+ l)f’ n! 0

FQIG! —t)a+t:c)(dt

F™(1 -tz +tb)‘ dt

(2.9)
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Similarly to the proof of Theorem [2| if A =7 = 1, then (2.9) gives

n—1 . k+1 B k T —a k+1
(2.10) -y {(b ) J(rk(+ 11))' ( ) F® ()
—a n+1 — n+1
§££4JE4W<maﬂ+ligjj4Wﬂm@w
(np+1)rn! (np+1)» n!

If A\=1and 7 # 1, then (2.9) becomes

b n—1 —$k+1 B k w—ak+1
/ f(t)dt—Z[(b )= ( ) }f(k) ()
a k=0

(2.11) (k+1)!

(x —a)"

_ oyt 1 i
(np+1 )Pn" Fo| - (:;Ji))im </0 Tﬁdt) 77|

@™ (b—a)™™ (79— 1\T |
- @]+ z 1<q1n7‘> 0@
(np+1)» n! (np+1)rn

<

If A\ # 1 and 7 = 1, then (2.9 becomes

/ #6 dt_’ﬂ(b— 2™ 4 (- 1)’“<x—a>’““] £ ()

(2.12) > ]

b— o)t v )t 1 7
( . ‘ (n) ‘ + ( ) T </ )\qtdt) ‘f(n) (a)‘
(np+1)rn (np+1)7 n! \Jo

_ - ‘f(n) ‘ (z—a)"" (Aq—1)3
5l (np+1)7 n! \ ¢InA

IN

(np+1)7

(a)-

In the case A # 1 and 7 # 1, (2.9) gives

(2.13)

n=lr,  \k+1 By )kl
Z{(b )"+ (=17 ( ) £ (@)

(k+1)!

k=0

_ w—a (Aq—1>é
T (mp+1)7nl \ gnA

The desired result follows from (2.10)—(2.13)). O

(")(a)‘—i— (b— )"t <Tq—1>‘l"f(n)($)"

(np+1)¥ n! \ 40T
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THEOREM 4. Let f : I — R be n times differentiable mapping on [a,b]
such that £ € L([a,b]) and f™ () # 0 for all x € [a,b], and let ¢ > 1. If
| f (”)}q is logarithmically convez, then the following inequality

n—1 k+1 k k+1
(b—z)"" +(=1)" (z —a) (k)
[ rwa- kzo{ " £ (@)
(a:_a)71,+1 (b_z)nJrl

(n+1)! |f(n)(a)’ + (n+1)! |f(n)($)| ifA=71=1

1

. 1

(z—a)" T (n+1)9 (b—z)" ! (In79)* 4

(nt1)! |f™ ()] + (n+1)! <Z (nt 1), > £ ()]

ifA=1#T
1 00

n+1) 4 (z—a)" ! (—Inx9)"~! z (b—z)™ !

< { Lo (S ) @)+ SR |
ifAN£1=1

1
1 ') ) q
(n+1)q(w_a)n+1 (_ 11’1)\‘1)7’_1
(n+1)! A (; (nt1), ) £ (a)]

1
n 3 —z)ntt S nr9)i—1 a .
+ (,Zl“mdh) [0 @)] AT and T £1

holds for all x € [a,b], where A\ and T are defined by and respec-
tively.

PROOF. From Lemma [I, properties of modulus, and Hélder’s inequality,
we have

[ VR el P
f ) dt — [ e }f“m

S/j (u—a) ‘f(n)( )‘du+/:(bn;‘)n‘f(n)(u)‘du

_an+1 1
=~ [yt

n!

FO( =ty a+ta) | dt

_xn-l—l 1 11 ol
= -t -0y

e (o) ([

ﬂM«1—wx+wﬂﬁ

1— 1
q

™ —t)a+tﬂc)’th>
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(b _ x)’n-‘rl /1 " /
—_— 1—1%)" dt 1-—
([ a-n (
)i @—a! < / i
(n+1)! 0

L (nt (>éi )f'«“)"H (/01(175)"

Since | ) }q is logarithmically convex, we deduce that

b nTLE R (L1 (1 — g)F !
/a f(t)dt_kz_o{( ) (k(+ 1))!( ) ]f(k) (x)

< (n+1)7 ( ; a)"*! <’f(n)(a)‘q /01 t")ﬂ%t)é

(n+1)!

n (n+ ()n 4(_bl_) z)" ! < f(”) ‘ / - thdt>(ll .

In the case A =7 =1, (2.14) gives

1
q

q
" t)x+tb)‘ dt)

1
q

Q[

() ((1 —t)a+ta:)‘th>

1
q

(1 t)x+tb)‘th>

(2.14)

b n—1 b_xk+1+ _1kx_ak+1
(215> /a f(t) dt — kzzo[( ) (k(+ 1))' ( ) :|f(k) ((E)
—a)"" e
S(l&n%—)l)' @) + >) 1 @)|.
If A\ =1 and 7 # 1 then, applying (1.2)) to , we get
[0 D) =)t
(2.16) f £)dt — ;j CESY F® (@)
(x — " n+1 %(bfa:)"ﬂ (In79)"~ n
om0 o] DO (S

If A # 1 and 7 = 1 then, applying equality . ) with z = 1 to the integral
f " (A9)* dt, we get
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' (b - a) T (<) (@ — o)
(217) /a f(t) dt — kZO|: (k n 1)' f(k) (JI)
(n+ 1)% (x — a)n-i—l . I xayi-1 2 (b— x)n—&-l .
: (n+1)! ‘f( { ‘ Z( (nilg +m’f( )(-’E)’-

For A # 1 and 7 # 1, using Lemma [2| for (2.14)), we obtain

" — ) 4 (—1)F (2 — )
(2.18) /f dt—kzo{ CESY ]f(’“)(:c)
(n—l—l)%(aj—a)wr1 N > (—InA9)" ! z

ST ) OIS (n+1),

i=1

(n+1)7 (b—2)"" | > (In79)! :
* CES] 0@ ;(rm—l)i '

The desired result follows from ([2.15)—(2.18]). The proof is thus completed. [
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