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FIXED POINT RESULTS SATISFYING RATIONAL TYPE
CONTRACTIVE CONDITIONS IN COMPLEX VALUED

METRIC SPACES – REVISITED

Mian Bahadur Zada, Muhammad Sarwar∗

Abstract. In our previous work titled “Fixed Point Results Satisfying Ra-
tional type Contractive Conditions in Complex Valued Metric Spaces”[Ann.
Math. Sil. 30 (2016), 89–110], some errors has been made in the main results
(Theorem 3.1, Theorem 3.7 and Theorem 3.22), that may misguide the readers.
This note provides corrections of these errors.

Examining the paper [1], we have found some minor errors in Theorems
3.1, 3.7, 3.22 and Lemma 3.21, which we eliminate here.

In Theorem 3.1 we slightly modify the last component of the assumption
(ii). Moreover, the denominators of the rational expressions should be cor-
rected as:

1 + d(z, w) + d(w,Lz) instead of 1 + d(z, w)d(w,Lz) in line 9 on page 94,

1+ d(zn, zn+1) + d(zn+1, Lzn) instead of 1+ d(zn, zn+1)d(zn+1, Lzn) in line 2
on page 95,

1 + d(zn, zn+1) + d(zn+1, zn+1) instead of 1 + d(zn, zn+1)d(zn+1, zn+1) in line
9 on page 95,

1 + d(zn, t) + d(t, Lzn) instead of 1 + d(zn, t)d(t, Lzn) in line 3 on page 97,
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1 + d(zn, t) + d(t, zn+1) instead of 1 + d(zn, t)d(t, zn+1) in line 9 on page 97,

1 + d(t, t∗) + d(t∗, Lt) instead of 1 + d(t, t∗)d(t∗, Lt) in line 3 on page 98,

1 + 2d(t, t∗) instead of 1 + d(t, t∗)d(t∗, t) in line 6 on page 98,

and the numerators of the rational expressions should be corrected as

d(t, Lt∗)[1 + d(t, Lt)] instead of d(t, Lt)[1 + d(t, Lt)] in line 2 on page 98,

d(t, Lt∗)[1 + d(t∗, Lt)] instead of d(t, Lt)[1 + d(t∗, Lt)] in line 3 on page 98,

d(t, t∗)[1 + d(t∗, t)] instead of d(t, t∗) in line 6 on page 98.

The correct version of Theorem 3.1 ([1]) reads as follows.

Theorem 1. Let (X, d) be a complete complex valued metric space and
λi : X × X → [0, 1), i = 1, 2, . . . , 8. Assume that L : X → X is a self-map
such that for all z, w ∈ X the following conditions are satisfied:
(i) λi(Lz,w) ≤ λi(z, w) and λi(z, Lw) ≤ λi(z, w), i = 1, . . . , 8;

(ii) d(Lz, Lw) - λ1(z, w)d(z, w) + λ2(z, w)d(z, Lw)

+ λ3(z, w)d(w,Lz) + λ4(z, w)d(z, Lz)

+ λ5(z, w)d(w,Lw) + λ6(z, w)
d(w,Lw)[1 + d(z, Lz)]

1 + d(z, w)

+ λ7(z, w)
d(z, Lw)[1 + d(z, Lz)]

1 + d(z, w)

+ λ8(z, w)
d(z, Lw)[1 + d(w,Lz)]

1 + d(z, w) + d(w,Lz)
,

where

λ1(z, w) + λ3(z, w) +

6∑
i=4

λi(z, w) + 2[λ2(z, w) + λ7(z, w) + λ8(z, w)] < 1.

Then the mapping L has a unique fixed point in X.

Proof. Let z0 ∈ X and let us construct a sequence {zn} by the rule

(1) Lzn = zn+1, n = 0, 1, 2, . . .

First we show that {zn} is a Cauchy sequence in X. For this, consider

d(zn+1, zn+2) = d(Lzn, Lzn+1).
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By using condition (ii) of Theorem 1 with z = zn and w = zn+1, we have

d(zn+1, zn+2) - λ1(zn, zn+1)d(zn, zn+1) + λ2(zn, zn+1)d(zn, Lzn+1)

+ λ3(zn, zn+1)d(zn+1, Lzn) + λ4(zn, zn+1)d(zn, Lzn)

+ λ5(zn, zn+1)d(zn+1, Lzn+1)

+ λ6(zn, zn+1)
d(zn+1, Lzn+1)[1 + d(zn, Lzn)]

1 + d(zn, zn+1)

+ λ7(zn, zn+1)
d(zn, Lzn+1)[1 + d(zn, Lzn)]

1 + d(zn, zn+1)

+ λ8(zn, zn+1)
d(zn, Lzn+1)[1 + d(zn+1, Lzn)]

1 + d(zn, zn+1) + d(zn+1, Lzn)
.

Using now (1) and condition (i) of Theorem 1, we get

|d(zn+1, zn+2)| ≤ λ1(z0, z1)|d(zn, zn+1)|+ λ2(z0, z1)|d(zn, zn+1)|

+ λ2(z0, z1)|d(zn+1, zn+2)|+ λ4(z0, z1)|d(zn, zn+1)|

+ λ5(z0, z1)|d(zn+1, zn+2)|+ λ6(z0, z1)|d(zn+1, zn+2)|

+ λ7(z0, z1)|d(zn, zn+1)|+ λ7(z0, z1)|d(zn+1, zn+2)|

+ λ8(z0, z1)|d(zn, zn+1)|+ λ8(z0, z1)|d(zn+1, zn+2)|.

Finally, we get

|d(zn+1, zn+2)| ≤ h|d(zn, zn+1)|,

where

h =
λ1(z0, z1) + λ2(z0, z1) + λ4(z0, z1) + λ7(z0, z1) + λ8(z0, z1)

1− (λ2(z0, z1) + λ5(z0, z1) + λ6(z0, z1) + λ7(z0, z1) + λ8(z0, z1))
·

Similarly,

|d(zn, zn+1)| ≤ h|d(zn−1, zn)|.

Consequently,

|d(zn+2, zn+1)| ≤ h|d(zn+1, zn)| ≤ h2|d(zn, zn−1)| ≤ . . . ≤ hn+1|d(z1, z0)|.
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Now, for m > n,

d(zn, zm) - d(zn, zn+1) + d(zn+1, zn+2) + . . .+ d(zm−1, zm).

Thus |d(zn, zm)| ≤ hn

1−h |d(z1, z0)|, which implies that lim
n→∞

|d(zn, zm)| = 0.

Hence, {zn} is a Cauchy sequence. But X is complete, so there exists t ∈ X
such that zn → t as n→∞.

Next, we show that t is a fixed point of L. For this, assume that Lt 6= t.
Then

(2) d(t, Lt) - d(t, Lzn) + d(Lzn, Lt).

By applying conditions (i), (ii) of Theorem 1 and equation (1), equation (2)
becomes

d(t, Lt) - d(t, zn+1) + λ1(z0, t)d(zn, t) + λ2(z0, t)d(zn, Lt)

+ λ3(z0, t)d(t, zn+1) + λ4(z0, t)d(zn, zn+1)

+ λ5(z0, t)d(t, Lt) + λ6(z0, t)
d(t, Lt)[1 + d(zn, zn+1)]

1 + d(zn, t)

+ λ7(z0, t)
d(zn, Lt)[1 + d(zn, zn+1)]

1 + d(zn, t)

+ λ8(z0, t)
d(zn, Lt)[1 + d(t, zn+1)]

1 + d(zn, t) + d(t, zn+1)
.

Taking limit as n→∞, we get

(3) d(t, Lt) - [λ2(z0, t) + λ5(z0, t) + λ6(z0, t) + λ7(z0, t) + λ8(z0, t)]d(t, Lt),

which is not possible. Thus Lt = t. Hence t is a fixed point of L.
For uniqueness, let t∗ 6= t be another fixed point of L. Then putting z = t

and w = t∗ in condition (ii) of Theorem 1, we get

d(Lt, Lt∗) - λ1(t, t
∗)d(t, t∗) + λ2(t, t

∗)d(t, Lt∗) + λ3(t, t
∗)d(t∗, Lt)

+ λ4(t, t
∗)d(t, Lt) + λ5(t, t

∗)d(t∗, Lt∗)

+ λ6(t, t
∗)
d(t∗, Lt∗)[1 + d(t, Lt)]

1 + d(t, t∗)
+ λ7(t, t

∗)
d(t, Lt∗)[1 + d(t, Lt)]

1 + d(t, t∗)

+ λ8(t, t
∗)
d(t, Lt∗)[1 + d(t∗, Lt)]

1 + d(t, t∗) + d(t∗, Lt)
.
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Thus

|d(t, t∗)| ≤ λ1(t, t∗)|d(t, t∗)|+ λ2(t, t
∗)|d(t, t∗)|+ λ3(t, t

∗)|d(t∗, t)|

+ λ7(t, t
∗)|d(t, t∗)|+ λ8(t, t

∗)

∣∣∣∣ d(t, t∗)[1 + d(t∗, t)]

1 + d(t, t∗) + d(t∗, t)

∣∣∣∣
≤ [λ1(t, t

∗) + λ2(t, t
∗) + λ3(t, t

∗) + λ7(t, t
∗) + λ8(t, t

∗)]|d(t, t∗)|,

which is not possible. Hence t is a unique fixed point of L. �

In the proof of Theorem 3.7 the denominator of the rational expressions
should be corrected as

1+ d(Lz2k−1, z2k−1) + d(KLz2k−1, Lz2k−1) instead of 1+ d(Lz2k−1, z2k−1) in
lines 8–11, 16, 17 on page 100 and lines 1, 2 on page 101,

1 + d(z2k−2,Kz2k−2) + d(Kz2k−2, LKz2k−2) instead of 1 + d(z2k−2,Kz2k−2)
in lines 8–11 on page 102,

1 + d(z2k−2, z2k−1) + d(z2k−1, z2k) instead of 1 + d(z2k−2, z2k−1) in line 17 on
page 102 and lines 1, 2 on page 103,

1 + d(t, z2n+1) + d(Kt,Lz2n+1) instead of 1 + d(t, z2n+1) in line 21 on page
104 and lines 1–3 on page 105,

1+ d(t, z2n+1)+ d(Kt, z2n+2) instead of 1+ d(t, z2n+1) in lines 10–13 on page
105,

1 + d(t, t∗) + d(Kt,Lt∗) instead of 1 + d(t, t∗) in lines 5–8 on page 106,

1 + d(t, t∗) + d(t, t∗) instead of 1 + d(t, t∗) in line 11 on page 106.

We rewrite lines 16–20 on page 101 as

|d(z2k+1, z2k)| ≤ h0|d(z2k, z2k−1)|,

where

h0 =
λ1(z0, z1) + λ5(z0, z1) + λ6(z0, z1) + λ9(z0, z1)

1− (λ2(z0, z1) + λ5(z0, z1) + 2λ6(z0, z1) + λ8(z0, z1) + λ9(z0, z1))
.

Consequently,

(4) |d(z2k+1, z2k)| ≤ h|d(z2k, z2k−1)|,
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where

h =

λ1(z0, z1) +
9∑

i=4

λi(z0, z1)

1−
(

5∑
i=2

λi(z0, z1) + 2 [λ6(z0, z1) + λ8(z0, z1)] + λ7(z0, z1) + λ9(z0, z1)

) ·
We rewrite lines 15–21 on page 103 and lines 1, 2 on page 104 as follows

|d(z2k−1,z2k)| ≤ h1|d(z2k−2, z2k−1)|,

where

h1 =
λ1(z0, z1) + λ4(z0, z1) + λ7(z0, z1) + λ8(z0, z1)

1− (λ2(z0, z1) + λ4(z0, z1) + λ6(z0, z1) + λ7(z0, z1) + 2λ8(z0, z1))
,

which implies that

(5) |d(z2k−1, z2k)| ≤ h|d(z2k−2, z2k−1)|.

Now, from equations (4) and (5), we have

|d(z2k+1, z2k)| ≤ h|d(z2k, z2k−1)| ≤ h2|d(z2k−1, z2k−2)|.

Replace y by w in line 15 on page 104 and replace x by z, y by w in line
1 on page 106.

Now, we present the correct version of Theorem 3.7 ([1]).

Theorem 2. Let (X, d) be a complete complex valued metric space and
λi : X × X → [0, 1), i = 1, 2, . . . , 9. Assume that K,L : X → X are two
self-mappings such that for all z, w ∈ X the following conditions are satisfied:
(i) λi(LKz,w) ≤ λi(z, w) and λi(z,KLw) ≤ λi(z, w), i = 1, . . . , 9;

(ii) d(Kz,Lw) - λ1(z, w)d(z, w) + λ2(z, w)
d(z,Kz)d(w,Lw)

1 + d(z, w)

+ λ3(z, w)
d(w,Kz)d(z, Lw)

1 + d(z, w)
+ λ4(z, w)

d(z,Kz)d(z, Lw)

1 + d(z, w)

+ λ5(z, w)
d(w,Kz)d(w,Lw)

1 + d(z, w)

+ λ6(z, w)
d(w,Lw)[d(z,Kz) + d(w,Kz)]

1 + d(z, w) + d(Kz,Lw)



Fixed point results satisfying rational type contractive conditions – revisited 179

+ λ7(z, w)
d(z, Lw)[d(z,Kz) + d(w,Kz)]

1 + d(z, w) + d(Kz,Lw)

+ λ8(z, w)
d(z,Kz)[d(z, Lw) + d(w,Lw)]

1 + d(z, w) + d(Kz,Lw)

+ λ9(z, w)
d(w,Kz)[d(z, Lw) + d(w,Lw)]

1 + d(z, w) + d(Kz,Lw)
,

where

3∑
i=1

λi(z, w) + 2[λ4(z, w) + λ5(z, w) + λ7(z, w) + λ9(z, w)]

+ 3[λ6(z, w) + λ8(z, w)] < 1.

Then K and L have a unique common fixed point in X.

Proof. Let z0 ∈ X and let us construct a sequence {zn} by the rule

(6) Kz2n = z2n+1 and Lz2n+1 = z2n+2, n = 0, 1, 2, . . .

First we show that {zn} is a Cauchy sequence in X. For this, consider

d(z2k+1, z2k) = d(KLz2k−1, Lz2k−1).

By using condition (ii) of Theorem 2 with z = Lz2k−1, w = z2k−1 and equa-
tions (6), we get

d(z2k+1, z2k) - λ1(z2k, z2k−1)d(z2k, z2k−1)

+ λ2(z2k, z2k−1)
d(z2k, z2k+1)d(z2k−1, z2k)

1 + d(z2k, z2k−1)

+ λ3(z2k, z2k−1)
d(z2k−1, z2k+1)d(z2k, z2k)

1 + d(z2k, z2k−1)

+ λ4(z2k, z2k−1)
d(z2k, z2k+1)d(z2k, z2k)

1 + d(z2k, z2k−1)

+ λ5(z2k, z2k−1)
d(z2k−1, z2k+1)d(z2k−1, z2k)

1 + d(z2k, z2k−1)

+ λ6(z2k, z2k−1)
d(z2k−1, z2k)[d(z2k, z2k+1) + d(z2k−1, z2k+1)]

1 + d(z2k, z2k−1) + d(z2k+1, z2k)
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+ λ7(z2k, z2k−1)
d(z2k, z2k)[d(z2k, z2k+1) + d(z2k−1, z2k+1)]

1 + d(z2k, z2k−1) + d(z2k+1, z2k)

+ λ8(z2k, z2k−1)
d(z2k, z2k+1)[d(z2k, z2k) + d(z2k−1, z2k)]

1 + d(z2k, z2k−1) + d(z2k+1, z2k)

+ λ9(z2k, z2k−1)
d(z2k−1, z2k+1)[d(z2k, z2k) + d(z2k−1, z2k)]

1 + d(z2k, z2k−1) + d(z2k+1, z2k)
.

From Proposition 2.1 in [2] and triangle inequality, we can write

|d(z2k+1, z2k)| ≤ λ1(z0, z1)|d(z2k, z2k−1)|+ λ2(z0, z1) |d(z2k, z2k+1)|

+ λ5(z0, z1) |d(z2k−1, z2k)|+ λ5(z0, z1) |d(z2k, z2k+1)|

+ λ6(z0, z1)|d(z2k, z2k+1)|+ λ6(z0, z1)|d(z2k−1, z2k)|

+ λ6(z0, z1)|d(z2k, z2k+1)|+ λ8(z0, z1)|d(z2k, z2k+1)|

+ λ9(z0, z1)|d(z2k−1, z2k)|+ λ9(z0, z1)|d(z2k, z2k+1)|.

Finally, one can get

|d(z2k+1, z2k)| ≤ h0|d(z2k, z2k−1)|,

where

h0 =
λ1(z0, z1) + λ5(z0, z1) + λ6(z0, z1) + λ9(z0, z1)

1− (λ2(z0, z1) + λ5(z0, z1) + 2λ6(z0, z1) + λ8(z0, z1) + λ9(z0, z1))
.

Consequently,

(7) |d(z2k+1, z2k)| ≤ h|d(z2k, z2k−1)|,

where

h =

λ1(z0, z1) +
9∑

i=4

λi(z0, z1)

1−
(

5∑
i=2

λi(z0, z1) + 2 [λ6(z0, z1) + λ8(z0, z1)] + λ7(z0, z1) + λ9(z0, z1)

) ·
On the other hand, consider

(8) d(z2k−1, z2k) = d(Kz2k−2, LKz2k−2).
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By applying condition (ii) of Theorem 2 with z = z2k−2 and w = Kz2k−2,
equation (8) and using equations (6) and Proposition 2.1 in [2], one can get

|d(z2k−1, z2k)| ≤λ1(z0, z1)|d(z2k−2, z2k−1)|

+ λ2(z0, z1)

∣∣∣∣d(z2k−2, z2k−1)d(z2k−1, z2k)1 + d(z2k−2, z2k−1)

∣∣∣∣
+ λ4(z0, z1)

∣∣∣∣d(z2k−2, z2k−1)d(z2k−2, z2k)1 + d(z2k−2, z2k−1)

∣∣∣∣
+ λ6(z0, z1)

∣∣∣∣ d(z2k−1, z2k)d(z2k−2, z2k−1)

1 + d(z2k−2, z2k−1) + d(z2k−1, z2k)

∣∣∣∣
+ λ7(z0, z1)

∣∣∣∣ d(z2k−2, z2k)d(z2k−2, z2k−1)

1 + d(z2k−2, z2k−1) + d(z2k−1, z2k)

∣∣∣∣
+ λ8(z0, z1)

∣∣∣∣d(z2k−2, z2k−1)[d(z2k−2, z2k) + d(z2k−1, z2k)]

1 + d(z2k−2, z2k−1) + d(z2k−1, z2k)

∣∣∣∣
≤λ1(z0, z1)|d(z2k−2, z2k−1)|+ λ2(z0, z1) |d(z2k−1, z2k)|

+ λ4(z0, z1) |d(z2k−2, z2k)|+ λ6(z0, z1) |d(z2k−1, z2k)|

+ λ7(z0, z1) |d(z2k−2, z2k)|+ λ8(z0, z1) |d(z2k−2, z2k)|

+ λ8(z0, z1) |d(z2k−1, z2k)|

≤λ1(z0, z1)|d(z2k−2, z2k−1)|+ λ2(z0, z1) |d(z2k−1, z2k)|

+ λ4(z0, z1) |d(z2k−2, z2k−1)|+ λ4(z0, z1) |d(z2k−1, z2k)|

+ λ6(z0, z1) |d(z2k−1, z2k)|+ λ7(z0, z1) |d(z2k−2, z2k−1)|

+ λ7(z0, z1) |d(z2k−1, z2k)|+ λ8(z0, z1) |d(z2k−2, z2k−1)|

+ λ8(z0, z1) |d(z2k−1, z2k)|+ λ8(z0, z1) |d(z2k−1, z2k)| .

This implies that

|d(z2k−1, z2k)| ≤h1|d(z2k−2, z2k−1)| ≤ h|d(z2k−2, z2k−1)|,(9)

where

h1 =
λ1(z0, z1) + λ4(z0, z1) + λ7(z0, z1) + λ8(z0, z1)

1− (λ2(z0, z1) + λ4(z0, z1) + λ6(z0, z1) + λ7(z0, z1) + 2λ8(z0, z1))
.
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Now, from equations (7) and (9), we have

|d(z2k+1, z2k)| ≤ h|d(z2k, z2k−1)| ≤ h2|d(z2k−1, z2k−2)|.

Consequently, we can write

|d(zn+1, zn)| ≤ h|d(zn, zn−1)| ≤ h2|d(zn−1, zn−2)| ≤ . . . ≤ hn|d(z1, z0)|.

Now, for m > n,

d(zn, zm) -d(zn, zn+1) + d(zn+1, zn+2) + . . .+ d(zm−1, zm).

Thus |d(zn, zm)| ≤ hn

1−h |d(z1, z0)|, which implies that lim
n→∞

|d(zn, zm)| = 0.

Hence, {zn} is a Cauchy sequence. But X is complete, so there exists t ∈ X
such that zn → t as n→∞.

Next, we show that t is a fixed point of K. For this, consider

d(t,Kt) - d(t, Lz2n+1) + d(Lz2n+1,Kt).

Using condition (ii) of Theorem 2 with z = t and w = z2n+1, equation (6)
and Proposition 2.1 in [2], we get

d(t,Kt) - d(t, z2n+2) + λ1(t, z1)d(t, z2n+1) + λ2(t, z1)
d(t,Kt)d(z2n+1, z2n+2)

1 + d(t, z2n+1)

+ λ3(t, z1)
d(z2n+1,Kt)d(t, z2n+2)

1 + d(t, z2n+1)
+ λ4(t, z1)

d(t,Kt)d(t, z2n+2)

1 + d(t, z2n+1)

+ λ5(t, z1)
d(z2n+1,Kt)d(z2n+1, z2n+2)

1 + d(t, z2n+1)

+ λ6(t, z1)
d(z2n+1, z2n+2)[d(t,Kt) + d(z2n+1,Kt)]

1 + d(t, z2n+1) + d(Kt, z2n+2)

+ λ7(t, z1)
d(t, z2n+2)[d(t,Kt) + d(z2n+1,Kt)]

1 + d(t, z2n+1) + d(Kt, z2n+2)

+ λ8(t, z1)
d(t,Kt)[d(t, z2n+2) + d(z2n+1, z2n+2)]

1 + d(t, z2n+1) + d(Kt, z2n+2)

+ λ9(t, z1)
d(z2n+1,Kt)[d(t, z2n+2) + d(z2n+1, z2n+2)]

1 + d(t, z2n+1) + d(Kt, z2n+2)
.

Taking limit as n → ∞, we get d(Kt, t) - 0, whence d(Kt, t) = 0. Thus
Kt = t and hence t is a fixed point of K.
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Similarly, using condition (ii) of Theorem 2 with z = z2n and w = t one
can show that t is a fixed point of L. Therefore Kt = Lt = t, that is t is a
common fixed point of K and L.

For uniqueness, suppose that t∗ 6= t is another fixed point of K and L.
Then putting z = t and w = t∗ in condition (ii) of Theorem 2, we have

d(t, t∗) =d(Kt,Lt∗)

-λ1(t, t
∗)d(t, t∗) + λ2(t, t

∗)
d(t,Kt)d(t∗, Lt∗)

1 + d(t, t∗)

+ λ3(t, t
∗)
d(t∗,Kt)d(t, Lt∗)

1 + d(t, t∗)
+ λ4(t, t

∗)
d(t,Kt)d(t, Lt∗)

1 + d(t, t∗)

+ λ5(t, t
∗)
d(t∗,Kt)d(t∗, Lt∗)

1 + d(t, t∗)

+ λ6(t, t
∗)
d(t∗, Lt∗)[d(t,Kt) + d(t∗,Kt)]

1 + d(t, t∗) + d(Kt,Lt∗)

+ λ7(t, t
∗)
d(t, Lt∗)[d(t,Kt) + d(t∗,Kt)]

1 + d(t, t∗) + d(Kt,Lt∗)

+ λ8(t, t
∗)
d(t,Kt)[d(t, Lt∗) + d(t∗, Lt∗)]

1 + d(t, t∗) + d(Kt,Lt∗)

+ λ9(t, t
∗)
d(t∗,Kt)[d(t, Lt∗) + d(t∗, Lt∗)]

1 + d(t, t∗) + d(Kt,Lt∗)
,

which implies that

|d(t, t∗)| ≤ λ1(t, t∗)|d(t, t∗)|+ λ3(t, t
∗)

∣∣∣∣d(t∗, t)d(t, t∗)1 + d(t, t∗)

∣∣∣∣
+ λ7(t, t

∗)

∣∣∣∣ d(t, t∗)d(t∗, t)

1 + d(t, t∗) + d(t, t∗)

∣∣∣∣+ λ9(t, t
∗)

∣∣∣∣ d(t∗, t)d(t, t∗)

1 + d(t, t∗) + d(t, t∗)

∣∣∣∣
≤ [λ1(t, t

∗) + λ3(t, t
∗) + λ7(t, t

∗) + λ9(t, t
∗)]|d(t∗, t)|.

This is a contradiction, thus t∗ = t. Hence t is a unique common fixed point
of K and L. �

In the proof of Lemma 3.21 replace xn by zn and replace LK by KL in
line 23 on page 108.

Now we recall Lemma 3.21 ([1]) and formulate its corrected proof.



184 Mian Bahadur Zada, Muhammad Sarwar

Lemma 3. Let (X, d) be a complete complex valued metric space and
K,L : X → X. Let z0 ∈ X and define the sequence {zn} by

Kz2n = z2n+1 and Lz2n+1 = z2n+2, n = 0, 1, 2, . . .

Assume that there exists a mapping λ : X → [0, 1) satisfying

λ(LKz) ≤ λ(z) and λ(KLz) ≤ λ(z) for all z ∈ X.

Then λ(z2n) ≤ λ(z0) and λ(z2n+1) ≤ λ(z1) for all z ∈ X and n = 0, 1, 2, . . .

Proof. Let n ∈ {0, 1, 2, 3, . . .}. We have

λ(z2n) = λ(LKz2n−2) ≤ λ(z2n−2) = λ(LKz2n−4)

≤ λ(z2n−4) ≤ . . . ≤ λ(z0).

Similarly,

λ(z2n+1) = λ(KLz2n−1) ≤ λ(z2n−1) = λ(KLz2n−3)

≤ λ(z2n−3) ≤ . . . ≤ λ(z1). �

In Theorem 3.22 the denominator of the rational expressions in lines 4–7
on page 109 should be corrected as

1 + d(z, w) + d(Kz,Lw) instead of 1 + d(z, w).

The new version of Theorem 3.22 ([1]) reads as follows.

Theorem 4. Let (X, d) be a complete complex valued metric space and
λi : X → [0, 1), i = 1, 2, . . . , 9. Assume that K,L : X → X are two self-
mappings such that for all z, w ∈ X the following conditions are satisfied:
(i) λi(LKz) ≤ λi(z) and λi(KLz) ≤ λi(z), i = 1, . . . , 9;

(ii) d(Kz,Lw) - λ1(z)d(z, w)

+ λ2(z)
d(z,Kz)d(w,Lw)

1 + d(z, w)
+ λ3(z)

d(w,Kz)d(z, Lw)

1 + d(z, w)

+ λ4(z)
d(z,Kz)d(z, Lw)

1 + d(z, w)
+ λ5(z)

d(w,Kz)d(w,Lw)

1 + d(z, w)

+ λ6(z)
d(w,Lw)[d(z,Kz) + d(w,Kz)]

1 + d(z, w) + d(Kz,Lw)
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+ λ7(z)
d(z, Lw)[d(z,Kz) + d(w,Kz)]

1 + d(z, w) + d(Kz,Lw)

+ λ8(z)
d(z,Kz)[d(z, Lw) + d(w,Lw)]

1 + d(z, w) + d(Kz,Lw)

+ λ9(z)
d(w,Kz)[d(z, Lw) + d(w,Lw)]

1 + d(z, w) + d(Kz,Lw)
,

where

3∑
i=1

λi(z) + 2[λ4(z) + λ5(z) + λ7(z) + λ9(z)] + 3[λ6(z) + λ8(z)] < 1.

Then K and L have a unique common fixed point in X.
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