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WILD PRIMES OF A HIGHER DEGREE
SELF-EQUIVALENCE OF A NUMBER FIELD

ALFRED CZOGALA, BEATA ROTHKEGEL, ANDRZEJ SELADEK

Abstract. Let £ > 2 be a prime number. Let K be a number field containing
a unique f-adic prime and assume that its class is an £th power in the class
group Ck. The main theorem of the paper gives a sufficient condition for a
finite set of primes of K to be the wild set of some Hilbert self-equivalence of
K of degree £.

1. Introduction

Let n > 1 be a natural number and let K as well as L be number fields
containing a primitive nth root of unity. A Hilbert symbol equivalence of degree
n between K and L is defined as a triple

f:pn(K) = pn(L), T:2(K)— L), t: K/K"— L/L",

where f is an isomorphism between the groups of nth roots of unity, ¢ is an
isomorphism between the nth power class groups and 7' is a bijection between
the sets of all primes of K and L with (f,7,t) preserving Hilbert symbols of
degree n in the sense that

(a, b)g = (ta,tb)p, forall a,bec K/K" pec Q2(K).
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In the case K = L and f = id, the Hilbert equivalence (f, T, t) is called Hilbert
self-equivalence of degree n of K or just self-equivalence of degree n of K and
denoted by (7', t).

Hilbert equivalence of degree 2 was introduced in [II] as a necessary and
sufficient condition for Witt equivalence of two global fields. The main result
of [II] states that two global fields of characteristic not 2 have isomorphic
Witt rings if and only if there exists a Hilbert equivalence of degree 2 between
these fields.

Hilbert equivalence of degree n > 2, was introduced in [2] and was used
for a classification of Milnor rings modulo n. In [I6] it was proven that for
two number fields containing nth roots of unity, n square free, there exists a
Hilbert equivalence of degree n if and only if there exists an isomorphism of
graded rings K(K)/nK(K) = K(L)/nK(L) such that {—1},, — {—1},, where
K(F) denotes the Milnor ring of F', (cf. [9]).

A finite prime p € Q(K) is called a tame prime of the Hilbert equivalence
(f,T,t) of degree n if

ordya = ordryta (mod n) forall ac K/K™.

A finite prime p € Q(K) is said to be wild if it is not a tame prime of (f, T, ).
The set W(f,T,t) of all wild primes of (f,T,t) is called the wild set of (f,Tt).
The Hilbert equivalence (f, T, t) is said to be tame if all finite primes are tame.
In [5] and [4] the reader can find characterizations of tame Hilbert equivalence
of degree 2 and degree ¢ > 2, ¢ being a prime number, respectively.

In the case of a Hilbert equivalence which is not tame it is natural to ask
what the wild set of this equivalence could be. In [I3] Somodi estimated the
size of the wild set of Hilbert equivalence of degree 2, whereas in [14] and [15]
he gave a description of the wild set of Hilbert self-equivalence of degree 2
of the rational number field Q as well as the Gaussian field Q(i). Somodi’s
results were generalized to a wider family of number fields in [7].

In this paper we consider self-equivalences of degree ¢, where ¢ is a prime
number # 2, of number fields K satisfying two conditions:

(C1) The field K contains a primitive Lth root of unity.
(C2) The field K has exactly one L-adic prime v and its class clv is an (th
power in the ideal class group Ck of K.

For a number field K satisfying (C1) and (C2) we find a sufficient condition
for a finite set of finite primes of K to be the wild set of some Hilbert self-
equivalence of degree £ of K.

The main result of the paper is as follows.

THEOREM 1.1. Let £ > 2 be a prime number and let K be a number field
satisfying (C1) and (C2). If W = {p1,...,px} is a set of finite primes of K
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and the classes clpy,...clpg are lth powers in C'i, then there exists a Hilbert
self-equivalence (T, t) of degree £ of K such that W(T,t) = W.

In the proof we use the technique developed in [3] and [4]. Basic facts and
notions connected with this technique are presented in Sections [2] and [3]

The main theorem is proven in two steps. In the first one, presented in
Section |3, we construct a Hilbert self-equivalence of degree ¢ with one wild
prime adjusting the construction applied in [7] to the case of £ > 2. The second
step, carried out in Section [4 uses the analysis of the behaviour of wild sets
under a composition of self-equivalences of degree £.

2. Singular elements

Throughout the paper, let £ > 2 be a prime number, K be a number
field and ¢ € K be a fixed primitive /th root of unity. For any p € Q(K) we
write K, for the completion of K at p, (-, -)p: Kp x K, — u(K) for the
Hilbert symbol of degree ¢ with values in the cyclic group pue(K) generated

by ¢ and (;)e for the fth power residue symbol. Since (21, z2)p = (y1,%2)p,

if szﬁ = yiKﬁ, i = 1,2, we may consider (-, -), as a mapping defined on
Ko/ KE x Ky /KL,

If A is a finite abelian group, then the quotient A/A* is an elementary
abelian /-group. The group A/A’ can be equipped with the structure of a
linear space over the f-element field [Fy. In this sense we will use the notion
of linear independence of elements of A/A‘. The f-rank rk; A of a group A
is dimp, A/A*. Where it is not misleading, we will use frequently the same
symbol for x € A and for its canonical image in A/A*. We write (z1,....7, )
for the subgroup of A generated by the elements z1,...,x, € A.

A finite nonempty set S C Q(K) is called a Hasse set if it contains all
infinite primes of K. We write Og, Ug, Cg, h® for the ring of S-integers, the
group of S-units, the S-class group of K and the order of Cg, respectively.
The class of the ideal a of Og in the group Cg we denote by cla.

A Hasse set S C Q(K) is said to be sufficiently large, if:

— S contains all f-adic primes of K,
— the S-class number h° is not divisible by ¢, i.e. rk, Cs = 0.

For a Hasse set S of K we denote

Es={ac K:ordya=0 (mod¢), VpeRK)\S}.
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It is easy to check that Eg is a subgroup of the multiplicative group K.
Elements of Fg are called S-singular.

We identify elements of the group Us /U% with their images under the natu-
ral embedding Us/US — Es/K’, so we may consider Ugs/U as a subgroup
of the group Fg/ K*. By Dirichlet Unit Theorem its ¢-rank equals

(2.1) I‘k[ Us/Ué :#S
ProrosiTION 2.1. If S is a Hasse set of primes of K, then
rky Eg/K* = #8 4 rk, Cs(K).

ProoFr. The mapping

1
Es — ,Cs, chaliordpz
pgs

is a group epimorphism with the kernel UsK*®. Tt suffices to notice that
UsK*/K* = Ug/U% and then apply (2.1). 0

Contraction of the diagonal homomorphism diagg: K/K* — [pes K,/K :
to the subgroup ES/I.(E, gives the homomorphism ES/KK — HpeS Kp /KE,
which we denote by ig.

Let

As={acEs:acK: VYpecS}
The group AS/I'(E is the kernel of ig.

REMARK 2.2. Suppose S C S’ are Hasse sets of K. Then Fs C Eg,
Ag: € Ag and there exists a natural group epimorphism Cs — Cg/, which
induces the group epimorphism Cg/C% — Cg//C%, with the kernel equal to
the subgroup of Cis/C§ generated by the set {clpC%: p € S’ \ S}. Thus

rky Cs = 1k Cs — ko ({clp C&: p € S\ S})

and

vk Egi /K = # 8 + (tky Cs — rke({clpCh: p € §"\ S})).
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LEMMA 2.3. Let S be a Hasse set of K containing all (-adic primes and
letpe 2K)\S. Then

cp e Cf — (ﬁ) =1 foreverybe Ag.
J4

PROOF. (=) By assumption there exists z, € K such that z,0g = p - J*
for some S-ideal J of the field K. Fix b € Ag. Since for every prime q ¢ SU{p}
the elements b and z, are g-adic units modulo K é, we have

(b,zy)g =1 forallq¢ SU{p}.
Also
(b,zp)q=1 forallqes,

because b € Kf} for all q € S.
b
By Hilbert reciprocity law, (b, z,), = 1, i.e. (p) =1.
_ ¢
(<) Let S; = SU{p}. Since b € K] for every b € Ag (by assumption),
ASI = Ag. Thus rk; Cs = rky Cgl, and clp € Cg U

LEMMA 2.4. Let S be a Hasse set of K containing all (-adic primes and
let q1,...,qm € 2(K)\ S be finite primes. Then the classes clqy,...,clqm,
are linearly independent in the factor group Cs/C% if and only if there exist
elements by, ..., by, € Ag linearly independent in the group AS/KZ such that

<bi> =(, <b3> =1 foralli,je{l,...,m}, i#j.
i/ 4 i/ ¢

PROOF. (<) Suppose the classes qq, ..., q, are linearly dependent in the
group Cg/C%. Then

205(K) =q" ... q5 3"

for some element z € K, fractional S-ideal J and e1,..., e, € {0,...,0 — 1}
not all equal to zero.

We may assume €; > 0. The element b; is a g;-adic unit (modulo K§7)
for every j € {1,...,m}, so by the well known relationship between Hilbert
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symbol of degree ¢ and ¢th power residue symbol (cf. [L0]) we get the following
equalities

by ordg, (z) by ordg; ()
(bl, Cl?)ql = () = Cel 75 1, (bl, l’)qj = ( ) = ]_

qlg CTJ'E

for every j € {2,...,m}.

Since by € Kﬁ for every p € S, we have (b1, x), = 1. Every prime q of K
not in SU{q1,...,qm} is a finite non-f-adic prime and the elements x, by are
g-adic units (modulo K g), so (b1, ¢)q = 1. This contradicts Hilbert reciprocity
law.

(=) We use induction on m. For m = 1 the statement follows from
Lemma 2.3

Suppose m > 1. By Lemma [2.3] there exists b; € Ag such that

b\ _
(Ch)z =&

Let S1 = SU {Uh} Then rky Cgl =rk,Cs — 1, Asl C Ag and by ¢ Asl.
Moreover, the classes clqs,...,clq,, are linearly independent in the group
Cs,/ C’gl.

By induction hypothesis we may find bo, ..., b, € Ag,, linearly indepen-
dent in the group Ag, /K*, such that

<bi> =, <b1> =1 foralli,je{2,...,m}, i #j.
q4i /¢ 94/ ¢

b; . .
Obviously, <q> = 1 for ¢ = 2,...,m. If necessary, we multiply b; by a
1/¢
b
product of appropriate powers of b;, i € {2,...,m}, to get <1> = 1 for
/e
1=2,...,m.

COROLLARY 2.5. Let S be a Hasse set of primes of K containing all £-adic
primes and let q1,...,qm € 2(K)\ S be finite primes such that clqy,...,clqm
is a basis of the factor group Cs/C%. Then

ES/KZ = Uske/f([ D AS/Ké = Uske/f([ D <b1f.{£, .. .,meé>,

where by, ..., by, are chosen as in the lemma above.
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3. Hilbert symbol bilinear spaces

In this section we will recall basic properties of Hilbert symbol of degree ¢
and prove new facts which will appear to be crucial in the next sections. Let
us keep the assumptions on ¢, K and { made at the beginning of the previous
section.

Since £ > 2, every infinite prime p of K is complex and the p-adic Hilbert
symbol is trivial, i.e. (a, b), =1 for all a,b € Kp.

If p is a finite and non-f-adic prime, then according to the formula for the
value of Hilbert symbol (cf. [I0, Theorem 5.4]) we have:

3.1. If u,v are p-adic units, then (u, v), = 1.
3.2. If u is a p-adic unit and m, is a uniformizer, i.e. ordy T, = 1, then
(mp, u)p =1 <= u € U'f.
3.3. There exists a p-adic unit uy, such that
(up, T)p = o T for every x € Kp.

For an /-adic prime p a simple formula for the value of the Hilbert symbol
of degree £ is not known. Nevertheless, in this case there also exists a p-adic
unit u, satisfying (see [I, Example 2.12]).

In both cases the element u, is p-primary, i.e. the extension K, (\/u, )/ K,
is unramified. We call u, the p-adic primary unit normalized with respect to ¢
and denote by uy(¢) or just uy if ¢ is fixed. Hilbert symbol is nondegenerate,
so for a fixed ¢ the element uy(() is uniquely determined up to fth power in
the field K.

For primes p and p’ of K a local isomorphism ¢: KP/Kﬁ — Kp//Kg, is
said to preserve Hilbert symbols, if

(@, y)p = (0(@), @(y)y forall 2,y € K.
If p and p’ are finite primes and
ordy z = ordy p(x) (mod £) for every x € K, /K,
then the isomorphism ¢ is called tame. Otherwise ¢ is called wild.

There exists a relatively easy necessary and sufficient condition for the exis-
tence of a local isomorphism preserving Hilbert symbols (cf. [3, Lemma 2.2]).
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PROPOSITION 3.4. Suppose p and p are finite primes of the field K. There
erists a local isomorphism K;,/Kﬁ — Kp//Kf, preserving Hilbert symbols if

and only if rky Kp/Kg =1k, K, /KL,
By [10, Ch.3, Prop.1.5]:

, if p is complex,

, if p is real (¢ = 2),
p 1 Qo] +2, ifpis f-adic,

, in other cases.

ey Ky /K =

N~ O

As a consequence we get the following.

PROPOSITION 3.5. Let p and p’ be primes of K. If there exists an isomor-
phism Kp/Kg — Kpf/Kg, preserving Hilbert symbols, then:
(i) p is finite < p’ is finite.
(ii) p is l-adic & p' is l-adic and [K, : Q] = [Ky : Q¢ ].
(iii) p is real < p’ is real.

LEMMA 3.6. Let p and p’ be primes of K. The isomorphism ¢: Kp/Kg —
Kp//Kg, preserving Hilbert symbols is tame if and only if go(upKﬁ) = up/Kg,.

Proor. Obviously, if gp(upf(g) = up/Kg,, then ¢ is tame. Suppose that ¢
preserves Hilbert symbols and is tame. Let @(upK, b)) = wK?’,. Then

(g, o)y = (P #) = goro s
= (up,z)p = (w, (x))y for every x € K.
Since Hilbert symbol is nondegenerate, we have
gp(upKﬁ) = wKﬁ, = up/f(ﬁ,. O

LEMMA 3.7. Let p be a prime of K and let H, H' be subgroups of Kp/Kﬁ.
Any group isomorphism 7: H — H' preserving Hilbert symbols can be ex-
tended to a group automorphism of Kp/Ké preserving Hilbert symbols. More-
over, if T is tame on H, i.e. ordy a = ord, 7(a) (mod ¢) for every a € H and
T(upkf) = upf(f, when upkﬁ € H, then the isomorphism T can be extended
to a tame automorphism preserving Hilbert symbols.
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PROOF. From the standard properties of Hilbert symbols, it follows that
the mapping

By Kp/Kg X KP/Kﬁ =Ty (2,9)p = @Y forz,y € KP/Kﬁ

is nondegenerate bilinear and antisymmetric, so it is also alternating. To get
the statement one can use a standard prolongation theorem from bilinear
algebra. O

LEMMA 3.8. Let t be an {-adic prime of the field K. The linear mapping
¢o: Ko /K! - K /K uniquely defined by o(u.K¢) = uer K¢, o(m.KY) =
K¢, and p(vK!) = vK! for every vK! € (u K¢, m KH: is an automor-
phism of the bilinear space (K./K., 3.

PRrOOF. It is a routine matter to check that ¢ is a group automorphism.
Thus it suffices to show that it preserves Hilbert symbols. From properties of
Hilbert symbol of degree ¢ it follows that (z,z). = 1 for every z € K./K?.
Moreover,

(7Tt7 Ut)t = (7r’c7 Wt)t(ﬂ-tv ut)t = (ﬂ-ta 7rtuvz)ty
(e, v)e = 1 = (ueme,v),  for every va € <uth, ﬂthf‘
(Ue, V) = 1 = (U, v), for every va IS (uth, wth>l. O

LEMMA 3.9. Let p, q be non-€-adic finite pm’mes of K. The linear mapping
©: Kp/Ké — Kq/KZ uniquely defined by ¢(up K ) = unrqu, QO(TFPKZ) =
7rqK is an isomorphism of the bilinear spaces (Kp/Kp, Bp) and (K, /K . Bq)-

PROOF. Analogously as in the previous lemma. O

REMARK 3.10. If (T,t) is a Hilbert self-equivalence of degree ¢ of K,
then for any p € 2(K) the isomorphism t induces a local group isomor-
phism ty: Kp/Kg — KTp/Kép preserving Hilbert symbols of degree € (see
[2, Lemma 2.3|). Notice that t, is tame if and only if p is a tame prime of the
self-equivalence (T',t).

Assume that (7,t) is a self-equivalence and S is a Hasse set of primes
of the field K. The group Ig of S-ideals of K is a free group generated by
the set of all prime ideals and T" maps finite primes to finite primes, so the
bijection T: £2(K) — 2(K) induces a group automorphism T': Ig — I such

that T([T,gs #°) = [Tpes T(0)
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PROPOSITION 3.11. Assume that the Hilbert self-equivalence (T, t) is tame

outside a Hasse set S.AThe above defined isomorphismAT: Is — Ig induces
a group automorphism T of the group Cs/C% such that T(clpC%) = c1T(p)C§
for every prime p ¢ S.

PROOF. For any S-ideals a, b of K, we have

caCi=cbCl < 205-a=0-3° forsomex € K,J € Is,
that is,
cdaCh=clbCl — 3ok Vpgs ordy x +ordya=ord, b (mod /).
From the condition
ordy z = ordpy tx  (mod £) for every z € K/K'pe 2(K)\ S

we get a sequence of equivalences

cdaCh=clbCh < 3,cicVpgs ordyx +ordy,a=ord, b (mod )

= t(x) 4 ordp, T(a) = ordr, T(b) (mod £) <= cl T(a)C% = I T(b)CE,

which assures us that 7 is a well defined injection. It is easy to check that T
is a group automorphism of Cs/C%. O

Let S and S’ be sufficiently large Hasse sets of K. A triple (T, tg, [lpes tp)
is called a small S-equivalence of K if

— Ts: S — 5" is a bijection,
— tg: Eg/K* — Eg/ /K" is a group isomorphism,
— for any p € S the mapping ¢, : Kp/Kf — KTP/K%J is a group isomorphism
preserving the symbol (-, - ), of degree , i.e.
(z,y)p = (tpx,tpy)rp forall z,y € KP/KZ,

— the following diagram

Es/K' —— [Tpes Kp/Kﬁ

J{ts J/Hpestp

ES//Ke L> HpeS KTP/Kg“p

commutes, i.e. tg(zK*) = t, (xKﬁ) mod K%p for every p € S, x € Eg.
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The following theorem is a special case of [3, Theorem 3.4].

THEOREM 3.12. Any small S-equivalence (TS, ts, HpES tp) of degree £ of

the field K can be extended to a self-equivalence (T,t) of K, which is tame
outside S, i.e.

p & W(T,t) for everype 2(K)\ S.

4. Hilbert self-equivalence with one wild prime

In this section for a field satisfying (C1), (C2) and a finite prime p, the
class of which is an ¢th power in the ideal class group, we shall construct a
Hilbert self-equivalence with p as the unique wild prime.

As we have already noticed, in the case of a field satisfying (C1) and (C2)
every infinite prime is complex. Therefore its Hilbert symbol is trivial and in
constructions of self-equivalences we may ignore infinite primes.

THEOREM 4.1. If K is a number field satisfying (C1), (C2) and p is a finite
prime of K such that clp € C’f(, then there exists a Hilbert self-equivalence
(T,t) of degree £ of K such that W(T,t) = {p}.

PROOF. Let ( € K be a fixed primitive fth root of unity and let n =
Tkg CK.

Denote by Sy the subset of Q(K) consisting of all infinite primes and the
unique (-adic prime . Thus Cx /Cy = Cs,/C§, , because clt € Cf.. Moreover,
there exists 2. € K and a fractional ideal J of K such that () = ¢ - J¢. Of
course, . € Eg, and rky ESO/KE =rky EK/KZ + 1.

Choose primes p1,...,p, of K such that the classes clpy,...,clp, form
a basis of Cg/C%. For S = So U {p1,...,pn} we have 1k, Cs = 0 (i.e. S is
sufficiently large) and Es/K* = Eg, /K.

By Lemma there exist by,...,b, € Ag, such that

(bi> =, (bz> =1 foralli,je{l,...,n}, ¢ #j.
Pq Y P, Y

Multiplying z., if necessary, by appropriate powers of b;, i € {1,...,n}, we
may assume that

(“) =1 forallie{l,...,n},
Pi/y
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which gives x, € Kﬁi for:=1,...,n. By Corollary ﬁ we obtain
Es/K‘=FEg, /K =Us, K'/K* ® A,/ K*
= U K'/K* @ (. K% @ (b K*, ... b, K°).

We shall proceed dividing the proof into two cases.

(I) Assume that p is ¢-adic, that is, p = ¢.

Notice that (y,z.), = 1 for every y € Eg and every prime v # t, be-
cause y and x, are v-adic units modulo K ¢, Hence, by Hilbert reciprocity law,
(y,z¢)e = 1 for every y € Eg. In particular the class uth of the primary
t-adic unit u, does not belong to the group EsK*/K’. Thus we clearly have
the inclusion

(4.1) EsK¢ /Ky C (oK) @ (ucKy, meKg)

in the bilinear space (f(t/f(f, B.), where 7, € K, is a uniformizer such that
7o = 2, mod K.
Let us define the triple (Ts,ts,]],cgtv) as follows
T525—>S, TsZids,
ts:Es/Ké—)Es/KZ, tS:idES/KZ
to: Ko/K! — Ko /KL, t, = idg, /e for every v € S\ {r},
te: Ko/K! - K /K¢ te(ueKY) = uemo KY, to(me KY) = 7 K¢, and
te(vK?) = vK! for every vK! € (u K¢, m K¢,
Every isomorphism t, for v € S as well as t,, by Lemma preserve

Hilbert symbols.
We have the following equivalences

ts(yK*) = to(yKL) mod K¢ for all y € Eg, v € S.

Indeed, for v # v it follows directly from the definitions of tg and local isomor-
phisms, whereas for v = ¢, by 7 we have tt(zKS) = zf(f = tg(zK") mod
K for every z € Eg.

Thus, we showed that

thoiszisots
veS
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and (Ts,ts,]],cqtv) is a small S-equivalence. By Theorem it can be
extended to a Hilbert self-equivalence (T, t), which is tame outside S. Notice
that the prime t is the only prime in .S, for which the local isomorphism ¢, is
not tame. Hence W(T, t) = {t}.

(IT) Suppose p # t.

Since the class clp is an £th power in the group Ck, there exist a fractional
ideal J; and x, € K such that (z,) = p-J{. Let S; = S U {p}. Obviously,
zp, € Eg,, rk;Cg, = 0 and 1k Es,/K* = rky Eg/K* + 1. This gives the
following decomposition

ESI/KE = Es/Ke S5 <pr€>
= UxK'/K'® (K", ... b, K @ (2. K*) ® (z,K").

Now consider two subcases.
Yy

(IT.1) Assume " =1 for every y € Eg.
L
It follows that
(4.2) EsK[/K§ = {K}}.

Let us take a p-adic uniformizer 7, such that 7, = x, mod K ﬁ and define the
triple (s, ts,, [[,eg, tv) as follows

T51 : Sl — 51, T51 = idsp
tsltEsl/Kz%Esl/Kz, tsl :idEsl/KZ’
tU:KU/Kf;%KU/Kﬁ, tn:idkb/f(@ for every v € S,

tp: Kp/Kﬁ — Kp/Kg, tp(upkg) = upﬂ'pf(ﬁ, tp<7TpK€) = FpKé.

The isomorphism ¢, for v € S as well as t,, by Lemma preserve Hilbert
symbols. By 1' y = 1 mod Kﬁ for every y € Eg, so

tp(yf'{ﬁ) = lKﬁ = yKﬁ = tg, (yK*) mod Kﬁ.
Moreover,
tp(xpkﬁ) = tp(Terﬁ) = kaﬁ = 2,K' = tg, (z, K*) mod Kg.
Directly from the definition

to(yK?L) = yK¢ = tg, (yK*) mod Kt
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for every y € Eg, and v € S. Thus (TSutSaneSl tn) is a small Si-equiva-
lence of K. In the same way as in the previous case we conclude that there
exists a self-equivalence (7', t), for which p is the only wild prime.

(I1.2) Assume (;) # 1 for some c € Eg.

14

Replacing ¢ by its power, we may assume (;) = (, which follows ¢ =
. ¢
up mod Kﬁ and (c,zp)p = . Let V' be a direct complement of the subgroup

(cK*) to the group Eg/K’, i.e.
Be/K* =V & (e,

Multiplying, if needed, the elements of the group V' by appropriate powers of

¢ we may assume that <:> =1 for every z € V, and then V C Kﬁ. Thus
J4

Es, /K =V @ (cK*) @ (z,K*).
By [8, Lemma 2.1], there exists x4 € K and q ¢ S such that

zq € KL for every v € S\ {r},
Tq = Tp mod Kf,
ordgzq = 1,

ordgzq =0 (mod ¢) for every v e 2(K)\ (SU{q}).

Fix a g-adic uniformizer 74 = x4 mod K g . The set S7 = SU{q} is sufficiently
large and we have

Eg /K'=Es/K'® (2gK) =V & (cK*) & (zK*).

Define (Ts,,ts,,[[,cs, to) as follows

T,S'l: Sl — Si, T5'1|S - ids, TS1 (p) =q,
ts, : ESI/KZ—) ESE/KZ, ts,|v =idy, tSI(CKZ) = C:L’qKé,
(4.3) ts, (xpK*) = 2q K,

to: Ko/Kt — Ko /KLty = idg,  ge forevery v € S\ {r,p},
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As in the previous cases we see that all defined above local isomorphisms
preserve Hilbert symbols.

Definition of a local isomorphism t.: K./K¢! — K./K! left. To define it we
use Lemma Consider subgroups H = Eg, K!/K! and H' = ES{Kf/Kf
of K./K!. We shall show that tg, induces a tame isomorphism H — H’
preserving Hilbert symbols.

We start with checking that tg, preserves the t-adic Hilbert symbol. It is
obvious that (ts, (v), ts,(2)): = (y, 2). for y,z € V. By the choice of x4 we

have z, = ry mod K¢, so

(Y, 2p)e = (Y, q). for every y € V

and

(c;zp)e = (c,2q) = (cTq, Tq)e-

Now notice that (y,c¢), = 1 for every prime v # t, and then (y,c), = 1 by
Hilbert reciprocity law. By the choice of z, and x4,

(Y, cxq)e = (Y, 0)e - (U, Tq)e = (,¢)c - (Y 2p)e = 1 = (y,¢)c for y € V.

Thus tg, preserves the v-adic Hilbert symbol.
Now we shall show that tg, induces a group isomorphism 7: H — H'. To
do this it suffices to explain that

(44)  H=VEK!a® (z,K) & (cKl), H =VK.® (z,K%) ® (caqK{).
By the definition of H and H’,
H=VK!+ (2, K8 + (cKY), H' =VK! 4 (2K + (cx KE),

whereas by the choice of x4, VK!® (prf> =VK!@® <quf>.

On the one hand for every prime v ¢ {p,t} elements of V & (z,K*) are
(modulo /th powers) v-adic units, so (y,xp)s = 1. Moreover, for y = zx,, 2 €
V C K[ wehave (y,2,)p = (2,2p)p(2p, Tp)p = 1. Thus (y, ). = 1 by Hilbert
reciprocity law and

(4.5) (y,2p)c = 1, Yy € VKL @ (2, K?).

On the other hand (c,zp), = 1 for every v ¢ {p,t}, because ¢ and x, are
(modulo ¢th powers) v-adic units. Thus, by Hilbert reciprocity law, (¢, z,). =
(¢,xp)y ' = ¢! # 1. This fact together with gives cK! ¢ VK! @ (z,K?)
and explain the first part of .
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To explain the second part of (4.4]) observe that
(cxp, @p)e = (¢, xp)e - (Tp, Tp)e = £,

which with (4.5) gives cx, K¢ ¢ VK! @ (x,KE).
As we notice above, the isomorphism 7 preserves the t-adic Hilbert symbol.
Notice else that

ord¢zp =0=ord;zq (mod ) and ord,c=ord.cxy (mod ).

Hence 7 is tame on H.

Now assume that the group H contains the t-adic primary unit u,. Then
u K = vﬁlchffo for some €1, €2,€e3 € {0,1,...,¢—1}. Since z, is an t-adic
unit modulo K¢, (ur,zp). = 1. Thus

1= (0610625523’ fp)t = (v, mp)il (c, mp)? (%7 mp)? = (e, mp)? =( .

Hence ¢ = 0 and u K¢ € VK! @ (x,K¢). By the definition of ts, we get
T(u KY) = u K.

Finally, all assumptions of Lemma hold, so there exists a tame isomor-
phism t.: K./K! — K./K!, which is an extension of 7 and preserves Hilbert
symbols of degree /.

We shall show that (Ts,,ts,,[[,cg, to) is a small Sj-equivalence. To do
this we should prove that the diagram

is

Es, /K* — [Toes, Ko /K}
ltsl J/Huesl to
Esﬁ/Ke i) [oes, Kro/Kf,
commutes, i.e.
(4.6) ts, (xK*) = to(xKE) mod Kf,, for every v € Sy, x € Eg,.

Of course, tg, (2K*) = t.(zK*) mod K* for every z € Eg,, by the definition
of t..

Now concentrate on proving tg, (2K*) = tp(zkﬁ) mod Kﬁ for every z €
Es, It suffices to show this congruence for z,,c and z € V.

By the definitions (4.3]),
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Since the local isomorphisms preserve Hilbert symbols,

(c,2q)q = (¢,%q)q(Tq,Tq)q = (cTq,Tq)q = (¢, Tp)p = (,

which means that ¢ = ug is the primary g-adic unit. Thus
A Sl 0 A -t 4
ts, (cK") = coqg K* = uqmq Ky = ty(up Kyy) = tp(cK,) mod K.

If z € V, then z € Kﬁ and from (z,24)q = (2,2p)p = 1 it follows z € f(g.
Hence

ts, (2K*) = 2K = lK'f; = tp(lffﬁ) = tp(ng) mod Kf;

Now suppose v € Sp \ {t,p}. Obviously, for z € V the congruence in (4.6)
holds. By the choice, the elements x,, x4 are local /th powers in K, and then

ts, (zpK*) = 2K = 1K{ = t,(1K{) = tn(xpkg) mod K,
t O\ gl g4 g4
s (cK®) = caq K" = cK, = ty(cK,) mod K.

We have just completed proving . Thus the triple (Ts,,ts,, [ [,eg, to)
is a small Si-equivalence of degree ¢, for which ¢, is the only one wild isomor-
phism.

Analogously as in the case (I) one shows that this equivalence has an
extension to a self-equivalence (7',t) of degree ¢ of the field K such that
WI(T,t) = {p}. O

5. Summary

In this section we present the proof of the main Theorem We precede
this proof with some remarks on the wild sets of a composition of two self-
equivalences.

Suppose K is a fixed number field containing a primitive £th root of unity
and (T1,t1), (Ts,t2) are fixed Hilbert self-equivalences of degree ¢ of K. To
simplify the notation denote the wild sets W(T1,t1), W(T5,t2) by Wr,, Wr,,
respectively.

Of course, the pair (T 0 Ty, t9 ot1) is a Hilbert self-equivalence of degree
¢ of K. We shall describe the wild set Wr,or, = W(T5 0 Th, ty o t1) of the
self-equivalence (T 0 Ty, to 0 t7).
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Suppose p is a finite prime such that p ¢ Wy, and T1p ¢ Wr,. Then
ordp,1yp tot1z = ordpp tiz = ordp . (mod ¢) for every x € K.
Thus we clearly have the inclusion
Wryor, € T Y (Wr,) UWr .

Now let p be a finite prime such that p € Wp,, T1p ¢ Wy, and let a € K
be such that ordr,, t1a # ord, a (mod ). Then

ordp,1yp tat1a = ordp,p tia # ordya  (mod ?),
i.e. p is a wild prime of the self-equivalence (Ty o Ty, t3 0 t1).
Next assume p is a finite prime such that p ¢ Wy, and Thp € Wy, but
b=ti(a) € K is such that ordp,1,p t2b # ordr,, b (mod ). Then

ordp,1yp tat1a # ordr,p tia = ordpa  (mod ¢),

i.e. p is a wild prime of the self-equivalence (T» o T3, t3 0 t1).
As a result we get the inclusion

Wr, \T7 (W) U (T (Wr,) \ Wry) € Wrory s
that is
(Wr, UTT (W) \ Wry 0T (W) € Wror -
COROLLARY 5.1. Under the above assumptions and notations, if
Wr, N T, (Wr,) =0
then
Wryor, = Wry, UT] ! (Wr).
It is better to formulate this corollary in a more useful way.
COROLLARY 5.2. Assume A, B are disjoint sets of finite primes of the
field K. If (Ty,t1), (To,t2) are Hilbert self-equivalences of degree £ of K such

that W(Tl,tl) = A and W(Tg,tg) = Tl(B), then W(T2 OT1, tg Otl) = AU B.

We use this corollary to prove the main theorem.
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ProOF OF THEOREM [I.1l We use induction on k. For £ = 1 the state-
ment follows from Theorem Now suppose k > 1. By Theorem there
exists a Hilbert self-eqivalence (77,t1) of degree ¢ of K such that W(T1,t1) =
{p1}. Denote q; = Typ; for i = 2,..., k. By Proposition the classes
clqo,...,clqr are fth powers in the group Ck. Thus the inductive assump-
tion gives us a Hilbert self-equivalence (T3,t2) of degree ¢ of K such that
W(Ts,t2) = {q2,...,qx}. By Corollary we obtain W(Ty o Ty, tooty) =
{pl}u{p2aapk} g

6. Final remarks

Our main result required assumptions both on the field K and the primes
playing a role in the final statement. The fact that K should contain a primi-
tive £th root of unity is unquestionable, but the necessity of the assumptions
on the primes might be discussed. It is obvious that changing part of them
will influence the final result. Below we give an example.

Let K be a number field containing a primitive ¢th root of unity (we
do not assume (C2)). Notice that for any finite prime v of K the mapping
¢: Ky/K! — Ko /K¢ o(x) = 2'~1, is a group automorphism of K,/K!
which preserves Hilbert symbol of degree £. Indeed, for all z,y € K, / Kf we
have

(@), 0)o = @y Mo = (2,9 = (2,)0.

Unfortunately, this automorphism is not tame.

Using the automorphisms defined above it is easy to define a Hilbert self-
equivalence of degree ¢ for which the wild set is “relatively big”. The following
theorem shows such a case.

THEOREM 6.1. Let K be a number field containing a primitive {th root of
unity. If the set {p1,...,pm} of finite primes of K contains all (-adic primes
and the ideal classes clpy,...,clp,, generate the group C’K/C’f(, then there
exists a Hilbert self-equivalence (T,t) of degree ¢ of K such that W(T,t) =

{ph cee 7pm}

PROOF. Let S, be the set of all infinite primes of K and let S = S U
{p1,...,pm}. By Remark rky Cg = 0, i.e. the set S is sufficiently large.
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Let us define the triple (Ts,ts,[[,cgtv) in the following way

Tsts—)S, TSZids,
ts:Es/Ke—)Es/Kg, tg(x):xé_l
to: Ko/Kt — Ko /K to(z) =2'"' for every v € S.

Obviously, (Ts,ts,[[,cgto) is a small S-equivalence of degree £ of K, which,
by Theorem can be extended to a self-equivalence (7',t) of degree ¢
of K and tame outside S. Every finite prime v in S is wild, so W(T,t) =

{pP1,-- -, Pm} O

The notion of a tame prime of a Hilbert semi-equivalence of degree ¢ ({¢-
prime number) came into existence as a natural generalization of the same
notion for a Hilbert self-equivalence of degree 2. In the case of ¢ > 2 it seems
interesting to consider also another generalization which we shall describe
below.

Suppose (7, t) is a Hilbert self-equivalence of degree ¢ of K. A finite prime
p of K is called semi-tame if

Voer ke (0rdpa =0 (mod {) <= ordrpta=0 (mod f)).

A finite prime p is called semi-wild if it is not semi-tame. The set of all
semi-tame primes of a Hilbert self-equivalence (7',t) is called semi-wild and
denoted by SW(T', t).

Of course, every tame prime is semi-tame, but the opposite implication is
not true. Thus the following inclusion:

SW(T,t) CW(T\,t).

In the same way as in the case of a tame isomorphism one can define
the notion of a semi-tame local isomorphism. For finite primes p and p’ of
K a local isomorphism ¢: K, o/ Kﬁ — Kp// K ﬁ, preserving Hilbert symbols of
degree /¢ is said to be semi-tame, if

vmeK'p/Kg (ordgz =0 (mod/l) <= ordyp(z)=0 (mod/)).

and semi-wild, otherwise.

It is a routine matter to check that if (7,t) is a Hilbert self-equivalence
of degree ¢ of K, then a finite prime p is semi-tame if and only if the local
isomorphism ¢, : Kp/Kg — KTp/Kép induced by t is semi-tame.
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Analyzing the proof of Theorem [I.I] we notice that the local isomorphisms
t, constructed above are semi-tame. This leads us to the following theorem,
which is a stronger version of Theorem

THEOREM 6.2. Let £ > 2 be a prime number and let K be a number field
satisfying (C1) and (C2). If W = {p1,...,px} is a set of finite primes of K
and the classes clpy,...clpg are lth powers in C'k, then there exists a Hilbert
self-equivalence (T, t) of degree { of K such that SW(T,t) = W.

In the proof of Theorem [6.1]all local isomorphisms ¢, for v € S constructed
there are semi-tame, so similar strengthening of Theorem is not possible.

The problem of describing all finite sets of primes which are wild sets or
semi-wild sets of Hilbert self-equivalences of degree ¢ > 2 is open.
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