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MULTTPLIERS OF UNIFORM TOPOLOGICAL ALGEBRAS

MOHAMMED EL AZHARI

Abstract. Let E be a complete uniform topological algebra with Arens-
Michael normed factors (Ea),cp - Then M(E) = l(inM(Ea) within an al-
gebra isomorphism ¢. If each factor E, is complete, then every multiplier of
E is continuous and ¢ is a topological algebra isomorphism where M (FE) is
endowed with its seminorm topology.

1. Preliminaries

A topological algebra is an algebra (over the complex field) which is also
a Hausdorff topological vector space such that the multiplication is separately
continuous. For a topological algebra E, by A (E) we denote the set of all
nonzero continuous multiplicative linear functionals on E. An approximate
identity in a topological algebra E is a net (e, ), such that for each x € E
we have re, —,, ¢ and e, x —>, .

Let E be an algebra, a function p: E — [0, oo is called a pseudo-seminorm,
if there exists 0 < k < 1 such that p(z +y) < p(z)+p(y), p(Az) = |A\[*p (z)
and p(zy) < p(z)p(y) for all z,y € E and A € C. The number k is called
the homogenity index of p. If Kk = 1 then p is called a seminorm. A pseudo-
seminorm p is a pseudo-norm, if p (z) = 0 implies x = 0.

A locally m-pseudoconver algebra is a topological algebra F whose topology
is determined by a directed family {p, : « € A} of pseudo-seminorms. For
each a € A, ker (p,) = {x € E: p, (x) =0}, the quotient algebra E, =
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E/ker (p,) is a pseudo-normed algebra in the pseudo-norm p,, () = pa (),
ZTo = tker (po) . Let fo: E — Eq, fo () = x+ker (po) = x4, be the quotient
map, fo is a continuous homomorphism from E onto F,. We endow the set
A with the partial order: o < f if and only if p, (z) < pg(x) for all z € E.
Take o < 5 in A, since ker (pg) C ker (p,) , we define the surjective continuous
homomorphism fag: Eg = E,, v = © +ker (pg) = x4 = = + ker (p,) . Thus
{(Ea, fap) , a < B} is a projective system of pseudo-normed algebras. We also
define the algebra isomorphism (into) ®: E — lim B, O(x) = (fal®))aen,
the canonical projections 7 : Hae rFo — E, and the restrictions to the
projective limit g, = 7, /1&1 B, " @Ea — FE,. Since g, o ® = f, and the
quotient map f, is surjective, it follows that the map g, is surjective, this
proves that the projective system {(E,, fag), @ < B} is perfect in the sense
of |5, Definition 2.10] (see also |2, Definition 2.7]). Thus, if E is a locally m-
pseudoconvex algebra (not necessarly complete), then its generalized Arens-
Michael projective system {(Eq, fap), o < S} is perfect. If E is complete,
then F = lim FE,, within a topological algebra isomorphism.

A locally m-conver algebra is a topological algebra E whose topology is
defined by a directed family {p, : @ € A} of seminorms. For each o € A, put
Ay (E) ={feA(E):|f(x)| <pa(z), z€ E}. Let E be an algebra with
involution *. A seminorm on E is called a C*-seminorm if p (z*z) = p (x)” for
all z € E. A complete locally m-convex *-algebra (E , (Pa)y, c A) , for which each
Do 18 a C*-seminorm, is called a locally C*-algebra. A uniform seminorm on
an algebra F is a seminorm p satisfying p(z?) = p(x)? for all x € E. A uniform
topological algebra is a topological algebra whose topology is determined by a
directed family of uniform seminorms. In that case, such a topological algebra
is also named a uniform locally convex algebra. A uniform normed algebra is
a normed algebra (E, ||.||) such that ||z?|| = ||z||? for all z € E.

An algebra F is called proper if for any © € E, *E = Ex = {0} implies
x = 0. If F has identity, then F is proper. Moreover, a topological algebra with
approximate identity is proper. Also, a (Hausdorff) uniform topological alge-
bra is proper. Let E be an algebra, a map T: F — E is called a multiplier if
T (x)y =T (y) for all z,y € E. We denote by M (E) the set of all multipliers
of E. It is known that if F is a proper algebra, then any multiplier 7" of E is lin-
ear with the property T (zy) =T () y = 2T (y) for all z,y € E, and M (FE) is
a commutative algebra with the identity map I of E as its identity. Let (E, ||-||)
be a uniform normed algebra, and let M.(F) be the algebra of all continuous
multipliers of E with the operator norm ||-||op. It is known that ||-||o, has the
square property and the map I: (E,||-||) = (M:(E), |||lop), ! (z) (y) = xy, is
an isometric isomorphism (into). For information on the multiplier algebra in
non-normed topological algebras, see also [3] and [4].

In the sequel, we will need the following elementary result called the uni-
versal property of the quotient: Let XY, Z be vector spaces, f: X — Y and
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g: X — Z be linear maps. If the map g is surjective and ker(g) C ker(f), then
there exists a unique linear map h: Z — Y such that f = hog.

2. Results

PROPOSITION 2.1. Let (E, (pa)aeA) be a locally m-pseudoconver algebra
with proper pseudo-normed factors (Eg) The following assertions are
equivalent:

(i) T (ker (fo)) C ker (fo) for all T € M(FE) and o € A;
(ii) for each T'€ M(E), there exists a unique (Tn),cp € [Taca M(Eo) such
that fooT = Thofo andToofop = fapols for alla < B in A; furthermore,

T is continuous if and only if T, is continuous for all o € A.

aEN "

PROOF. Since the pseudo-normed factors (E,)aca are proper, it follows
that the algebra E is proper and so every multiplier of E (or E, ) is linear.

(ii) = (i): f T € M(E) and x € ker (f,), then f,, (T'(z)) = To (fa (x)) =0
and so T (z) € ker (fa) -

(i) = (ii): Take ' € M (E) and o € A. Since T (ker (fa)) C ker (f,) and by
using the universal property of the quotient (see Preliminaries), there exists
a unique linear map T, : E, — E, such that f,oT =T, 0 f,. Let a € A and
x,y € F,

To (fo (2) fa (y)) = Ta (fa (2y)) = fo (T (zy))
= fa (2T () = fo (%) fa (T () = fa () Ta (fa ()

and similarly on the other side, so T, is a multiplier of E,. Let a < § in A,
we have T, o fo = fo 0T, then T, 0 fag o fz = fapo faoT = fapoTso fg,
hence T, o fap = fap © T since the quotient map fz is surjective. Suppose
that T is continuous. Let O, be an open set in F,, we have

fa (T (0a)) = (Tao fa) 7 (Oa) = (fa o T) ' (Oa)

which is open in E since f, o T is continuous, then 7! (0,) is open in
E,. Conversely, suppose that T, is continuous for all & € A. Since F is
topologically isomorphic to a subalgebra of lim £, T is continuous if and
only if f, o T is continuous for all & € A. Since f, 0T =T, o f, and T, is
continuous for all o € A, we deduce that T is continuous. O
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PROPOSITION 2.2. Let (E, (pa)aeA) be a locally m-pseudoconver algebra
with proper pseudo-normed factors (Eqa),ep- The following assertions are
equivalent:

(j) U (ker (fap)) C ker (fap) for allU € M(Eg) and o < B in A;

(jj) there exists a unique projective system {(M(Ey), hag), o < B} such that
hap (U)o fap = fapoU for allU € M(Eg) and o < § in A; furthermore,
if Eo is complete for all o € A, then hog is continuous for all o < B in A.

PROOF. (jj) = (j): Let U € M(E3) and x5 € ker (fas), then we have
fap (U (2s)) = hap (U) (fap (zp)) = 0 and so U (zp) € ker (fap) -

(5))= (j): Let a < Bin A and U € M (Ejg). Since U (ker (fap)) C ker (fuop)
and by using the universal property of the quotient (see Preliminaries), there
exists a unique linear map V: E, — E, such that V o fo3 = fap o U. Let
To = r+ker(pa), Yo = y+ker(pa) € E, where z,y € E. Put x5 = x+ker(pg)
and yg = y + ker(pg), clearly x3,y3 € Eg. By definition of the map f,3, we

get fap(rs) = o and fop(ys) = Ya. We have

V(@aya) =V (fap (28) fas (ys))
=V (fap (xsyp)) = fap (U (x5ys))
= fap (xU (ys)) = fap (x8) fap (U (ys))
= fap (x8) V (fap (y8)) = 2oV (ya)

and similarly on the other side, so V is a multiplier of F,. This shows the
existence of the map has: M(Eg) — M(E,) such that hap (U)o fap = fapoU
forall U € M(E3) and a < fin A. Let a« < B in A, Uy,Us € M(E3) and
AeC,

hag (Ur + AUs) o fap = fap o (Ur + AU2)
= (fapoUr) + A(fap o U2)
= hap (U1) © fap + Ahrap (U2) © fap
= (hap (Ur) + Ahap (U2)) © fag,

hence hap (Ui + AUz) = hap (Ur) + Ahap (Uz) since fop is surjective. Also,

hag (Ui 0 Uz) o fag = fapo Ui o Uy
= hocﬁ (Ul) o fa,@ o U2
= hap (U1) 0 hap (U2) © fas,
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then hag (Uy 0 Uz) = hag (Ur)ohag (Us) since fop is surjective. Let o < 8 <~
in A and W € M(E.),

(hap 0 hpy) (W) © fary = hag (hpy (W) © fap © foy
= Jap 0 hpy (W) o foy = fapo foy o W
= fa'y oW = ha'y (W) o fa’yv
consequently (hapg o hgy) (W) = hoy (W) since fo, is surjective. Thus hqp o
hgy = hay. Let a € A, if E, is complete, then every multiplier of E, is
continuous. Now by assuming that F, is complete for all o € A, we will show
that hp is continuous for all & < § in A (see also, the proof of Theorem
2.12 in [B5]). For « € A and r > 0, let B, (0,7) = {24 € Eo: D, (2a) <1}
We denote by ||| the operator pseudo-norm on M (E,). Let a < 3 in
A, fap is open by the open mapping theorem, so there is A > 0 such that

AB,, (0,1) C fap (Bg (0,1)), i.e., By (0,1) C fop (Bg (0,7)) where r = \7*#
and kg is the homogenity index of ps. Let U € M (Ep),

lhas (U)lla = sup{Ba (has (U) (fa (7)) : fa (x) € Ba (0,1)}
< sup {P, (hap (U )(faﬁ (fs () : fa (x) € B (0,7)}
= sup {Bq (fas (U (f5 (2)))) : f5 () € Bg (0,7)}
< sup {Bg (U (f3 (2))) : f3 (x) € Bs (0,7)}
< sup {[|Ul|s B (f5 (2)) : f5 (z) € Bs (0,7)}
=r||Ulls.

Therefore h,g is continuous. O

THEOREM 2.3. Let (E, (pa)aeA) be a complete locally m-pseudoconvex al-
gebra with proper pseudo-normed factors (Ey),c, - Assume that E satisfies
conditions (i) and (j). Then M(E) = l&nM(Ea) within an algebra isomor-
phism @. Furthermore, if each factor E,, is complete, then every multiplier of
E is continuous and ¢ is a topological algebra isomorphism where M(E) is
endowed with its pseudo-seminorm topology.

ProOF. Take T' € M(E). By Propositions and

(To)aea € [T M(Ea)

aEN
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To o fap = fap o Tp and hap (Ts) © fap = fap o T for all @ < § in A.
Hence hag(T3) © fap = Ta © fap and consequently h,g(13) = T, since the
map fop is surjective. This shows that (T, )aeca € @M(Ea) Thus the map
v: M(E) — @M(Ea), T — (Ta) ey > is well defined. We will show that ¢
is an algebra isomorphism. Let 7, S € M (E) and A € C, T,,0 fo = fooT and
Saofa = fooS,then (T, + ASy)ofa = fao(T + AS),s0 (T + AS), = To+ASa
by Proposition Also, Ty, 0S40 fo = Tho fooS = fooT oS, hence
(T'oS), = T, o S, by Proposition Let T € M (E), if T, = 0 for all
a € A, then fo,oT =T, o0 f, =0 for all @ € A and consequently T = 0.
Let (Ua)aep € im M (Ea) and define the map T' = dlo ImU,0®: E— E
where 1&1 U, is the multiplier of I'&HEQ defined by

(@ Ua) (Ta)y = Ua (za)),

and ®: F — lim E,, is the topological algebra isomorphism given by ® (z) =
(fa (2)),, - Clearly T is a multiplier of E, also fo 0T = foo®* olimUyo® =
Ugo fo forall a € A, so ¢ (T') = (Uya),, - If E, is complete for all o € A, then
every multiplier of F,, is continuous, hence every multiplier of F is continuous
by Proposition The pseudo-seminorm topology on M (E) is the topology
defined by the family of pseudo-seminorms g, (T') = ||Tw||la, @ € A, s0 ¢ is a
topological algebra isomorphism. O

PROPOSITION 2.4. Let (E, (pa)aeA) be a locally m-pseudoconver algebra
with approzimate identity (e ), cq - Then E satisfies conditions (i) and (j).

PROOF. Let T'€ M (E), x € ker (f,) and w € ,

fa (T () = fo (T (x — wey, + wew))
= fa (T'(z) = T (zew)) + fo (T (vew))
= fa (T'(z) = T (z) ew) + fo («T (ew))
= Ja (T'(z) = T (z) e) + fa () fa (T (€0))
= fa(T'(z) =T (z)ey).

Since T (x) e, = T (x) and f, is continuous, we deduce that f, (T (z)) = 0.
Now we will show that U (ker (fog)) C ker(fap) for all U € M (Eg) and
a < fBin A. Since (e ), is an approximate identity in £ and fz: E — Ep
is a surjective continuous homomorphism, it follows that (fs (ew)), ¢ is an
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approximate identity in Eg (see [8, Theorem 4.1|). Let U € M (Eg), x3 €
ker (fap) and w € €,

fap (U () = fap (U (zs — 23fp (ew) + 7513 (€w)))
= fap (U (xp) = U (xpf3 (€w))) + fap (U (255 (€w)))
= fap (U (wp) = U (x5) f5 (€w)) + fap (25U (f3 (ew)))
= fap (U (2) = U (xp) f5 (ew)) + fap (2) fap (U (f5 (ew)))
= fap (U (wp) = U (x5) f5 (€n)) -

Since U (zg) fs (ew) —w U (zg) and f,3 is continuous, we deduce that

fap (U (z5)) = 0. O

COROLLARY 2.5 ([5, Theorems 2.6 and 2.12]). Let (E,(pa),cy) be a
complete locally m-pseudoconvex algebra with approrimate identity. Suppose
that each factor E, = E/ker (p,) in the generalized Arens-Michael decom-
position of E is complete. Then every multiplier of E is continuous and
M(E) = lim M(E,) within a topological algebra isomorphism where M(E)
18 endoweﬁzth its pseudo-seminorm topology.

PRrOOF. It follows from Theorem and Proposition O
COROLLARY 2.6. Let (E, (pa)yep) be a locally C*-algebra. Then every
multiplier of E is continuous and M(E) = @M(Ea) within a topological

algebra isomorphism where M(E) is endowed with its seminorm topology.

PROOF. By [7, Theorem 2.6] and [10, Corollary 1.12]|, E has an approxi-
mate identity and each factor F, is complete. ([l

Now we will describe multiplier algebras of complete uniform topological
algebras.

PROPOSITION 2.7. Let (E, (pa)aeA) be a uniform topological algebra. Then
ker (fa) = N {ker (x) : x € Aa (E)}
for all € A and
ket (fus) = N {ker (110 fag) : 11 € A (Ea)}

for all o < B in A.
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PRrROOF. First, we will show that A, (F) and A(E,) are non empty sets.
Let F,, be the completion of (E,,p,), F, is a uniform Banach algebra. By [8]
Lemma 5.1], F,, is commutative and semisimple. Then A(F,) is a non empty
set since F,, is not a radical algebra, hence A, (F) and A(FE,,) are non empty
sets (see |9, Proposition 7.5]).

By [1, Theorem 6|, p, () = sup {|x (z)] :
a € A, then ker (f,) = ker (po) = N{ker (x) :
a < pin A and zg € Ejg,

A, (E)} for all z € E and

S
€ A, (E)} for all a € A. Let

=

zg Eker (fap) & fap(xs) =0 & p(fap(zp)) =0 forall pe A(E,)
< xzgenNiker (o fap): pn € A(Ey)}. O

PROPOSITION 2.8. Let (E, (pa)aeA) be a uniform topological algebra. Then
E satisfies conditions (i) and (j).

PROOF. By Proposition ker (fo) = N{ker (x): x € Ay (E)} for all
a € A. If T is a multiplier of E, then T (ker (x)) C ker () for all x € A, (E)
by [6, Theorem 2.9] and [8, Lemma 5.1|, so

T (ker (fa)) =T (N{ker (x) : x € Ao (E)})
C AT (ker () x € Au (B))
C Ni{ker (x): x € An (E)} =ker (fa).

By Proposition ker (fag) = N{ker (o fap) :p € A(E,)} for all o < S
in A. If U is a multiplier of Eg, then U (ker (§)) C ker () for all § € A (Ep)
by [0, Theorem 2.9] and [8, Lemma 5.1], so U (ker (uo fop)) C ker (1o fag)
for all u € A(E,), and consequently

U (ker (fap)) = U (N{ker (no fap) : pp € A(Ea)})
CN{U (ker (uo fap)): p € A(Eqn)}
C N{ker (o fap) : 0 € A(Eqy)} = ker (fag) - O

THEOREM 2.9. Let (E, (pa)aeA) be a complete uniform topological algebra.
Then M(E) = lim M (E,) within an algebra isomorphism ¢. Furthermore, if
each factor E, is complete, then every multiplier of E is continuous and @ is
a topological algebra isomorphism where M(E) is endowed with its seminorm

topology.

PROOF. It follows from Theorem [2.3] and Proposition [2.8 O
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REMARK. Let (E, (Pa) e A) be a complete uniform topological algebra

which is also a symmetric *-algebra. Then x(z*) = x(z) for all z € E and
X € A(E) (see [9, Lemma 6.4]). Take 2z € E and o € A. By [I, Theorem 6],

Pa(z*z) = sup {|x(¢*2)| : x € Aa(E)} = sup {|x(2)|*: x € Au(E)}

= (sup {[x(@)] : x € Aa(E)})? = pal2)®.

Therefore (E, (Pa) e A) is a locally C*-algebra, and so each factor F, is com-
plete.

As an application of previous results, we deduce the Arhippainen unitiza-
tion theorem [, Theorem 4| on uniform topological algebras.

PROPOSITION 2.10. Let (E, (pa)aeA) be a uniform topological algebra, and
let M.(E) be the algebra of all continuous multipliers of E. Then there is a
family of seminorms (qa),cp on M.(E) such that
1. (M.(E), (qa)nen) is a uniform topological algebra;
2. the map L: E — M.(E), L(z)(y) = zy, is an algebra isomorphism (into)
and G (L (x)) = po (x) for all z € E and « € A.

Proor. 1. By Propositions and we define the map ¢: M.(F)—
@MC(EQ), T — (Ta)yen - As in the proof of Theorem 1 is an injective
homomorphism. We endow M. (E) with the topology defined by the family
of seminorms g, (') = [|[Twlla; @ € A, where |||, is the operator norm on
M.(E,). Let T € M.(E),

6o (T%) = 1(T?) ,lla = 1(To)* e = I Tall? = da (T)?

since ||.||o has the square property. Let T € M.(FE) with ¢, (T') = 0 for all
a € A, then T, =0 for all « € A, so T" = 0 since 1 is injective.

2. Since F is proper, L is an algebra isomorphism (into). Let = € E and
a€l, (L(x)), o fa=faoL(x),then

(L (x))a (fa () = (fa o L(2)) (y) = fa (xy) = fo (7) fo (v)

for all y € E. Since the map [: (F,,P,) — (M:(Eq),|-lla), { (za) (Ya) =
Zala, is an isometric isomorphism (into), it follows that

(L (@) g lla = Pa (fa (2)) = pa (2),

S0 o (L (7)) = pa () . O
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ProrosiTION 2.11. Let E be a uniform topological algebra without unit,
and let E, be the algebra obtained from E by adjoining the unit. Then the map
g: Ec — M.(E), g((z,\)) = L(z)+ Al is an algebra isomorphism (into).

PROOF. It is easy to show that g is an algebra homomorphism. Let (z, \) €
E. with g ((x,\)) = 0, then L (z) = —\I. Suppose A # 0, I = —\"1L(z) =
L (—/\_1x) , 50 —A\" !z is a left unit in E. Since F is commutative, —\" 'z is
a unit in E, a contradiction. Thus L (z) = 0 and consequently z = 0 since E
1S proper. ([

COROLLARY 2.12 ([I, Theorem 4]). Let (E,(pa),en) be a uniform topo-
logical algebra without unit. Then there is a family of seminorms (Sq)q4cp 0N
E. such that (Ee, (Sa)en) is a uniform topological algebra and sq ((x,0)) =
Pa (z) for allz € E and a € A.

PRrROOF. For each a € A, we define a seminorm on F, by

Sa ((,A\) = qa (L (z)+ M) forallz € E and X € C.

By Propositions and (Ee, (Sa)ocEA) is a uniform topological algebra
and s, ((,0)) = ¢o (L (2)) = po (z) for all z € E. O

REMARK. We have
$a ((#,2) = qa (L (x) + M) < go (L (%)) + [Mga (I) = pa (x) + ||

for all x € E and A € C. This shows that the topology on F, defined by the
family of seminorms (s),c is weaker than the usual topology on E,. defined
by the family of seminorms (pa),c, Where pq ((2,)) = pa (2) + [A|.
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