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ON ESTIMATES FOR THE BESSEL TRANSFORM

AHMED ABOUELAZ, RADOUAN DAHER, MOHAMED EL HAMMA

Abstract. Using a Bessel translation operator, we obtain a generalization of
Theorem 2.2 in [3] for the Bessel transform for functions satisfying the (¢, 4, 8)-
Bessel Lipschitz condition in the space Lg o (RT).

1. Introduction and preliminaries

Integral transforms and their inverses (e.g., the Bessel transform) are
widely used to solve various problems in calculus, mechanics, mathematical
physics, and computational mathematics (see, e.g., [6, 7, 9, 10]).

Let

i2+ (2a+1) d
dt? t dt’

be the Bessel differential operator. For a > —%, we introduce the Bessel

normalized function of the first kind j, defined by

) $22n
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where I'(z) is the gamma-function (see [5]). The function y = j,(z) satisfies
the differential equation

By+y=0

with the initial conditions y(0) = 1 and y’(0) = 0. The function j,(x) is
infinitely differentiable and even.

LEMMA 1.1. The following inequalities are valid for Bessel function je

(1) ljalz) <1
(2) 1—ja(z) =0(2?), 0 <z < 1.

PROOF. (See [1]) O
LEMMA 1.2. The following inequality is true
1—jul@) 2
with x > 1, where ¢ > 0 is a certain constant.

PROOF. The asymptotic formulas for the Bessel function imply that j, ()
— 0 as x — oo. Consequently, a number xy > 0 exists such that with = > z¢
the inequality [j,(z)| < 5 is true. Let m = minge(r 40] |1 — ja(z)|. With z > 1
we get the inequality

1= Ja(@)] = ¢,

where ¢ = min(1,m). O

Assume that Ly o (R"), a > —%, is the Hilbert space of measurable func-
tions f(x) on Rt with the finite norm

o 1/2
o = ( / !f(t)\ztza“dt) .

It is well known that the Bessel transform of a function f € Lo ,(RT) is
defined (see [4, 5, 8]) by the formula

1A= 11f

o = /0 O, A e RY.
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The inverse Bessel transform is given by the formula
£ = @Ta+1)72 [ FNa(0xian
0
THEOREM 1.3 ([4]). If f € Lo o(R") then we have the Parseval’s equality

17l = (2°T(a + 1)) £]-

In Lo o(R™), consider the Bessel translation operator T},

Trf(t) = ca/ F(\/12 + h2? — 2th cos @) sin®® @dyp,
0

o = (/0 sint “”d“”) - r<1§2(;ér?al)+ )

It is easy to see that

where

Tof(x) = f(x).

The operator T}, is linear, homogeneous, and continuous. Below are some
properties of this operator (see [5]):

(1) Thja(Az) = jo(Ah)ja(AT).
(2) T}, is self-adjoint: If f(z) is continuous function such that

/ 22T f(2)|dr < oo
0

and g(x) is continuous and bounded for all z > 0, then

o0

/om(Thf(I))g(I)xzaHdI _/ f(x)(Thy(z))z? .

0

(3) Tnf(z) =Tuf(h).
(4) |IThf — fll = 0as h — 0.

The following relation connect the Bessel translation operator, in [2], we have

o — —~

(L.1) (Tnf)A) = Ja(AR) F(A).
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For any function f(z) € Lo o(R™") we define differences of the order m
such that m € {1,2,...} with a step h > 0 by

(1.2) A f(a) = (T =™ f(),
where I is the unit operator.

LEMMA 1.4. Let f € Ly o(RT). Then

HA;Lnf(x)”Z _ 1 ))2 /O |1—ja(/\h)‘2m|f(>\)|2A2a+1d>\.

(2T (a +1

PRrROOF. From formulas (1.1) and (1.2), we have

— ~

(AR F)A) = (Ja(Ah) = 1)™ f(N).
By Parseval’s identity, we obtain the result. O
In [3], we have

THEOREM 1.5. Let f € Lo o(RT). Then the following are equivalents
(1) f € Lip(, 0,2)
2) [ IFPAZFsA = O(y(r~?) as h — +oo,
where Lip(y, a, 2) is the -Bessel Lipschitz class.
The main aim of this paper is to establish a generalization of Theorem

1.5 in the Bessel transform. For this purpose, we use the Bessel translation
operator.

2. Main Results
In this section we give the main result of this paper. We need first to
define (v, ¢, B)-Bessel Lipschitz class.

DEFINITION 2.1. A function f € Lo o(R™) is said to be in the (1,0, 3)-
Bessel Lipschitz class, denote by Lip®(1, 6, 8), if

IAT F()ll = O(h°w(h?))  as h — 0,

where
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(1) 6 >m, >0 andm e {1,2,...},

(2) ¢ is a continuous increasing function on [0,00),
(3) ¥(0) =0 and ¥(ts) = Y(t)Y(s) for all t,s € [0, 00),
(4) and

1/h
/ $? 20y (572 ds = O(R**™p(h*P))  as h — 0.
0

THEOREM 2.2. Let f € Lo o(RT). Then the following are equivalent

(1) f € Lip*(4,4,8),
(2) [T IFOOPARF AN = O(r=>9(r—27)) as r — +oc.

PROOF. (1) = (2): Assume that f € Lip*(+,d, ). Then
IAR ()] = O(Rw(h?))  as h — 0.

Lemma 1.4 gives

ARSI = apiasye [, 11— da GBI FAan

(2T (a +1

If X € [, 2] then Ak > 1 and Lemma 1.2 implies that

1 , -
1< 027m|1 — Ja(AR)[™.

Then
2/h 1 2/h N
[oiRpRetan < o [ g n P FO Ay
1/h ¢ 1/h
1 o0

[ 1= daQR) PPN AN
0

CQm

and there exists a positive constant C' such that

2/h .
/ |f(>\)|2)\2a+1d)\ S Ch25¢(h2/8)
1/h

We obtain

27
|1t < o),
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So that

/ FODEAZHax

2r 4r 8r N
[/ +/ +/ . IFn Az
T 2r 4r

C(r= 29 (r=28) + (2r) 2y ((2r)" %) +...)
Cr22(r=2P) (1 + 2729 (2729)
+(2720p(2720))2 4 (2720p(272))3 4. )
CKspr™29(r=2),

IN

IN

IN

where Kj 5 = (1 —2720¢(272%))~! since 2729¢(272%) < 1. This proves that

/OO [FVPAZF AN = O(rp(r~2))  as 7 — +oo.

T

(2) = (1): Suppose now that

[ IFOIRNN = 06272 as 7 oc,

r

We have to show that

/ L= O PP IFO)RAR AN = O (h27)) as b 0.
0

We write
/ 11— ja(AR)P™ [ FO)PAZHAN = 1) + I,

0

where
1/h R
= [ G n P IF A
0

and

L= [ =i F A
1/h
Firstly, we have from (1) in Lemma 1.1

e | j FEAZH1dN = O p(h2?)).
1/h
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Set

o) = [ T azan,

From (1) and (2) of Lemma 1.1 and integration by parts, we obtain

1/h =R
W= [ G FoRRe
0

1/h R
< 2 [ = Om) T PR
0
1/h
< —Cthm/ *™ g (x)dx
0
1/h
< —Clg(l/h)—i—ZmCthm/ 2 g(z)dx
0
1/h
S CQth/ x2m71x725,¢)(w72ﬁ)dw
0
1/h
< 02h2m/ m2m—1—26w(x—2ﬁ)dx
0
< Cgthh26_2m¢(h2’6)

< C3h®y(h?P),

where C', Cy and C5 are a positive constants and this ends the proof. ([
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