THE CONTINUITY OF MULTILINEAR INTEGRAL OPERATORS
ON MORREY SPACES

LANZHE LI1u

Abstract. In this paper, the continuity of some multilinear integral operators on
Morrey spaces are obtained. The operators contain singular integral operators, Lit-
tlewood—Paley operators, Marcinkiewicz operators and Bochner—Riesz operators.

1. Introduction

As the development of singular integral operators, their commutators and mul-
tilinear operators have been well studied (see [1-6]). From [5] [6], we know that
the commutators and multilinear operators are bounded on LP(R™) for 1 < p < oo.
As the Morrey spaces may be considered as an extension of the Lebesgue spaces,
and their have played an important role in studying the local behaviour of solu-
tions for the partial differential equations(see [7-9]), it is natural and important to
study the boundedness for the operators on the Morrey spaces. In [7], the authors
obtain the boundedness for a large class of sublinear operators and commutators
on the Morrey spaces. The purpose of this paper is to study the continuity of some
multilinear integral operators on Morrey spaces, which contain singular integral op-
erators, Littlewood—Paley operators, Marcinkiewicz operators and Bochner—Riesz
operators.
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2. Preliminaries and Theorems

Throughout this paper, denote p’ by 1/p+ 1/p’ =1for 1 < p < 0o. Let ¢ be a
positive, increasing function on R* and there exists a constant D > 0 such that

p(2t) < Do(t), for all t > 0.
Let f be a locally integrable function on R™, we define that, for 1 < p < oo,

1 1/p
flleee =  sup —/ F)|Pdy ,
” ” z€R™, r>0 ‘P(T) B(z,r) | (y)l

where, and in what follows, B = B(z,r) = {y € R" : [z — y| < r} is a ball in R".
The Morrey spaces are defined by

LPP(R") = {f € Lio(R™) : | flzsw < c0}.

If o(r) = r® with § > 0, then LP¥ = LP which is the classical Morrey spaces (see
17] [18]).
For a set E and a locally integrable function f, let f(E) = | g f(z)dz and

fe=|E|" [ f g f(z)dz. For any locally integrable function f, the sharp function of
f is defined by

#(2) = sup _
4@ = sup oz [ 11 - Fold.
It is well-known that (see [19])
f#(z)—:gpclgf IBI/ | (y) — cldy.

We say that f belongs to BMO(R™) if f# belongs to L™®(R™) and ||f||zmo =

I #]lzee
Let M(f) be the Hardy-Littlewood maximal operator we define that, for
1< p< oo,

_ / — sup — _
M) = (MIFP)7, £4(e) = sup oo [ 1£) = Folds.

In this paper, we will study some multilinear integral operators as following.
Let m; be the positive integers (j = 1,---,1), m; +--- +m; = m and A; be the
functions on R™ (5 =1,---,1). Set

1 o
Ronj41(Aj;z,y) = Aj(z) — Y JD"Aj(y)(x—y)-
le|]<m;

DEFINITION 1. Let S and S’ be Schwartz space and its dualand T : S — S’ be
the linear operator. The multilinear integral operator associated to T is defined by

l
TA(f)z)=T (Ix — 7™ [T Ry +1(453 2, -)f(')) (z)-

=1
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DEFINITION 2. Fix ¢t > 0. Let F; : S —+ 5’ be the linear operator. Set

l
FtA(f)(C'?) =F (Iw - H R 41(45; 7, )f()) (z)-
j=1

J

Let H be the Banach space H = {h : ||h|| < oo} such that, for each fixed z € R",
Fi(f)(z) and FA(f)(z) may be viewed as a mapping from [0, +00) to H. Then,
the multilinear integral operator related to F; is defined by

, S4() (=) = IFA () @),
We define that S(f)(z) = ||F:(f)()]|-

Note that, when m =0, '
T4(f)(z) = A(@)T(f)(z) — T(Af)(z)
and

54(H)(z) = [|A@)E(f)(=) — A@)F(Af)@)Il,

which are the commutators generated by T', S and A.
Now we state our results as following.

THEOREM 1. Let 1 < p < 00 and 0 < D < 2™ If the multilinear integral
operator T4 is bounded on LP(R™) and satisfies the following size condition:

T(@) < [ WL g,

re |2 -y
for any f € LY(R™) with compact support and = ¢ supp f, then
IT4(Hlizes < Clif Lo

THEOREM 2. Let 1 < p < o0 and 0 < D < 2". If the multilinear integral
operator S4 is bounded on LP(R™) and satisfies the following size condition:

s <c [ LWL g

R~ 1T —Y"

for any f € LY(R™) with compact support and = ¢ supp f, then
ISA(H)llzre < Clifllzos.

REMARK 1. The size conditions in Theorem 1 and 2 are satisfied by many
operators. Now we give some examples. ’

EXAMPLE 1. Singular integral operators.
Let T be the singular integral operators (see [4], [19-20]) such that

T(H)= | K(=z,y)f(y)dy

Rn
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for every bounded and compactly supported function f, where K satisfies: for
e >0,

|K(z,y)| < Clz —y|™
and
|K(y,z) — K(2,z)| + |K(z,y) — K(z,2)| < Cly — 2|z — 2|™™"¢

if 2|y — 2| < |z — z|. The multilinear operator related to T' is defined by

l
Hj:l ij-f-l(Aj; z, y)
Rn lz —y|™

T4(f)(2) =

K(z,y)f(y)dy.

Then, it is easy to see that T satisfies the conditions of Theorem 1 (see [4], [6]),
thus the conclusion of Theorem 1 holds for T4.

EXAMPLE 2. Littlewood—Paley operators.
Fixed €>0and g > (3n + 2)/n. Let ¢ be a fixed function which satisfies:

fR,, z)dr =0,
(2) [¥(z)] < C(1 + |a|)~tn+1),
B) W@ +y) —d(@) < Clylf (1 + |2)~("+1F9) when 2|y| < |a;

We denote that I'(z) = {(y,t) € R}™ : |z — y| < ¢t} and the characteristic
function of I'(x) by Xr(z). The multilinear Littlewood-Paley operators are defined

by
A (F)(z) = ( /0 |FA(f)(z)|2dt)1/2,
o= [/ o]
) Y]
and o
9= [ Lo (i) "imcnepgzs)
where

H‘lj=1 ij+1(Aj; z, y)

FA(f)(z) = - P— Ye(z — y) fy)dy,
: mi+1(45; T, 2
FA D@ = | = Ffz ’f;(mJ 2 oty — 2)d

and ¢ (z) = t7"P(z/t) for t > 0. Set Fy(f)(y) = f = :(y). We also define that

0@ = ([T IrmErd)",
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) </ /p(x) iFt(f)(y)|2;i3it> 1/2
; N dydt 1/2
z) = <//R:+x (W) By )Ptn+1> |

which are the Littlewood—Paley operators (see [20]). Let H be the space

oo 1/2
H= {h: I1h]| = (/O |h(t)|2dt/t> < oo}
1/2
: {h lall = </ Jigo |h<y,t>|2dydt/t"+"> < oo},

then, for each fixed z € R", FA(f)(z) and FA(f)(z,y) may be viewed as the
mapping from [0, +00) to H, and it is clear that

g (N = IFA D@, gu(H(@) = IR @,

and

or

$H(N@) = |Ixem PO @V, Sp(H)@) = |xewF()©)]]

and
nu/2
o) =‘ (mp=) A0,
nu/2
2@ = (=) PO

It is easy to see that g¢, SA and g;‘ satisfy the conditions of Theorem 2 (see
[10-12], [14]), thus the conclusmn of Theorem 2 holds for g7}, 5§ and gz

ExAMPLE 3. Marcmk1ew1cz operators.

Fixed A > 1 and 0 < e <1 Let Q be homogeneous of degree zero on R™
with [¢. , Q(z')do(z') = 0. Assume that Q € Lip.(S™'). The Marcinkiewicz
multilinear operators are defined by

W) () = ( / °° FA@ )12“”)1/2,

| ' " 1/2
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and
dydt
Hne = [/ Jor (= ) ey o]’
where
l'— Rm AJ; ) xr —
R R e T
and
) y i y Yy
Aoy = [ et 0D 8023 )0,
Set

F(f)(@) = / e =9) ceay.

le—yi<e |2 = 91"~

We also define that

pa(f)(= (/ e )1/2’
(// B ()lszfi) ’
nA 2
pr()(z) = (//}R;“ (ﬁ) IFt(f)(y)Pfff;)

which are the Marcinkiewicz operators (see {21]). Let H be the space

) 1/2
= {h A = (/0 [h(t)]zdt/t3> < oo}
1/2
H= {h: I1h|| = (/ /RM |h(y,t)|2dydt/t"+3> < oo}.

Then, it is clear that
ph(N@) = IFAN @I, pa(f)(=) = [IFS)@)],
p8(N@) = ||xr@FLA D), ws(f)@) = ||xe@ () )|

nA/2
() FOEs|.

and

or

and

pA(f)(z) =




The continuity of multilinear integral Operators on Morrey spaces 25

(—t—)nm F(w)

t+ |z —y

pa(f)(z) =

It is easy to see that ug, ué and ,u,\ satlsfy the conditions of Theorem 2 (see
[13], [21]), thus Theorem 2 holds for u8, p4 and pf.

EXAMPLE 4. Bochner—Riesz operator.

Let § > (n — 1)/2, B(£)(€) = (1 — t2|¢[>)5.f(€) and B{(z) = t—"B%(z/t) for
t > 0. Set

Bl (z —y)f(y)dy,

H Rm_7+1 A y Ly y)
F{()(= / = !

|z —y[™
The maximal Bochner—Riesz multilinear operator are defined by
B{.(f)(z) = sup |Bf4(f)(2)!.
t>0
We also define that

Bs,.(f)(2) = sup| B (f)(z)]

t>0

which is the maximal Bochner—Riesz operator (see [16]). Let H be the space
H = {h: ||h|| = sup|h(t)| < oo}, then
>0

BA.()(=) = IB&:(H @), Bi()(=) = IBI(H@)II.

It is easy to see that B;;‘}* satisfies the conditions of Theorem 2 (see [15], [22]),
thus Theorem 2 holds for Bj,.

3. Proofs of Theorems

To prove the theorem, we need the following lemmas.

LEMMA. (see [3]). Let A be a function on R™ and D*A € L4(R") for all o with
la| = m and some g > n. Then

1/q
: 1
|Rm(4;2,9)| < Clz —y[™ (—— |D°‘A(z)|qdz> ,
S Q@) o)

where Q(z,y) is the cube centered at = and having side of length 5\/njz — y|.
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PROOF OF THEOREM 1. Let f € LP?(R"). For a ball Q = Q(zo,7) C R", set

10 = (1)) + S (Fanaue)v) = foln) + 3 fiy),

k=1 k=1
then

A A -~ A
/Q TA(f) @) Pde < /Q T e + 3 /Q ITA(fi) () Pd.
By the LP-boundedness of T4, we get
/ TA(fo)(@)Pdz < C / \folz)Pdz = C / F@)Pdz < ClLf|Ene(r):
Q R Q .

Without loss of generality, it may be assumed | = 2. We have, by the size condition
of T,fork>1,

3 A S 1) By 1 (452,01 @), \©
;/Q[T (fk)(x)lpde;/Q( - =g dy | dz.

Let /i](x) =A;j@)- > ai!(D"‘Aj)zQa:"‘, then Ry, (4;;2,9) = R, (Aj;x, y)

|aj=m;

and D*A; = D*A; — (D*A;)aq for |a| = m;. We write

2
1 Bmy+1(4552,9)
iz T few)dy
R™ W*m

_ f TIjoi By (455 2,9)

Rn

Rmz A y Ly - @1 a1 i
-2 ail'/n (]xzil:yylzrffn V% p YA1(y) fr(y)dy

jarf=m,

! R, (Ar; 2, y)(@ — )2 o, »
— —_— te3 d
S o [ A e Do (o) vy

|og|=ma

+ X i/ @ =™ Do 4, () D% da(y) i)y

alag! Jja jz — y|mt

lai|=mi, log|=me
=hL+1L+ 13+ 14
By Lemma and the following inequality (see [19])
bq, — bg,| < Clog(|Q2|/1@1])lbllBao for @1 C Q2,
we know that, for z € Q and y € 25+1Q \ 2*Q,
|Rm(4;2,9)| < Clz —y™ Y (ID*Allzmo + [(D*A)2gey) — (D*A)2q))
lal=m

< Cklz - y|™ Z || D*Al|lBmo-

lod=m
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Note that |z — y| ~ |zo — y| for z € Q and y € R™\ 2Q, we obtain

2
If (@)
L|<C D*A;llBmo kz/ ——dy
. J];II |a§¢j 1l wiig\2eq 12—yl
2 1 1/p
<cC DA; k| —— Pd
<c]| lagn Nlsaro <|2k+1cz| [ W) y)

IA
Q
o IS

> D% Ajllsmo | K¥125HQITVPo(25) P | f Lo

L\ laj=m;

.
I

For I, we obtain, by Hoélder’s inequality,

|D* Ay (y)11f ()]
2k+1Q\2kQ |.’l: — y|”

dy

|| < C Z [[D* Az||BMO Z k

laj=m2 fe f=m1
k 1/p
<c ¥ o llovorig ([, 1)
le|=m2

1/p’
X (/ |D* Ay (y) ~ (D™ A1)2q|P dy)
2k+1()

|oe]=m;

2
=C ( > IID"AjIIBMo) K2 (2K QI P (26 r) VP £ e
2

Similarly,

2
6l < cT] ( > nD“AjHBMo) BIZIQI P p(240) 7| || oo

=1 \la|=m;

For I, taking qi,q2 > 1 such that 1/p+1/g1 + 1/¢g2 = 1, then

DA D®A
|I4] SC / | l(y)“ - 2(y)||f2(y)|dy
2k+1Q\25Q |z -y

|a1|—m1 lag|=m2

1 Py 1/p
<C > BFFIQ) (/2’°+‘Q |7 ()l y)

jay}=m1,|az|=me
/a1
< ([ 107 i) = (0 Aol
2k+10

1/q2
D% Ay(y) — (D*As)aq|™ dy)
2k+1Q

( > HD"Ajllzamo) K2|25H1QI T P25 ) P ]l Lo

la|=m;

(]
!
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Thus
Z / A @IPds < C 3 QI Qo2 ) 1.
k=1
<Czk2” (120
= C‘P(T)“f”LP.w
and
ITA() Lo < ClIf]| Lo
This completes the proof of Theorem 1. 0

PRrROOF OF THEOREM 2. Let f € LP¥(IR™). Similarly to the proof of Theorem
1, for a ball Q@ = Q(zo,r) C R™, set

fy) = (fxo)ly) + Z(fX2k+1Q\2'°Q)(y) = fo(y) + ka(y),
k=1

k=1
then

A P A Py .- A
/Q |SA4(f)(@)Pdz < /Q SHOCIEEDY /Q 1S4 (fe) () Pda.
By the LP-boundedness of S4, we get
/ |S4(fo) (@)Pda < C / \folz)Pdz = C / F@)Pdz < Cl[f][0(r).
Q R Q

Without loss of generality, it may be assume [ = 2. We have, by the size condition
of S, for k > 1,

o o 121 Boyn (A5 2, 9) @), \©
A J ! .
;—1/@!5 (fi)(@)|Pdz < 1;/Q< - [z — g[mtn dy) d

Let A;(z) = A4;(z) - 3. L(D*A;)2gz®. Similar to the proof of Theorem 1, we

la]=m;
get
Z / SA G @R < O3 QK12 QI (@) I
k=1
< cz K22 D)o ()] £
Co 11 e
and

IS4 () zewe < ClISl|zre-
This completes the proof of Theorem 2. a
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