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OPERATORS IN F SPACES 
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Abstract. Let X be a linear normed space, A > 0, n e N. Let T^1' be a set denned 
by 

^ n ) := {</: Xn - C I |g(x*)| < Mg • ex^=i 11**11, I ' e l " } , 

where M 9 is a constant depending on g. Moreover for all g 6 we define 

\\g\\ := sup { e - A £ * = i U**" • |g(x*)|}. 

In the paper norms of the d'Alembert and Lobaczevski difference operators in the 
spaces are calculated (their Pexider type generalizations are also considered). 

(2) 

Moreover it is proved that if / : X —* C is a function such that A(f) 6 , where 
A is the d'Alembert difference operator, then / S F\ or A(f) = 0. 

1. Introduction 

In the theory of funct ional equations and inequalit ies there are two related func
t iona l equations: the C a u c h y addit ive funct ional equat ion f(x + y) = f(x) + f(y) 
and the Pexider funct ional , equat ion f(x + y) = g{x) + h(y) (more details can be 
found i n [2]). T h e y are related, because the Pexider equation is a general izat ion of 
the C a u c h y equation, therefore the Pexider equat ion shows the direc t ion of gener
a l iza t ion w h i c h can be considered i n case of other funct ional equations. Moreover , 
using these equations mentioned above we can easily define the operators: the 
C a u c h y difference operator C(f){x,y) = f(x + y) — f(x) — f(y) a n d the Pex ider 
difference operator P(f)(x, y) = f(x + y) —g{x) — h{y). It makes possible to estab
l ish some properties of these equations by the theory of l inear operators. O b v i o u s l y 
different vector spaces can be considered. 
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In the paper we use the idea presented short ly above to find some propert ies of 
the d ' A l e m b e r t and L o b a c z e v s k i funct ional equations. W e define the d ' A l e m b e r t 
a n d L o b a c z e v s k i difference operators i n the same manner as i t is made for the 
C a u c h y funct ional equat ion. N e x t we provide a def ini t ion of n o r m e d vector spaces 
of functions a n d calculate norms of these operator i n these spaces. Moreover , we 
consider the Pex ider type generalizations of these equations. 

A d d i t i o n a l y i t was proved that the d ' A l e m b e r t funct ional equat ion is superstable 
i n the spaces p r o v i d e d i n the text . 

T h e C a u c h y a n d Pex ider difference operators were considered i n [3]. T h e results 
obtained i n that paper are c i ted i n the text below. 

2. Preliminaries 

L e t us recall the def in i t ion of a quadrat ic operator a n d its n o r m a n d the defin
i t i o n of a l inear-quadrat ic operator (which is a s u m of a l inear a n d a quadrat i c 
operator) a n d its n o r m . I n the next section we w i l l prove that the L o b a c z e v s k i 
difference operator is quadrat ic a n d the d ' A l e m b e r t difference operator is l inear-
quadrat ic . L e t E, F be vector spaces over a field K . 

DEFINITION 1. A n operator Q: E —> F is cal led quadrat ic if i t satisfies fol low
i n g equations: 

(a) V x,y€E Q{x + y) + Q(x - y) = 2Q(x) + 2Q(y), 

(b) V f c e K V x <E £ Q{kx) = k2Q(x). 

DEFINITION 2. A quadrat ic operator Q: E —> F is cal led bounded i f 

] c > 0 V i € £ ||Q(x)|| < c||x||2. 

A n o r m of a quadrat ic operator Q: E —* F is defined by 

(1) ||Q||:-inf{c>0|||Q(x)||<c||x|| 2, x e E}. 

If such a number c does not exist we define := oo. 

B y BQ(E,F) we denote a set of a l l quadrat ic operators Q: E —» F such that 

IIQII < oo. 

R E M A R K 1. Analogously as for a bounded linear operator one can prove an 
alternative definition: 

(2) ||Q||:=sup{||Q(x)|| | x G £ , ||x|| = 1}. 

L e t us notice that the (BQ(E, F), \\ • ||) space is a l inear normed space. N o w we 
are ready to define a l inear-quadrat ic operator . 
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DEFINITION 3 . B y BCQ we denote the set 

BCQ(E,F) = {TeFE\3 LeB(E,F) A3 Q e BQ(E,F) T = L + Q}. 

Moreover , for a l l T = L + Q € BCQ(E, F) we define 

imi = ii£ii + iiQii. 
A n operator T € BCQ(E,F) is cal led a bounded l inear-quadrat ic operator . 

, Le t us notice that the space (BCQ, || • ||) is a l inear normed space. 

3. The d'Alembert and Lobaczevski difference operators 

A s tandard s y m b o l C denotes the set of complex numbers, for a set X a s y m b o l 
C x denotes a set of a l l functions / : X —> C . 

DEFINITION 4. Le t X be a linear normed space. T h e L o b a c z e v s k i difference 
operator C: C x —> C x is defined by: 

(3) A / ) ( * > y ) : = / 2 ( ^ ) - / ( * ) / ( v ) . x,yeX. 

L E M M A 1. The Lobaczevski difference operator C: C x —> Cx* defined above is 
a quadratic operator. 

DEFINITION 5 . Le t X be a l inear normed space. T h e d ' A l e m b e r t difference 
operator A: C x —* C x is defined by: 

(4) A(f)(x,y):=f(x + y) + f(x-y)-2f(x)f(y), x,y e X. 

L E M M A 2. Let A: C x —> C * 2 be the d'Alembert difference operator, then there 
exist a linear operator LA and a quadratic operator QA such that 

(5) A(f)(x,y)=LA(f)(x,y) + QA(f)(x,y), x,y € X. 

PROOF. Le t L A : C x -> C * 2 and QA: C x - » C * 2 an- defined by: 

LA(f)(x,y):= f(x + y) + f(x-y), • 

QA(f)(x,y) := -2f(x)f(y), 

Therefore A = L A + QA. • 
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4. The d'Alembert and Lobaczevski difference operators in J-\ spaces 

4.1. The spaces 

DEFINITION 6 ([1], [3], see also [2]). L e t X be a l inear n o r m e d space, A > 0, 

n G N . Le t be a set defined by 

:= {g: Xn - » C | \g(H?)\ < Mg • e A £ * = i H x * l l , af G Xn}, 

where Mg is a constant depending o n g. Moreover for a l l g G J-^ we define 

|M| := sup { e - ^ I - i H ^ I I - l f f C s * ) ! } . 

C l e a r l y the fo l lowing l e m m a holds. 

L E M M A 3 . The (^"™, || • ||) space, where || • || is the norm defined above is a linear 
normed space for every n G N . 

W e denote T\ := jf\ 

L E M M A 4 . Let C: C x —» C * 2 be the Lobaczevski difference operator. Then 

V / G ^ A C(f)ejf\ 

P R O O F . Le t / G T\. T h e n we o b t a i n 

\C(f)(x,y)\ <\f(^)\2 + \f(x)f(y)\ 

< M ] e 2 X l 1 ^ + A f ^ e A ( l | x | l + l l l ' l l ) < 2 M ^ e A ( l | x l | + l l ? / l l )
) 

thus £ ( / ) G J-^ as c la imed. • 

L E M M A 5 . Let A: C x —* Cx* be the d'Alembert difference operator. Then 

P R O O F . L e t / G T\. T h e n we obta in 

\A(f)(x,y)\ < \f(x + y)\ + \f(x-y)\+2\f(x)f(y)\ 

< M / e A | | x + 2 / l 1 + M / e A | | x _ y | 1 + 2 M 2 e A ( l | x | l + l , ! / l l ) 

< # / e
A ( IMI+l lv l l ) , 

where Nf = m a x { M / , 2 M 2 } . T h u s the l e m m a holds. • 
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4.2. Norms of the d'Alembert and the Lobaczevski difference operators 

We will prove the following theorem. 

tty\ 

THEOREM 1. The Lobaczevski difference operator C: !F\ —> J-\ defined by (3) 
I T\ we have 

l |£(/)l l<2||/|| 2. 

belongs to the BQ(J-\,J-^) space and for all f € T\ we have 

PROOF . We have 

||£(/)|| < sup {e-™m\f(2±Z)\*}+ sup {e-x^\f(x)\e-xM\f(y)\} 
x,yeX x,yCX 

< ( sup {c - A l l^«|/(£±K)|}) 2 + 8up{e-All*ll|/(a:)|}sup{e-AW|/(y)|} 
x,y&X xEX y€.X 

<ll/|| 2 + ll/ll 2 = 2||/||2. 

Thus £ e B Q ( ^ A , ^ A 2 ) ) as claimed. • 

THEOREM 2. The d'Alembert difference operator A : T\ —> T^1 defined by (4) 
belongs to the BCQ(J~\,F)P) space and for all f €E T\ we have 

P ( / ) | | < 2H/II+ 2H/II2. 

PROOF . In view of (5) we have A — LA + QA, where the linear operator 
LA - -7\x —» and the quadratic operator QA : T\ —» are given by: 

LA(f)(x,y) := f(x + y) + f(x-y), 

QA(f)(x,y) :=-2f(x)f(y). 

The operator LA is linear and for all / € T\ we obtain 

I I W I I < sup { e - A ( l | l | l + | i ! / | i ) | / ( ^ + y)|}+ sup { e - A ( M + W ) |/ (z -y)|} 
x , y e x x,yex 

< sup { e-*(H«+»ll)|/(x + y)|}+ sup {e-A(II^IDj/(a ;-2 /)|} = 2||/||. 
i , y £ X i , j g X 

Thus LA e S (^\ ,^l 2 ) )- We shall show that QA is bounded and \\QA\\ = 2. Let 
/ € then 

\\QAU)\\ = sup {e-x^+^\2f{x)f{y)\} 
x,y&X 

= 2 sup{e-A^H|/(x)|} sup{e-All»ll|/(I,)|} = 2||/||2. 
xex v e x 

The operator QA is quadratic and bounded so therefore QA G BQ^X,?^). Due 
to the fact that A = LA + QA we obtain that A <E BCQ^X,^^) and 

\\A(f)\\ = | | W + QA(/)|| < ||LA/|| + \\QA{f)\\ < 2H/II + 2||/||2. 

• 
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In this part of the paper we w i l l f ind norms of the d ' A l e m b e r t and L o b a c z e v s k i 
difference operators. 

T H E O R E M 3 . If C: Fx-+ F x
2 ) is defined by (3), then 

1141 = 2. 

P R O O F . L e t u E X. L e t us define a funct ion h by 

- e x ^ , x = u, 
e 2 A I H I , x = 2u, 
el^W,x=lu, 

\ 0, otherwise. 

C l e a r l y we have 

\h(x)\<ex^ex^, x e X , 

therefore h £ T\. Moreover , 

e-AH xll|/i(a;)| = / *> x ^ {u, 2w, § u } , 

h(x) : = 4 

0, otherwise 
v 

T h e n \\h\\ = 1 and 

\\C(h)\\ > e - 3 A H " l l | / i 2 ( | u ) - h{u)h{2u)\ 
= e - 3 A | | u | | | e 3 A | | « | | + e A | | u | | e 2 A | | « | | | = 2 ) 

whence 1 

:= sup{||£(/)|| I / e T\, 11/11 = 1} > ||£(h)|| > 2. 

In v iew of T h e o r e m 1, < 2, thus ||£|| = 2. ' • 

T H E O R E M 4 . If A: T\ -> F x
2 ) is defined by (4), then 

4. 

P R O O F . D u e to the fact that = ||I,A|| + ||(5̂ ||, where LA a n d QA are defined 
above, we w i l l find (it was proved before that \\QA\\ = 2). 

L e t xn € X for a l l n £ N be a sequence such that l i m ||x„|| = 0. L e t us define 
n—>oo 

for n e N a funct ion /„ by 

r P2\\\xn 
F ( T \ . _ J - - " - " . a r e {0,2a; n } , 

J n K ' ' S n otherwise. " 

C l e a r l y we have 

|/n(a:)| < e 2 A | | x „ | | e A M ) x e X ^ 
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therefore /„ € T\ for a l l n € N . Moreover , 

e- A | | x | l |/„(a ; )| = I 1, x = 2xn, 
[ 0, otherwise. 

Because the sequence {||a:n||} is a sequence of nonnegative numbers w h i c h is conver
gent to 0, we obta in that e 2 A H x " H > 1, so ||/„|| = e 2 A | | a : " 1 1 for a l l n € N . Moreover , 

HWnll > e-2X^\fn(2xn) + / n (0)| = e - " H ^ l l 2 e 2 A l l ^ l l = 2. 

T h u s 1|LA/TI|| > 2. N o w let us suppose that \\LA\\ < 2, then there exists e > 0 such 
that 

| |Wn||<(2-e)||/„||, f n e ? x . 

O n the other h a n d , for /„ 6 T\ we have 

2 < \\LAU\\ < ( 2 - e ) e 2 A I I ^ H . 

Let us notice that i f n -> oo then ||a:„|| -> 0 a n d e 2 A H x " l l -> 1, thus ( 2 - e ) e 2 X ^ -» 
2 — e, so we get 2 < 2 — e, where e > 0, w h i c h is impossible . T h u s we o b t a i n that 
\\LA\\ = 2. 

Because \\A\\ = + ||<9A||, then we have = 4 . • 

R E M A R K 2. I n the paper [3] Stefan Czerwik and Krzysztof Dłutek have proved 

that the Cauchy difference operator C : T\ —> J-\ defined by 

C(f)(x,y) = f(x + y) - f(x) - f(y), x,y £ X 

is a linear bounded operator and \\C\\ = 3. 

4.3. Superstability of the d'Alembert functional equation 
m the T\ spaces 

B y direct calculat ions one can prove the fol lowing lemmas 

L E M M A 6. Let f 'e , then 

V y e X /(•,!/) e . F A , 
Vy,ueX f(- + u,y)eJrx. 

L E M M A 7. Let G be an abelian group. Then for all x,u,v e G 

2f(x)[A(f)(u,v)} = A(f)(x + u,v)- A(f)(x,u + v ) - A(f)(x,u-v) 

+ A(f)(x-u,v) + 2f(v)A(f)(x,u), 

where A(f) is defined by (4). 
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T H E O R E M 5. Let f: X —• C be a function such that A(f) 6 J7^. Then f £ T\ 
or A{f) = 0. 

P R O O F . L e t us suppose that / £ therefore for every M £ R + there exists 
x £ X such that 

> M e * » . 

F r o m the equali ty f r o m the previous l e m m a for a l l x, u, v £ X we have 

2f(x)[A(f)(u,v)} = A(f)(x + u,v)- A(f)(x,u + v)- A(f)(x,u - v) 

+ A(f)(x - u,v) + 2f(v)A(f)(x,u). 

F r o m the previous l e m m a a n d due to the fact that the T\ is a l inear space we 
o b t a i n that the r i g h t - h a n d side of the equal i ty belongs to the J-\ space as a funct ion 
of x, therefore there exists MA £ K such that 

\f(x)[A(f)(u,v)}\<MAex^K x,u,v£X. 

Let us consider two cases: 

1. \A(f)(u,v)\ ^ 0 for some u,v £ X, 

2. \A(f)(u, v)\ = 0 for a l l u, v £ X. 

I n the first case we o b t a i n 

U n d e r the assumption there exists XQ £ X such that 

] n X 0 ) ] > \A(f)(u,v)\e ' 

w h i c h causes a contradic t ion . Therefore the second case is true a n d 

A(f)(u,v) = 0 

for a l l u, v £ X as c la imed. • 

5. Remarks about Pexider type generalizations 

5.1. The (^A)n spaces 

DEFINITION 7. For n > 1 we define 

( W :={(/i ,/2 , . . . , /n)|V \<i<n fi£Tx}, 

l l ( / i , / 2 , . . . , /n ) | | := maX{||/1||,||/2||,...)||/n||}. 
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Let us notice that for a l l n > 1, the (Fx)n spaces w i t h norms provided above are 
vector normed spaces. 

R E M A R K 3 . In the paper [3] Stefan Czerwik and Krzysztof Dłutek have proved 

that the Pexider difference operator P : (Fx)3 —> Fx
2^ defined by 

P((f,9,h))(x,y) = f(x + y)-g(x) - h(y), x,y £ X 

is a linear bounded operator and \\P\\ = 3. 

5.2. The Pexider type generalization of the Lobaczevski 
difference operator 

DEFINITION 8. Le t X be a l inear normed space. T h e P e x i d e r - L o b a c z e v s k i 
difference operator Cp: ( C X ) 4 —> C x is denned by 

(6) Cp((f,g,h,k))(x,y):=f(^)g(^)-h(x)k(y), x,y £ X. 

T h i s operator is not quadrat ic . For f = g = h = kwe o b t a i n the L o b a c z e v s k i 
difference operator. W e w i l l prove the fol lowing theorem. 

T H E O R E M 6. For all u £ (Fx)4 the Pexider-Lobaczevski difference operator 

Cp: (Fx)4 —> F^ defined in the previous definition satisfies inequality 

\\£P(u)\\<2\\uf. 

P R O O F . It is easy to show that V U £ (Fx)4 £p(u) £ F{2). T a k e u = (f,g,h,k), 
then we have by the def ini t ion 

\\CP((f,g,h,k))\\ < sup { e - 2 ^ l l | / ( ^ ) | . 
x,yeX 

+ sup {e-x^\h(x)\e-x^\k(y)\} 
x,yeX 

<II/IIIMI + I 
= 2(max{||/|U|fl||,||/l||,||fc||})2 = 2 | H | 2 . 

C O R O L L A R Y 1. If C P : (Fx)4 — F{2] is given by (6), then 

mf{c > 0 I | |£P(U) | | < c\\uf,u 6 (Fx)4} = 2. 

PROOF. L e t us assume o n the contrary that 

d := in f {c > 0 I \\CP(u)\\ < c\\u\\2,u £ (Fx)4} < 2. 

• 
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T h e n for / = g = h = k, we get 

\\CP(u)\\ = \\£(f)\\<d\\(f,f,f,f)\\2 = d\\f\\2, 

whence 

| |£(/) | |<<i| |/ | | 2 . 

B y the hypothesis , d < 2 a n d therefore we infer that ||£|| < 2, w h i c h is impossible 
i n v iew of the previous l emma. • 

5.3. The Pexider type generalization of the d'Alembert 
difference operator 

DEFINITION 9. Le t X be a l inear normed space. T h e P e x i d e r - d ' A l e m b e r t dif
ference operator Ap: (Cx)4 —* C x is denned by 

Ap({f,g,h, k)){x,y) := f(x + y)+ g(x - y ) - 2h(x)k(y), x,y £ X. 

W e shal l prove the fo l lowing theorem. 

T H E O R E M 7. For all u € (-Fx)4 the Pexider-d'Alembert difference operator 

Ap: (J~x)4 —* J-^ defined in the previous definition satisfies the inequality 

P P ( « ) | | < 2 | M | + 2|M|2. 

P R O O F . It is easy to show that V u e (-Fx) 4 AP(u) e JFJ^. Take u — (/, g, h, k), 
then we have by the def in i t ion 

\\Ap(u)\\< sup { e - * H * + « l l | / ( x + y ) | } + sup {e-Wx-^\g(x - y)\} 
x,yeX x,yeX 

+ 2 sup {e-x^\h(x)\e-x^\k(y)\} 
x,y€X 

< 11/11 +.NI + 2||/i||||fc!l 

= 2max{||/||, H P H , \\h\\, ||fc||} + 2(max{||/||, ||5||, \\h\\, ||fc||})2 

= 2||u|| +2||u||2. 

• 
C O R O L L A R Y 2. For all u e (Fx)2 the difference operator L P : (Tx)2 -* 

defined by 

Lp((f,g))(x,y) := f(x + y) + g(x-y), x,y e X 

is linear and satisfies the inequality 

HM«) I I<2 |N | . 
Moreover \\Lp\\ =2. 
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P R O O F . T h e first par t of the proof is s imple and analogous to the proof of the 
previous l emma. W e shal l prove that \\Lp\\ — 2. L e t us assume on the contrary 
that ||Lp|| < 2. T h e n for / = g, we get 

I I M ( / , f f ) ) l l = I I W I I < I I L P H - 1 | ( / , / ) | | = ||Lp|| • I I / I I , 
whence ||L/i/|| < ||-Łp|| • ||/||- B y the hypothesis , \\Lp\\ < 2 and therefore we infer 
that \\LA\\ < 2, w h i c h is imposible i n v iew of the previous l emma. • 
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