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GENERALIZATION OF TITCHMARSH’S THEOREM FOR
THE BESSEL TRANSFORM IN THE SPACE L, .(R})

MoHAMED EL HAMMA, RADOUAN DAHER

Abstract. In this paper, we prove a generalization of Titchmarsh’s theorem
for the Bessel transform in the space Lp o (R4) for functions satisfying the
(1, p)-Bessel Lipschitz condition.

1. Introduction and preliminaries

In [2], we proved a generalization of Titchmarsh’s theorem for the Bessel
transform in the space Ly (R4 ). In this paper we prove this generalization
in the space Ly (R4 ), where 1 < p < 2 and a > —%. For this purpose, we
use a Bessel generalized translation.

L, o(R4), 1 < p <2, is the Banach space of measurable functions f(¢) on
R, with the finite norm

o0 1/p
1l = ( / \f(:c)\”xm“dx) ,

where « is a real number, o > —%.
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Let
?  (2a+1)d

B= el
dx? x dx

be the Bessel differential operator.
For o > —%, we introduce the Bessel normalized function of the first kind
ja defined by

m ) =T+ 13 e B (5)

n=0

where T' is the gamma-function (see [4]). Moreover, from (1) we see that

lim 370‘(2) -1

=0 22 70
by consequence, there exist ¢ > 0 and n > 0 satisfying
(2) 2] <7 = ljalz) = 1] 2 c|2]*.
The function y = j,(z) satisfies the differential equation
By+y=0
with the initial conditions y(0) =1 and y'(0) = 0. j,(z) is function infinitely

differentiable, even, and, moreover entire analytic.
In L, o (R4 ), consider the Bessel generalized translation T}, [4] defined by

Trf(t) = ca / F(V/t2 + b2 = 2th cos ) sin®® pdp,
0

where

Co = </07r sin®® gpd<p>_1 = m

The Bessel transform we call the integral transform from [3, 4, 5]

FO) = /OOO f®)ja( A2 dE, X € RT.
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The inverse Bessel transform is given by the formula

£(t) = (2°T(a + 1))~ /0 T A ja (M)A A,

The following relation connect the Bessel generalized translation and the
Bessel transform, in [1] we have

(3) (Thf)A) = ja(AR)F(N).

We have the Hausdorff-Young inequality

(4) 1]

g0 S Clflp.a

where % + % =1 and C is a positive constant.

2. Main Result

In this section we give the main result of this paper. We need first to
define (v, p)-Bessel Lipschitz class.

DEFINITION 2.1. A function f € L, (R4 ) is said to be in the (¢, p)-Bessel
Lipschitz class, denoted by Lip(¢, a, p), if

IThf(t) = f(B)llp.o = O(h)) as h — 0,

where

1. 9(t) is a continuous increasing function on [0, c0),
2. (0) =0,
3. Y(ts) = (t)yY(s) for all ¢, s € [0, 00).

THEOREM 2.2. Let f(t) belong to Lip(v, a,p). Then

/ ORI = O () as T — +oc.



58 Mohamed El Hamma, Radouan Daher

PROOF. Let f € Lip(y, a, p). Then we have

IThf(t) — fFO)lpa = O@W(h)) ash— 0.

From formulas (3) and (4), we obtain
/ 11— G ABIIFNIIN A < CIITaf (1) — FOIISe.
0

From (2), we have

n

g . 7 2a+1 an2q [ qy2a+1
[ = daompioodestan= S [ Fogmesian
dh dh

d>1,0<h <1. It follows from the above consideration that there exists a
positive constant K; such that

n

/ ' IF)[IN20H LGN < Kgh?(h) = Kagb(h9).

U

Then
dr N
/ |FOV|IN2F AN < Cayp(r™9)  for all d > 1
of course
d"r R dr d21" dmr R
/ [F)[IxZettdx = (/ +/ +...+/ )f(/\)lq/\2o‘+1d/\.
" r dr dn—1p
Therefore

/°° [FOVIPA2T AN < Ca(1+(d™") + 9*(d79) + .. ) (r ).
For fixed dy such that 1(dy ?) < 1 we have
[ iFeR s < cur)

where C; = Cy, (1 —9(dy 1)) 1.
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Finally, we get
/ FONITAZH A = O (r=1))  as 7 —s 0o,

Thus, the proof is finished. O
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