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INFINITE PRODUCT FOR e6ζ(3)

Marian Genčev

Abstract. The author uses the summation of rational series using the prop-
erties of the digamma function Ψ(x) and the methods of the residue calculus
to evaluate the function Hα(x) for α = 1 and x = a−1(N), N ∈ N (see
Theorem 1) which is called the function generating the generalized harmonic
numbers of order 1 (see Definition 1). The relation between the functions
H1(x), x > 0, and Ψ(x) is used to find the approximations of the constant
e6ζ(3) in the form of the infinite product which contains only the numbers e,
π and the roots of unity, where ζ(3) is the Apéry constant.

1. Introduction

The study of the arithmetical nature of the values of the Riemann function
ζ(s) =

∑+∞
n=1

1
ns at integers s > 1 is one of the most attractive topics of the

modern number theory. Euler’s formula

ζ(s) = −(2πi)sBs

2s!
, s = 2, 4, 6, . . .

marked the first progress in this area. Some criteria for irrationality of such
kind of factorial series can be found in [4] and [5]. In 1882 F. Lindemann
proved that π is transcendental, which implies that ζ(s) is transcendental if s
is even. The problem of the irrationality of the values of ζ(s) at odd integers
is not solved yet, except the case s = 3, which was proved by Apéry in 1978.
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There are many papers concerning the results involving the value ζ(3).
In this paper we investigate the possibility to express the value e6ζ(3) using
the numbers π, e and the roots of unity as the infinite product. J. Sondow
and J. Guillera (see [3] and [6]) found new infinite products of many classical
constants such as γ, π/e, eγ or e7ζ(3)/4π2

in 2003 and 2005. Certain interesting
infinite product expansions were obtained by Gosper in 1996:

∞∏
n=1

(
(n+1)4

4 096(n+ 5
4)

2(n+ 7
4)

2
24 570n4+64 161n3+62 152n2+26 427n+4 154

31 104(n+ 1
3)(n+ 1

2)(n+ 2
3)

0 1

)

=
(

0 ζ(3)
0 1

)
.

Transcendence criteria of special infinite products are investigated by
J. Hančl and P. Corvaja in [2].

2. Main result

Theorem 1. Let N ∈ N, ζ1,N := −1 for all N ∈ N, ζj,N := εj,N − 1,
j = 2, . . . , N , where εj,N 6= 1 are the (N−1) solutions of the equation εN

j,N = 1
and

Zn,N :=
(ζn,N + 1)N−1 − 1

ζn,N
∏N

j=1, j 6=n(ζn,N − ζj,N )
, 1 ≤ n ≤ N.

Then

e6ζ(3) = lim
N→+∞

a(N)∏
j=1

eπ2−6a2(N)

ζ
6a3(N)Zj,a(N)

j,a(N)

,

where a(N) : N → N is an increasing function.

For the proof of Theorem 1 it is convenient to introduce the function Hα(x)
generating the generalized harmonic numbers of order 1.

Definition 1. Let α ∈ R+ and x ∈ R+. Then the function

Hα(x) :=
∫ 1

1− 1
α

1− (1− t)x

t
dt
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is called the function generating the generalized harmonic numbers of order 1.

Corollary 1. Let N ∈ N. Then

H1(N) =
N∑

j=1

1
j
.

Lemma 1. Let N ∈ N, N > 2 and a := 1
M , M ∈ N, M > 2. Then

0 ≤ ∆Ψ(N, a) ≤ 1√
(2(N + a)− 1)(1− 2a)

,

where ∆Ψ(N, a) := Ψ(N + a)−Ψ(N).

Proof. Let N ∈ N, N > 2 and a := 1
M , M ∈ N, M > 2. Using the

formula

(1) Ψ(z) =
∫ +∞

0

(
e−t − 1

(1 + t)z

)
dt

t
, Re(z) > 0,

we get

∆Ψ(N, a) =
∫ +∞

0

(
e−t − 1

(1 + t)N+a
− e−t +

1
(1 + t)N

)
dt

t

=
∫ +∞

0

(
1

(1 + t)N
− 1

(1 + t)N+a

)
dt

t

=
∫ +∞

0

(1 + t)a − 1
t

dt

(1 + t)N+a

≤

√∫ +∞

0

(
(1 + t)a − 1

t

)2

dt

∫ +∞

0

(
1

(1 + t)N+a

)2

dt

=

√
1

2(N + a)− 1

∫ +∞

0

(
(1 + t)a − 1

t

)2

dt.
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For the last integral we obtain the estimation

∫ +∞

0

(
(1 + t)a − 1

t

)2

dt =
∫ 1

0

(
1− ζ−a

1− ζ

)2

dζ =
∫ 1

0

(
1− ζ−

1
M

1− ζ

)2

dζ

= M

∫ 1

0

(
1− 1

τ

1− τM

)2

τM−1 dτ

= M

∫ 1

0

τM−3(∑M
j=1 τ j−1

)2 dτ

≤ M

∫ 1

0
τM−3 dτ =

1
1− 2a

.

This implies that

∆Ψ(N, a) ≤ 1√
(2(N + a)− 1)(1− 2a)

.

The inequality 0 ≤ ∆Ψ(N, a) follows easily from (1), which completes the
proof of the lemma. �

Proof of Theorem 1. Set

(2) φ(a) :=
+∞∑
n=1
a>0

1
n3 + an2

.

The infinite series on the right hand side of (2) represents for a ∈ R the
absolute convergent infinite series and thus the value φ(a) is defined for all
a ∈ R. Using the definition of the Riemann ζ-function, we get the fact that
lim
a→0

φ(a) = ζ(3).
Now, for the function φ(a) we obtain (a > 0)

φ(a) =
+∞∑
n=1

(
1

an2
− 1

a2

(
1
n
− 1

n + a

))

=
1
a

+∞∑
n=1

1
n2

− 1
a2

lim
N→+∞

N∈N

N∑
n=1

(
1
n
− 1

n + a

)
.



Infinite product for e6ζ(3) 45

Using the recursion formula Ψ(z + 1) = Ψ(z) + 1
z , we have

N∑
n=1

1
n

=
N∑

n=1

(Ψ(n + 1)−Ψ(n)) = Ψ(N + 1)−Ψ(1) = Ψ(N + 1) + γ,

and

N∑
n=1
a>0

1
n + a

=
N∑

n=1
a>0

(Ψ(n + a + 1)−Ψ(n + a)) = Ψ(N + a + 1)−Ψ(a + 1).

This and Lemma 1 implies that

lim
N→+∞

N∈N

N∑
n=1
a>0

(
1
n
− 1

n + a

)
= − lim

N→+∞
N∈N

(
(Ψ(N + a + 1)−Ψ(N + 1))

+ (Ψ(a + 1)−Ψ(1))
)

= Ψ(a + 1)−Ψ(1),

which yields the fact that

φ(a) =
π2

6a
− 1

a2
(Ψ(a + 1)−Ψ(1)) .

Note that −Ψ(1) = γ is the Euler–Mascheroni constant. Using the integral
representation for the term Ψ(a + 1)−Ψ(1), we obtain the formula

(3) φ(a) =
π2

6a
− 1

a2

∫ 1

0

1− ta

1− t
dt.

From the fact that lim
a→0

φ(a) = ζ(3) we have the relation

lim
N→+∞

φ
(
a−1(N)

)
= ζ(3),

where N ∈ N. The integral in (3) can be treated as the value of the generalized
harmonic number function Hα(x) for α = 1 and x := a = a−1(N).
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The value H1(a−1(N)) =: H
(
a−1(N)

)
, N ∈ N, can be computed as fol-

lows:

H
(
a−1(N)

)
=
∫ 1

0

1− ta
−1(N)

1− t
dt = a(N)

∫ 1

0

1− τ

1− τa(N)
τa(N)−1 dτ

= a(N)
∫ 1

0

τa(N)−1∑a(N)
j=1 τ j−1

dτ

= a(N)
∫ 1

0

∑a(N)
j=1 τ j−1 −

∑a(N)−1
j=1 τ j−1∑a(N)

j=1 τ j−1
dτ

= a(N)− a(N)
∫ 1

0

∑a(N)−1
j=1 τ j−1∑a(N)

j=1 τ j−1
dτ

= a(N)− a(N)
∫ +∞

0

∑a(N)−1
j=1 (ζ + 1)1−j∑a(N)

j=1 (ζ + 1)1−j

dζ

(ζ + 1)2

= a(N)− a(N)
∫ +∞

0

∑a(N)−1
j=1 (ζ + 1)j−1∑a(N)

j=1 (ζ + 1)j−1

dζ

ζ + 1

= a(N)− a(N)
∫ +∞

0

(ζ + 1)a(N)−1 − 1
(ζ + 1)a(N) − 1

dζ

ζ + 1
.

Using the fact that

deg
(
(ζ + 1) · ((ζ + 1)a(N) − 1)

)
= deg

(
(ζ + 1)a(N)−1 − 1

)
+ 2, ∀N ∈ N,

we can compute the last integral for H
(
a−1(N)

)
with the help of the residue

calculus.
For the brevity we write

ha(N)(ζ) =
(ζ + 1)a(N)−1 − 1
(ζ + 1)a(N) − 1

· 1
ζ + 1

.

Let ζ1,a(N) = −1 and ζj,a(N) = εj,a(N) − 1, j = 2, . . . , a(N), where εj,a(N) are
the solutions of the equation ε

a(N)
j,a(N) = 1, except the trivial solution 1. Then

ha(N)(ζ) =
(ζ + 1)a(N)−1 − 1

ζ
∏a(N)

j=2

(
ζ − ζj,a(N)

) · 1
ζ + 1

=
(ζ + 1)a(N)−1 − 1

ζ
∏a(N)

j=1

(
ζ − ζj,a(N)

) , ζ 6= 0.
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This implies that

∫ +∞

0
ha(N)(ζ) dζ = −

a(N)∑
n=1

Res
ζ=ζn,a(N)

ha(N)(ζ) ln ζ

= −
a(N)∑
n=1

lim
ζ→ζn,a(N)

 (ζ + 1)a(N)−1 − 1

ζ
∏a(N)

j=1, j 6=n(ζ − ζj,a(N))
ln ζ


= −

a(N)∑
n=1

 (ζn,a(N) + 1)a(N)−1 − 1

ζn,a(N)

∏a(N)
j=1, j 6=n(ζn,a(N) − ζj,a(N))

ln ζn,a(N)

 .

Setting

Zn,a(N) :=
(ζn,a(N) + 1)a(N)−1 − 1

ζn,a(N)

∏a(N)
j=1, j 6=n(ζn,a(N) − ζj,a(N))

we obtain finally

H
(
a−1(N)

)
= a(N)− a(N) ln

a(N)∏
j=1

ζ
−Zj,a(N)

j,a(N) .

Thus

φ
(
a−1(N)

)
=

1
6

ln
a(N)∏
j=1

eπ2−6·a2(N)

ζ
6·a3(N)Zj,a(N)

j,a(N)

.

Since lim
N→+∞

φ
(
a−1(N)

)
= ζ(3), we obtain

e6ζ(3) = lim
N→+∞

a(N)∏
j=1

eπ2−6a2(N)

ζ
6a3(N)Zj,a(N)

j,a(N)

,

which completes the proof of Theorem 1. �

Remark 1. Note that the result in Theorem 1 must be taken in the sense
that there exists a branch in the complex plain of the number

AN :=
a(N)∏
j=1

eπ2−6a2(N)

ζ
6a3(N)Zj,a(N)

j,a(N)

such that AN ∈ R for every N ∈ N.
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Open problem. Is the number eζ(3) transcendental?
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