
T O W A R D S A N K E N Y - A R T I N - C H O W L A T Y P E C O N G R U E N C E 
M O D U L O p 3 

F R A N T I Š E K M A R K O 

A b s t r a c t . We formulate and generalize the technique of Jakubec established to 
derive congruences of A n k e n y - A r t i n - C h o w l a type for a cyclic subfleld K of prime 
conductor p. T h e n we concentrate on the case of congruences modulo p 3 and clear 
a significant technical hurdle which allows us to formulate A n k e n y - A r t i n - C h o w l a 
congruences modulo p3 in a concise way. 

Introduction 

In a series of papers [Jl], [J2], [J3], [J4], [J5], [J6], [JL], Stanislav Jakubec has 
developed a technique that enabled him to established congruences of Ankeny-
Art in-Chowla type modulo p and p2 for cyclic fields K of prime degree I and of 
prime conductor p. At the begining of this paper we recall and generalize his results 
and formulate Jakubec's technique in general. 

In order to apply Jakubec's technique in the modulo p3 case, we analyze prop­
erties of a map $ and in Theorem 1.2 we formulate results in a form that does not 
use the map We conjecture that a result analogous to Theorem 1.2 is valid in 
general. 

Finally, Theorem 1.3 gives a simplified formulation of congruences of Ankeny-
Art in-Chowla type modulo p 3 . 

1. The technique of Jakubec 

Let p be an odd prime, C p = cos y + i sin ^ be a primitive p-th root of unity and 
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Q ( C P ) be the p-th cyclotomic field. We will consider various subfields K of Q ( C P ) of 
degrees n = [K :Q] dividing p - 1 . Put k = 2=1 and denote by (3K = TTQ (C p ) /K - (C P ) 
the Gauss period of the field K. 

Fix a positive integer t and choose an integer a that is a primitive root modulo 
p'. Then the authomorphism a, denned by <J(CP) = C P , generates the Galois group 

G ( Q ( C p ) / Q ) . Further, denote g = aP1'1 and gn = gk so that gl = 1 (mod p') for 
each n dividing p — 1. 

The prime p is totally ramified in Q ( C P ) and factors as p = p p _ 1 , where p = 
(1 - C P )- Thus p is totally ramified in each subfield K of Q ( C P ) and p = pK for a 
unique divisor px of K. 

1.1. Generators TTK 

A special choice of a generator of divisor px plays an important role in the 
works of Jakubec. Since his notation is ambiguous, we provide more details about 
these generators. 

L E M M A 1.1. For any natural number t and any subfield K o / Q ( C P ) there is an 
element Ttx,t satisfying 

i) NK/Q(irKit) = ( - l ) "p, 
ii) <r{nKit) = gni?x,t (mod TT^J1), 
iii) (3K = E L e ^ T T ^ (mod 
Moreover, the numbers ~Kx,t can be chosen in such a way that if K\ C are 

subfields of Q ( C P ) of degrees n\ and respectively, then 

22. 

P R O O F . The existence of a number TTK,I satisfying (i)-(iii) is the statement of 
Theorem of [Jl]. For a general t, choose a number TT € Q ( C P ) as on p. 106 of [J2] 
that satisfies ^Q(cP)/ą(^) = P, o'(7r) = gn (mod 7 r ' ( p _ 1 ^ + 1 ) and C P = Y^=o Ti^ 
(mod 7rp). 

Put nK,t = ( - l ) f c + 1 N Q ( C p ) / K W = ( - l ) f c + 1 7 r c r n ( 7 r ) . . . o - ( f e - 1 > " ( 7 r ) . Conditions 
(i) and (ii) for TtK,t follow immediately from the corresponding conditions for n. 
Taking the trace we obtain 

/ p - i \ n 

PK = 1 V Q ( C P ) / K ( C p ) = T r Q ( C p ) / x (J2 h*' = E ( M O D P K 1 ) -
\ i = 0 / i=0 

This together with the congruence 

•KKt = ( - l ) f c + 1 7 r ( T n ( 7 r ) . . . CT(fc-1)n(7T) = ( - l f + ^ Q ? " ^ ) . . . ( 5
( f c - 1 ) n 7 T ) 

= ( _ l ) * + l 7 r f c f f " + - + ( f c - l ) n = nk ( m o d p t ( p - l ) + l j 

implies the remaining assertions. • 
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Prom now on we fix t and choose TTK = ^K,t satisfying the conditions of the 
preceeding Lemma. It follows immediately from the defining properties that (TTK) = 
px and 

(1) . *n
K = -p (mod7r£ + 1 ) . 

1.2. Polynomials assigned to ^-expansions of units 

Denote by OK the ring of integers of K, UK the multiplicative group of units of 
K and by (e) a subgroup of UK generated by all conjugates of e e UK- To e € UK 
one can find integers ao, . . . atn-i modulo p ' and ao ̂  0 (mod p) such that 

e = a0 + aiTTK H h a t „ - i7r^ _ 1 (mod 1?%) 

and assign to e a polynomial g(X) = ao + a\X +.. .-\-atn~iXtn~1 = ao + .. . + a,dXd 

of degree d <tn — I. Further, denote by a(g(X)) = ao the absolute term of g(X). 
There are unique ring isomorphisms /K : OK/^K) —• l{X\/{Xn +p,pt) such 

that fK{nK) = X. The inclusion OKJ{*KI) °HJ^KI) f o r K i c K* c o r r e s -
ponds under these isomorphisms to a ring morphism that sends X to X n i , and 
the automorphism of OK/^K) induced by a corresponds to a ring morphism that 
sends X to gnX. 

If g(X) is assigned to e, then 

fK(e) = (a0-pan+p2a2n -••• + ( - l ) *~V t _ 1 a ( t - i )n ) 

+ (ai - p a n + i + p 2 a 2 n + i - • •• + (-l) t~V~ 1< l (t-i )n+i)-X' + •• • 

+ (a„_i - p a 2 „ _ i + p 2 a 3 n - i - • • • + ( - l ) t " V " 1 a n e _ i ) I n - 1 (mod p') 

is the unique polynomial modulo p' of degree less than n that is assigned to e. 
For (e) = bn-i + bn-2X + ... + bQXn-1 denote bK{e) = {b0,.... 6„_i). 
Further, denote by A i , . . . , Ad the roots of the polynomial g(X) = ao + a i X + 

• • • + adXd with d < tn - 1 and P = Z[X]/(Xtn). Then each 

- ^ w ) = ^ + - + ^ 

for j = 1,... , tn — 1 defines a semigroup homomorphism (P \ (X),.) —> (Q, +). 

1.3. Map $ 

Given a monic polynomial g(X) = Xd + Y\Xd~l + ... + Yd, put YQ = 1 and 
define Xj = Sj(g(X)) to be the sum of the j ' -th powers of the roots of g(X). 

Assign to a polynomial g(X) = Xd + Y\Xd~l + ... + Yd of degree d < tn - 1 
a (tn — l)-tuple ( Y i , . . . , Yd, 0 , . . . ,0) by adding zeroes if d < tn — 1. Then the 
(tn — l)-tuple (Xi,... ,Xtn-i) satisfies the recurrence relation 

(2) mYm + ] T Xm-iYi = 0 for m = 1,... , tn - 1. 
i=0 

3 Annales 
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Conversely, given a set {Xi,... ,Xtn-i) of sums of powers of roots of g{X) of 
degree d < tn — 1, the set ( Y i , . . . ,Ytn-i) of "extended" coefficients of g{X) is 
expressed from the equation (2) as 

^ m—1 

(3) Ym{Xi,... ,Xm) = V " Xm-iYi{Xi,... ,Xi) for m = 1,... ,tn - 1, 
i=0 

where Ym is defined as the following function of variables Xi,.. 

Ym = Ym{X1,... ,Xm) = {-l)m—i 

m! 

Xi 1 
X2 Xi 

0 
2 

Xm-l Xm-2 

-^m Xm-i Xm_2 

! - ^m- i : 

0 
0 

m — 1 
X i 

and F 0 = 1. 
The map $ : C ' " " 1 C " is defined as follows: 

. . . , x t n _ i ) = ( i - P y „ + p 2 r 2 „ - . . . + ( - i ) ' - V - % _ 1 ) n , 

y x - PYn+1 + P
2 y 2 n + 1 - . . . + (-lr-y-^t-Dn+i, • • •. 

Yn-i - p y 2 „ _ i + P
2 y 3 n - i - . . . + (-l^-y-^tn-i). 

The main property of the map $ relates any polynomial g{X) assigned to e, 
maps Sj and the polynomial /(e) as follows: If g{X) = ao + aiX + ...adXd, then 
the reciprocal polynomial gTec{X) = aj. + ... 4- aiXd~l + a0Xd is a product of a 
nonzero constant ao = a{g{X)) and a monic polynomial h{X). Then Sj{g{X)) = 
Si{g™%X)) = Sj{h{X)) and 

a{g{X))${si{g{X)),... ,stn-i{g{X))) = bK{e). 

This property of the map $ allows us to work with different polynomials g{X) 
assigned to e. 

1.4. Congruence of Ankeny—Artin—Chowla type 

. From now on let K be a, subfield of the real cyclotomic field L — Q ( £ p + C p - 1 ) 

and C{K) be the group of cyclotomic units of K. If T\K — ^L/K(CP 2 Tzf~)> then 
C{K) = (m). 

By Theorem 4.1 and Theorem 5.3 of [S] the class number hx of the field K 
equals [UK '• C{K)]. According to Theorem 1 of [M], there is <5 s UK such that 
[UK '• {$)} = f with / coprime to p. F ix such a unit 5, denote e = [{6) : {f]K)\ and 
write 

(4) j]!
K = 5Cocr{5)Cl ... o-n-2((5) c"-2. 

Then e = [UK : C{K)]fn~2 and according to Lemma 1 of [M] the index 
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II N Q ( C . ) / Q ( c o + c i C r + - - - + c „ _ 2 C " 2 ) 

r\n\r>\ 

n-l 
n ( c o + c i ć + - - - + c n - 2 d n - 2 ) i ) 
i=l 

The Gauss periods /30 = PK, PI = &{PK), ••• , Pn-i = on~l{Px) form an 
integral basis of K. Therefore we can write 6 = XQPQ + • • • + Xn-iPn-i-

Assume /(CP) = a-o + «.\X + ... + a p _ 2 X p ~ 2 is given. Remark that in the case 
t = 2 the polynomial /(CP) was computed in [J6]. Then f{Pn) = kj^^oak%Xl, 
f(Pj) = k Z"=o "kigiiX* for t = 0 , . . . , n - 1 and 

Moreover, a(/(CP)) = - ^ r implies a(f(S)) - -£ ( zo + ...+ x „ _ i ) . 
There is a polynomial l(X) assigned to Sc°a{6)Cl ... CTn_2((5)c"-2 such that 

Sj(l(X)) = coSj(f(S)) + cl9iSj(f(5)) + ... + c n _ 2 ^"- 2 ' S , (/ (5 ) ) = ajSj(f(6)), 

where otj — c 0 + c\g]
n + ... + c„_ 2 g„ 

XQ + ...+X„-l yn + ...+c„-i _ I SQ + .-.+Sn-l 

• i { n - 2 ) for j = 1,... , tn - 1 and a(i(X)) = 

Observe that a* = a fe n + i (mod p') for i = 0 , . . . , n — 1 and - a n = gna\ + 
5 2 " 2 + • • • + 5 ^ _ 1 a n - i (mod p'). 

Because p = 1 (mod n), p splits completely in Q(O-) for each divisor r > 1 
of n. Since fi£ = 1 (mod p'), there is a prime divisor q r of p in Q(Cr) satisfying 

= 5r = ffn7 (mod q'). .Consequently 

co + ciCr + • • • + c„-2<™~2 = c 0 + c i g r + ... + c„_ 2ff"~ 2 = a i (mod q*) 

and 

co + ci£' + ... + c „ _ 2 C^" - 2 ) = co + cis? + ... + cn-2gt{n-2) = aj-a (mod q*) 

for j = 1,... , r — 1. Hence 

NQ(fr)/Q(co + CiCr + • • • + C„_ 2C™ - 2) = J } as (mod p') 
s|n;s>l;(s,n) = ^ 

and 

n - l 
n N Q K O / Q ^ + c i C r + • • . + c „ _ 2 c 2 ) = n < * < ( m ° d pt">-

r|n;r>l »=1 

3* 
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On the other hand, in the case t = 1, the values of SJ(TJK) were determined in 
Lemma 5 of [J2]. The case t = 2 and n prime was considered in [J4], where the 
values of Sj(/(CP + Cp"1)) were determined. If 2 is not a n-th power modulo p and n 
is prime, then the conjugates of the unit T]K,2 = ^L/K{CP + C" 1 ) generate the group 
C(K) and we may replace T]K in the above arguments by T]K,2- The advantage of 

_1 (l~9) 1_£9 

using Cp + Cp instead of Cp 2 jzf- is that / L ( C P + Cp ) i s easily derived from 
/(Cp); namely using Lemma 1.1 we obtain 

/ L ( C P + C1) = 2a 0 + 2a2X + ... + 2 a p _ 3 X £ ^ , 

where the absolute term 2ao = = 2 + 2p + ... + 2 p ' - 1 (mod p'). 

L E M M A 1.2. Let K\ C K2 be fields of degree n i and 712, respectively, z — Jj2-
and e € Uj<2. Then 

bKl(NK2/Kl{e)) = a(fK2{^Y^(sz{fK2{e)),... ,s{tni^1)z{fK2(e))) (mod p'), 

P R O O F . It is enough to show that there is a polynomial g(X) assigned to 
Nftr2/Ki( e) treated as an element of K\ such that a(g(X)) = a(fx2(e))z (mod p') 
and Si(g(X)) = siz(fK2(e)) (mod p') for i = 1,... , t n x - 1. 

If f{X) = fK2{e) = a0 + aiX + ... + a n 2 _ i X n 2 _ 1 , then a^'ni(e) is assigned a 
polynomial f(gjzX) = a0 + axg^X + ... + a ^ g t ^ ^ X^~l for j = 1,... , 
z-I. Also, siz{f(gzX)) = gz

zsiz{f(X)) s *,(/(*)) (mod p') for Ż - 1,... ,tnx -
1. Put h(X) = f(X)f(gzX)...f(g{ni_1)zX) (mod Xtn*). Then is as­
signed to Nx2/Kl(e) treated as an element of A" 2, a(h(X)) = ag and SiZ(h(X)) — 
zsiz(f(X)) for i = 1,... ,tni - 1. 

Using Lemma 1.1 one finds a polynomial g(X) modulo Xtni that is assigned to 
Nic 2/Ki( e ) treated as an element of K\ such that h(X) — g^ * ) . Using Newton 
formulas we establish that Siz(h(X)) = zsi(g(X)) proving the claim of the lemma. 

• 
We have proved the following statement. 

T H E O R E M 1.1. Let K be a cyclic subfield of the real cyclotomic field L of prime 
conductor p, I be the degree of K over Q, k — r? € UL be such that NL/K^) 

generates the group C(K) of cyclotomic units of K, and Ti — snP-i) ( /L (T? ) ) 

for i = 1,... ,tl — 1. Let S = XQ/3O + i i /3 2 + ... + xj_i/?;_i 6 UK be such 
that 5c°cr(S)CL ... aL~2(S)C'-'2 = NL/K(v)^ where f is not divisible by p. Denote 
/(Cp) = a 0 + a1X + ... + ap-2Xp~2 and put am = CQ + cjgj™ + ... + C i _ 2 0 , m ( ' _ 2 ) 

for m — I,...I. For i = 1,... ,tl — 1 denote Si — SJ(/K(<5)), where /K(<5) = 

k El=o afci(Ej=o ^j9i)Xi-
Then 

(5) a ( / i ( 7 7 ) ) £ ^ i $ (/T 1 , . . . , / r t f . 1 ) ^ ( - a : o + 3 : ' +
i - + x ' - ' ) " ° . 

$ ( a i 5 i , . . . , a/5j, a i5 j+ i , . , a i ' S ' 2 j , a i S 2 j + i , . . . , a ( _ i 5 t j _ i ) (mod p') 
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and 

(6) ± a i . . . = hKf-2 (mod p'). 

In order to obtain a congruence of Ankeny-Artin-Chowla type from the above 
theorem, it is necessary to solve for ai,... ,ai-i from (5) and apply the results to 
(6). In the case t = 2 this was done in [JL]. The purpose of the remainder of the 
paper is to solve for a i , . . . , a j _ i from (5) in the case t = 3. 

We will prove the following theorem. 

T H E O R E M 1.2. Assume 31 < p and Pi,... , P 3 j _ . 1 j . R 1 , . . . , R31-1 are p-integral 
rational numbers. _ / $ ( P i , . . . , P3;_i) = c$ ( i ? i , . . . ,Rzi-i) (mod p 3) for some 
constant c £ Q , then 

Pm-Rm Pl+m ~ Rl+m 2
 P2l+m ~ #2/+™ _ Q / d 3n 

m y l + m 21+ m v y 1 

for each m = 1,... , I — 1. 

Consequently, under the assumption of Theorem 1.1 we obtain 

T H E O R E M 1.3. If2l<p, then 

(Srn_ Sl+IH +2S2l+ra\ = f (111 _ pTl±UL + p2^±I±] (mod p 3) 

m\m Pl + m F 2l + mJ J \ m Fl + m y 21 + m J v y ' 

for m = 1,... , I. — 1 and 
±ati... ai-i = hKf~2 (mod p 3 ) . 

2. Analysis of the asumptions of Theorem 1.2 

From now on, write $ (P ) for $ ( P i , . . . ,Pzi-i), $ (P ) for $ ( i ? i , . . . ,R3i-i), 

Ym{P) for y m ( P i , . . . ,Pm) and Ym{R) for Ym{Ru. ..,Rm) for each m = 1,... , 
3 / - 1 . 

If $ (P ) = c$(P) (mod p 3 ) , then 

( 7 ) »(*) = m ( m o d p 3 ) . 
{ ( ) l-pYl(P)+ P

2Y2l(P) " 1 - p Y ( R ) + p2Y2l(R) V y > 

From now on assume that 31 < p, Pi,... , P 3 j _ . 1 j . R 1 , . . . , R31-1 are p-integral 
rational numbers and the above congrunce (7) is valid. 

http://P3j_.1j.R1
http://P3j_.1j.R1
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Using the congruence 1 _ p a
1

+ p 2 f e = 1 + po. + p2(a2 — b) (mod p3) one can infer 
that (7) is equivalent to a system of congruences 

(8) 
YrniPj+pWPWmiP) - Yl+m(P)) 

+ P2(X2(P)Ym(P)-Y2l(P)Ym(P)-Yl(P)Yl+m(P)+Y2l+m(P)) 

~ Ym{R)+p(Y,(R)Ym(R) - Yl+m(R)) 

+ p2(Y2(R)Ym(R)-Y2l(R)Ym(R)-Yl(R)Yl+m(R)+Y2l+m(R)) (mod p3) 

for m = 1,... ,1 — 1. 
To analyze these congruences, we will strive to obtain formulas that will relate 

Y2l+m(P)-Y2l+rn(R) modulop, Yl+m{P)-Yl+m(R) modulop 2 and Ym(P)-Ym(R) 

modulo p3 to expressions involving Pk — Rk and values of Yi with smaller indices 
i. This will enable us to use an induction later. 

First observe that by considering the "truncated" map $ 2 defined by 

*a (A - i , . . . ,X 2<-i) = $ ( * ! , . . • , X 2 , _ i , 0 , . . . ,0) 

we can repeat the proof of Lemma 2 of [JL]. In particular, 

P R O P O S I T I O N 2.1 ([JL]). 

(9) Pm = Rm (modp), Ym{P)=Ym{R) (mod p) 

(10) Pm-Rm _ Pl+rn-Rl+m ^ Q 

v ' m l + m v 

for m = 1,... , I — 1 and 
m Pi — Pi 

(11) y , + m ( P ) - Yl+m(R) = - ^ y m - i ( f i ) ' + 1 . ' + 1 (modp) 
i=0 1 

for m = 0 , . . . , Z — 1. 

3. Y"2i+m(P) - y2Z+m(#) modulo p 

L E M M A 3.1. 

Y2l+m(P) - Y2l+m(R) 

i=0 

+ \tYm-m±Pl+iIf+iPl+liU-T~J ( m o d p ) 

for m — 0 , . . . ,1 — 1. 
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P R O O F . By induction on m. For m = 0 we have 

Y2l{P)-Y2l{R) 
1 21-1 

= E p 2 < - y ( p ) - P 2 * - iY i (P ) 
i=0 

1 2. —1 2. —1 

= ~ 2 7 E ^ ^ ( ^ ( P ) - Yi(R)) - - E W ( i V < - Ru-i) 
i=0 i=0 

- 1 - 1 I 

i==0 i=0 

- — 1 i . 

i=0 j=0 7 i=0 

using (3),(9) and (11). Put t = i—j and change the summation in the double sum 
to get 

E p - E ^ ( p ) ^ f ^ 
i=0 j=0 ' + J 

--y p^-W~gy t (P)^ 

= _y ?l±Lz3l±ln - j)Y,-j{R) + ^A f l ~ Ri) ( M O D P) 

using (3) and (9). 
Rewrite 

i 1 

YvmiPv-i - R * - ^ = E y < - ^ ) ( P i + ' - R l + j ) 

to get 

Y2l(P)-Y2l(R) 

- " 2 7 E P l T + f + J { l ~ j ) Y l - ^ R ) ~ 27 -

j=o 7 j=0 

1 Pz - Ą P ( - P; 2 Z Z 

/ m ^ + j - Ą + j , IPl-RlPl-Rl , , , 

3=0 

hence the statement is valid for m = 0 
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For the inductive step, write 

Y2l+m{P) - Y2l+m(R) 
j 2i+m-l 

/ , P2l+m-iYi(P) - R2l+m-iYi(R) 
21+ m . n 

j 2i+m-l 

9/4. E Ą l + m - < W ) - W ) 
i=0 

^ 2/+m-l 
> y j ( i ? ) ( P 2/+m-i — #2J+m-i) 

_1_ T r l f, •J 
21+ m . „ 

1 
LI -j" 77i , 

2=0 
^ m—1 

" E Pm-i(Y2l+i(P) - Y i l + i W ) 2/ + m • m 

i=0 

E Yi(R)(P2l+m-i - R2i+m-i) (mod p) 
2/ + m 

i=0 

using (3) and (9). Further, using (11) and the inductive assumption we obtain 

Y2l+m(P)-Y2l+m(R) 

i=0 j=0 J 

2=0 j=0 

1 1 V"* r> v / m V ^ P '+J _ Rl+i Pi+k-j ~ Pi+k-j 
2 2I + m ^ P m - ^ f l

U i ? ) ^ l+3l + j l + k-j 
i=0 k=0 3=0 

^ l+m 
— — E Yi(R){P2i+m-i - Ru+m-i) (mod p). 
ZŁ T " 771 . 

1=0 
Combine the two terms 

E fl^-* E ^ w ^ r r f ^ + E E w * ) ^ f ^ 
i=0 j=0 J i=0 j=0 J 
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into 

l+m-l 

i=0 j=0 J 

l+m-l „ D l+m-j-1 

E P ^ T ± Ł E * ( j . ) _ W « 
j=o t + J t=0 

i+m-1 D D i+m-j-1 

E E ^ 
j=0 T J t=0 

i+m-1 p _ r> l+m-j-1 

+ E , x E ^ ( Ą ( f l + n . - i - t - Ą + m - i - t ) 

_ ' ' g 1 - 5 ± l _ ? i ± i ( / + m _ j ) y i + m _ j ( i ? ) 

ft ' + J 

j=0 L + J t=0 

by changing the summation using t = i — j, and using (3) and (9). 
Rewrite 

l+m l+m 

E Yi(R)(P2l+m-i - R-21+m-i) = E ^+m-j (P) (P+j — Pl+j) 
i=0 j=0 

and obtain 

> 2 Z + m ( P ) - ł 2 ł + m ( i i ) 

- - 2 r b ' E 1 +- - '> w * > 

- 2TT^ Ł - Rl+i) 
j=0 

+ 5 7 - ^ E E * ( * ) ( J W ; - t - Ri+m-j-t) (mod p). 
z t + m

 j = 0
 1 + J t = Q 

The first two terms combine to 

l+m 

j=0 
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Change the order of summations in the remaining two terms and set t = i — k 
and k = m — t, respectively, to rewrite these terms as follows: 

1 1 

fc=0 j=0 

m—1 fc 

1 m k p _ O 

+ 2 i T ^ ^ Y m - k i R ) s ' + / + r + j ( p ' + f c - j - ( m ° d p ) 

fc=0 j=0 J 

using (3) and (9). 
The coefficients at Ym-k(R)(Pi+j — Pi+j)(Pi+k-j — Ri+k-j) in the previous 

expression and in the expression 

1 V-v v / r>\ V * -Pi+3 ~ Pl+j Pl+k-j - Rl+k-j 

5 & 
are the same. Namely, if j ^ |, then the coefficient at 

Ym„k(R)(Pl+j - Ą + j ) ( f l + f c - i - Ą+fc-j) 

in the former expression equals 

1 (I 2 (m-fc ) + _ L +
 1 \ _ 1 

2l + m\2(l + k-j){l+j) l+j l + k-jj (l + k-j)(l+j)' 

if j = I , then it equals 

1 ( m - 2 j + 1 \ _ 1 
2/ + m V2(/ + j ) 2 / + j 7 2(Z + J ) 2 ' 

Therefore 
m—1 

1 1 
2 2 ! + m f - | v

 i + l + k _ . 

fc=0 j=0 

which concludes the proof of the lemma. • 
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It is possible to start with a different starting setup, namely, instead of 

1 2l+m-\ 

Y2l+m(P)-Y2l+m(R) = -—— T Fu+rn-iiYiW-YiiR)) 
ZL -\- Til . 

1=0 
^ 2l+m-l 

— y Yi(R)(P2l+m-i — R2l+m-i) 
-t- m. * * 21+ m 

one can write 
1 2 i + m - l 

Y2l+m(P)-Y2l+m(R) = - — — Y, R2i+m-i(Yi(P) -Yi(R)) 
21+ m . n 

1 2 i + m - l 

2Z + m . n 

We will apply this approach in the next sections. 

4. Yl+m(P) - Yl+m(R) modulo p 2 

L E M M A 4.1. 

Ym(P) - Ym(R) = -pYY™-iWPl+)~Rl+i ( M O D P 2 ) 
1=1 

/or m = 1 , — 1. 

P R O O F . Consider (8) modulo p2 and use (9) and (11) to write 

Ym(P) - Ym(R) = p(Yl+m(P) - Yl+m(R)) -pYm(R)(y,(P) - Y(R)) 

- P ± Y m ^ R ) P l + i - + f + i + P Y m ( R ) ^ 
i=0 

= - p f ; y m _ ź ( P ) P ' + ^ f + i (modp 2 ) . 
i = l 

• 
L E M M A 4.2. 

Yl+m(P)-Yl+m(R) - f y m _ i ( f i ) ^ i i - P ^ y + m _ i ( p ) P ^ - f w 

i=0 t = l 

+ P f : y m _ i ( P ) t % ^ % ^ P (mod P
2 ) 

/or eac/i m — 0 , . . . , Z — 1. 
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P R O O F . By induction on m. For the basic step m — 0, first use (3), Lemma 4.1 
and (10) to derive 

YW-YĄR) = - p L
1 ^ ± - ^ R i - i i Y W - Y i W ) 

1 - 1 

- T ^ y , ( P ) ( p M - Ą _ , ) 

»=i 

_ Pi- Ri , J ^ D v / m fl+j - Ri+j 
= — +P12^Ri-il^ K-i W l + j 

i=l j = l 

-v\^YAP){l-i)P%;_R*1-1 (modp 2 ) . 
i=l 

Changing the order of summation, using (9), putting j = l-i, and rearranging, we 
obtain that 

Since 

i - i i - i - i 

i=j fc=0 

by (3), we conclude that 

Yl{P) - Yl(R) = -*Ll*L _ p g P l + j - +
R l + j Y ^ ( R ) (mod V \ 

For the inductive step, assume that the congruence is valid for all nonnegative 
integers smaller than m and consider 

Yl+m(P)-Yl+m(R) 

p p 1 i + m - l 

i=l 

i + r n - 1 1 \ 7 
/ , Y i ( P ) ( P ( + m _ i — Ą + m _ i ) 

h- m. ' J 
l + m 

i=i 
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-j— E Ri+m-dYiW-YiiR)) 

i=l 

^ l+m—1 

— r - / J Yi(R)(Pi+m-i — i ? ; + m _ i ) 
I + m '—' 

1 i + m - l 

Z + m . , »=i 

This expression is congruent to 

E ( W ) - F i ( i ? ) ) ( P ( + m _ i - Rl+m-i). 

Pl+m — Rl+m , 1 „ v̂ -> P, , • — R 

t=i j ^ i * + J 

1 m—1 i 

+ T ^ E ^ - « E ^ W ^ ? * 

•=i j = i . l+3 
J m - l i t 

t=l t=l J - = 1 ' + - * l + t — j 

- -. > Yi(R)(Pl+m-i — Rl+m-i) 
l + m . ^—;, 

i=m+l 
1 m 

1=1 
- m 

- 7 — " Yi(R)){Pt+m-i - Rl+m-i) 

z=i 
1 m—1 

- ^ — E ( y ł + i ( P ) - Yl+i(R))(Pm-i - Rm-i) (mod p2 

I + m <r-i 

by (3), Lemma 4.1, the inductive assumption and (9). 
Next, we will group like terms and simplify. 
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Change the order of summation, substitute j = m — i and apply (3) to get 

- p ' + 7 ~ Ą + m + ^— V Rm-i £ y w (R) p ' + r Ą + J 

l + m l + m^ JK ' l + j 
i=0 j = 0 

^ m 

— 7 - > y ( - R ) ( P + m - i — Rl+m-i) I + m ^-^ 
i=l 

s _ P , + - R l + m 1 ' g i ^ j - Ą + j ' g 
j=0 J t=j 

^ m—1 

_ P ( + m - Rl+m 1 ^—v1 P ; + j - Rl+j f m . 

3=0 

, m —1 

j=0 

= - f ; y m - 3 ( f i ) P l + ; ; f + j H ^ ) . 

Change the order of summation twice, apply (10) and (3) to infer 

i=l 3 = 1 

1 i + m - 1 i - 1 p p 

l+m-1 

— 7— Y i ( P ) ( P + m - t — P j+m- i ) / + m . ^— i=m+l 

= PJT E , • ' + J E Ą+m-i i i - j ( i2 ) 
I + m z — f t + 7 t — f 

3 = 1 J i=l 

~ Pfhn- £ Y m + i i m ~ 0 ^ l - i ^ ( m ° d p 2 ) -
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The right hand side equals 

1 ' - 1 D D l + m — 1 

^ E 5 ^ E ^ « 

- ^ E ^ w ^ f * 
Put 5 = m — i, change the summation and use (3) to get 

- - pjh ETE *•-.-,(«)«•) E flłi ; P wri ;-^'- ' 
t—1 5=1 _? = 1 ^ 

- P l + m ^ { m ' m _ l ' ^ T f j Z - K - j • 
t—1 J—1 

Use Lemma 4.1, put t = m — i + j and change the summation to obtain 

i=i 
m i 

i=l j= l 

5 5 P T T - E Y-' ( P ) E P'+; T (modp 2 ) . 
t=i j=i 
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Use (10), (11), put t = m — i + j and change the summation to infer 

m —1 

— J2(Yl+i(P) - Yl+i(R))(Pm^ - i ? m _ i ) 
l + m . 

i=0 
1 m— 1 i 

Pl+j ~ P-l+j Pl+m-i — B-l+m-i 

^ — 1 J — 1 

Therefore 

^ m 

~ E^(P) - Yi(P))(Pl+m-i - Rl+m-i) 
i=l 

^ m— 1 

i=0 
t 

- prh E^ -w E B1 ;f+' r ( ( r o " " + " + ' " 3 ) + 3 ) 

=P±Ym_t(R)J2Pl+\:Rl+jp'+t,i:RT~j (mod^2)-

Put all terms together to finish the proof. • 

5. Ym(P) - Ym(R) modulo p 3 

L E M M A 5.1. 

Pi+i - Ri+i o ^ / D\ Pti+i - R21+Ż 
Ym(P)-Ym(R)= - pEym-i(fl) , , ' + I + P 2 E Y — ^ -

i=l i=l 

/ o r eac/i m = 1,... ,1 — 1. 
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P R O O F . According to (8) we have 

Ym(P) - Ym(R) 

= - p{Yi{P)Ym(P) - Y, (P)Y m (P) ) +p(Yl+m(P) - Yl+m{R)) 

-p2(Y2(P)Ym(P) - Y2(R)Ym(R))+p2(Y2l(P)Ym(P) - Y2l(R)Ym(R)) 

+ p2(Yl(P)Yl+m(P) - Yl(R)Yl+m(R))-p2(Y2l+m(P) - Y2l+m{R)) (mod p 3 ) . 

Using (9) we rearrange 

Ym(P) - Ym(R) 

— -PYm(P)(Y,(P) -Yt(R)) -pYiRW^P) -Ym(R)) 

+ p(Yl+m(P) - Yl+m(R))-p2Y2(P)(Ym(P) - Ym(R)) 

- p 2 Y ; ( P ) y m ( P ) ( y ( ( P ) - YiiRV-ptYtWYrniRWtP) - Y,(R)) 

+ p2Ym(P)(Y2l(P) - Y2i(R))+p2Y2l(R)(Ym(P) - Ym{R)) 

+ p2Yl+m(P)(Yl(P) - Yi(R)) +P
2Yl(R)(Yl+m(P) - Yl+m(R)) 

-p2(Y2l+m(P)-Y2l+m(R)) 

= -PYm(R)(Yi(P) - YłRft-pCYmiP) - y m (P ) ) ( r , (P ) - Yt(R)) 

-pYt(R){Ym(P) - Ym(R))+p(Yl+m(P) - Yi+m(R)) 

- 2p2Yl(R)Ym(R)(Yl(P) - Yi(R)) - p 2 y m ( P ) ( y ( P ) - Y(R))2 

+ p2Ym(R)(Y2l(P) - Y2l(R))+P
2Yl+m(R)(Yt(P) - Yt(R)) 

+P
2(Yl+m(P) - y ( + m ( P ) ) ( y ( P ) - y ( P ) ) 

+ p2Yl(R)(Yl+m(P) - Yl+m(R))-p2(Y2l+m(P) - Y2l+m(R)) (mod p 3 ) . 

Next, we expand the summands of the last expression: 

-PYm(R)(Y,{P) - Yi(R)) EE p Y m ( R ) ^ ^ 

+ p2Ym(R)YYi-i(R)Pl+i'+f+i (modp 3 ) 
1=1 

by Lemma 4.2; 

-p(Ym(P)-Ym(R))(Yl(P)-Yl(R))^-p2f2Ym^i(R)P^^ (mod p 3) 

by Lemma 4.1 and (11); 

M P - R; 
- p y ( P ) ( y m ( P ) - Ym(R)) EE p2Yt (R) J2 Ym-i(Ryl+z

l+.l+l (mod p 3) 

4 Annales 
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by Lemma 4.1; 

p(Yl+m(P)-Yl+m(R)) 

= - v E rm-«(fl)PT+) - R L + I - P 2 E Y l + m ^ R ) P l + ) -

i=0 + z i = l 1 + 1 

+ p 2 E y m _ , ( Ą £ P t + J , 7 P ' + 7 i ~ P ' + Ź " J (modp 3 ) 
i = l J = l « + « J 

by Lemma 4.2; 

- 2 p 2 y ( P ) Y m ( p ) ( y ( P ) - y ( P ) ) - p 2 y M ( P ) ( y ( P ) - Y , (P ) ) 2 

= 2p2Yl(R)Ym(Ry-^j^ -p2Ym(R) [ ^ J ^ ) ( m o d P ) 

by (U) ; 

P 2 y m ( P ) ( Y 2 i ( P ) - Y 2 i ( P ) ) 

EE -p?Ym(fl)grt^(fl)Ą* " f 1 + ź + l-P
2Ym(R) ( P ^ ) 2 (modp 3 ) 

by Lemma 3.1; 

+̂m(il)(Vi(P) - = - ^ H m W ^ (modp 3 ) 

by (U) ; 

p 2 ( y + m ( P ) - Yl+m{R))(Y,(P) - Yi(R)) 

— 2 \r i m Pl+i ~ R-l+i Pl — P-l , j 3\ 
= ^ ^ 1 ŻT I Z (modp d ) l + i l 

i=0 

by (U) ; 

p 2 y ( P ) ( y +m ( P ) - y + M ( P ) ) = - P
2 y ( P ) E y ™ - * ( f l ) P ' + ' ; + f + i ( m o d P 3 ) 

i=0 

by (U ) ; 

-P2(Y2l+m(P)-Y2l+m(R)) 

^ P 2 E n + ^ ( ^ ) p ' + ; ; f + ' 
i=0 

- ^ P 2 E E P l + \ l f + J ^ I U * 1 ; ^ (™*P3) 
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by Lemma 3.1. 
Further, we collect like terms and simplify 

pYm(R) j p2^Ym-i(R) Y+~i = -Pl^Ym-i{R) Y+~i ' 
t=0 i=l 

«-l I 

P 2 Y m ( P ) V > M P ) ^ ± i _ ^ - p 2 Y m ( R ) ± Y l _ z { R )
P J ± L l 3 ± l 

= -P2Ym{R)Yl{R)PL^_p2Y (R)P2i^R*, 
1 21 

m 

Pl+i — Rl+i 

1=0 

= p2Yl{R)Ym{R)P^^; 

i=l i=0 

2 V ir)\Pi~Ri 2v tT>\Ri~Ri i 2 V ^ V l' m P ' + * ~ P ' + i 

= p T ( + m ( P ) — - p z y + m ( i ? ) — - — +p 2^Yi+m-i(R)—-
i=l 

= ^ Y m . i { R ) ^ ^ (modp 3 ) 
i=0 

and 

-p2YYm-i{R) 
Pi+i — Ri+i Pi — Ri 

. , l+i I 

+P2 ± Ym-i{R) t P i + i ^ i + j P i + i i U * r 

- P
2 y m ( j R ) ( ^ ) 2 + \p2YM(R) (PL-RL^2 

+ p2Y,Ym-i{R) 
Pl+i — Rl+i Pi — Rl 

l + i I 
i=0 

1 2 V v / m V " -Pi+j ~ Pi+j Pj+t-j ~ Rl+i-3 

4* 
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~ph {)k l + j 

^—' ^—' / 4- i l 4- i — i 
3 = 1 

Pl+i — P ( + j P; — P; 

i=l 

I T ^ V ^ V f D\ y' P + 3 ~ Rl+3 Pl+i-3 ~ Rl+i-3 

2 U H l+3 l+i-3 

-P*±Ym^R)Ply+
Rl+iPl-Rl 

i=l 

Putting all terms together concludes the proof. • 

6. Proof of Theorem 1.2 

P R O O F . We proceed by induction on m. Lemma 5.1 applied to m = 1 states 
that 

y l ( p ) - y l ( p ) = -(Ą - p l } =- - / i + ; ; f + 1 + p a Ą ł ^ ; f + 1 (mod ^ 

which proves the statement of the theorem for m = 1. 
Assume that the theorem is valid for every positive integer smaller than m 

and consider Y m ( P ) — Ym{R) (mod p3). Using (3), the inductive assumption and 
Lemma 5.1 we obtain 

Ym(P) - Ym(R) 

Tit — 1 -. Ill—J. 

V YĄPKPm-i - Rm-i) - - V Rm-i(Y(P) - Yi(R)) 

m. z—' m z — ' m 
1=1 1=1 
m —1 - m—1 

P m V y m _ i ( P ) ( Ą - Ą ) - - V p m _ i ( y i ( P ) - y i ( i ? ) ) 
m m ^—' m 

i=l t=l 
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Pm-Rm 1 V rn\ Pl+i "Pl+i i 1 J T ; V , n^ Pu+i ~ Rjl+i P > " m _ i ( P ) — h — P > lYm-i(F) —— 
m m t—1 l + i m 21 + i 

i=l i=l 

i=l j = l 
i=l j=l 

m - 1 i D p 
l+i ~ Ki+j 

- ^ E ^ X X ^ E + j p ' + r + ; _ r j ( m o d p 3 ) -

Switch the summation in the last three terms and use (3) to obtain 

^ m—1 i 

- ^ E ^ - E ^ W ^ T ^ 
»=i j = i 

= - b E <» - o E c - o i _ - < * > * * ^ * 
i=l i=l 

+ ^ 2 E > - i)Y^(R) E P ^ ; P l + 7 U * T ~ J ( m o d p 3 ) -
i=2 j = l 

Further, use Lemma 4.1 to infer 

ro ^—' 
i=l 

—p \ j y m _ i ( - ? ) — y — — 

t=l 

m l +• % 
i=i 

m—1 
1 V " ^ , D , Pl+ii -Rl+i 

P >_ lYm-i{R) J—. 

t=i j = i 
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Therefore using (9) we get 

Ym(P)-Ym(R) 

_ P m - R m i u\ pi+i ~ , 2 y v ,- m ^ 2 ; + i - P 2 ; + » 

p ^ v , ( i i J z + ; + p 2^ Y™-iiR)—2TM— 

m p 2-,* 2 - / ™ - - J W - r n 
t=i j=i 

Applying Lemma 5.1 we obtain 

y m ( p ) - Ym(R) 

— V I U\ V I T3\ P m ~ R m i Pl+m ~ Rl+rn 2 P^l+m ~ Rll+m 
= rm(r) - ym{K) — hp — P — 

m I + m 21+ m 

+ A„2v\vV . (T?)PL+J ~ R L + J P L + I ~ R L + I 

i=2 j=l J J 

The theorem will be proved if we show that 

i p^ P l + i ~ R l + i P l + i ~~ P'+ź 

E z r m _ z ( P ) E P + J ~ P ' + j P l + i ~ j T . 
i=2 j=l J J 

To verify this, change the summation in the first sum and put t = i + j to get 

m—1 

, V ; V v i P ^ P l + j ~ fit+J P f + i ~ R l + i 

— W tn\\^(+ ^ P l + i ~ -P '+J - P ' + t - J ~ ^ ' + t - j 

( ) _ i + i TTTT~ 

+ gy„_ ,</i )g J ^ T F - — 

_ iv (m *Sr~ P l + i ~ R l + i P j + t - j ~ P-i+t-j 

~ h \ Y m - t [ R ) H ~ r v j i+t-j • 

• 
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