TOWARDS ANKENY—ARTIN—CHOWLA TYPE CONGRUENCE
MODULO p

FRANTISEK MARKO

Abstract. We formulate and generalize the technique of Jakubec established to
derive congruences of Ankeny-Artin—Chowla type for a cyclic subfield K of prime
conductor p. Then we concentrate on the case of congruences modulo p? and clear
a significant technical hurdle which allows us to formulate Ankeny—-Artin—Chowla
congruences modulo p® in a concise way.

Introduction

In a series of papers [J1], {J2], {J3], [J4], [J5], [J6], [JL], Stanislav Jakubec has
developed a technique that enabled him to established congruences of Ankeny—
Artin-Chowla type modulo p and p? for cyclic fields K of prime degree ! and of
prime conductor p. At the begining of this paper we recall and generalize his results
and formulate Jakubec’s technique in general.

In order to apply Jakubec’s technique in the modulo p* case, we analyze prop-
erties of a map ® and in Theorem 1.2 we formulate results in a form that does not
use the map ®. We conjecture that a result analogous to Theorem 1.2 is valid in
general.

Finally, Theorem 1.3 gives a simplified formulation of congruences of Ankeny—
Artin-Chowla type modulo p3.

1. The technique of Jakubec

Let p be an odd prime, ¢, = cos 2?” +isin 2?" be a primitive p-th root of unity and
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Q(¢p) be the p-th cyclotomic field. We will consxder various subfields K of Q((,) of
degrees n = [K : Q] dividing p— 1. Put k = =% and denote by 8x = Troc,)/x (Cp)
the Gauss period of the field K.

Fix a positive integer t and choose an integer a that is a primitive root modulo
p*. Then the authomorphism &, defined by o((p) = »» generates the Galois group
G(Q(¢p)/Q). Further, denote g = a?”" and gn = g* so that g” = 1 (mod p*) for
each n dividing p — 1.

The prime p is totally ramified in Q(¢,) and factors as p = pP~!, where p =
(1 ~¢p). Thus p is totally ramified in each subfield K of Q({,) and p = p% for a
unique divisor px of K.

1.1. Generators mg

A special choice of a generator of divisor px plays an important role in the
works of Jakubec. Since his notation is ambiguous, we provide more details about
these generators.

LEMMA 1.1. For any natural number t and any subfield K of Q((,) there is an
element my ; satisfying

i) Nso(rk,e) = (=1)"p,

i) o(mk,t) = gn7k,s (mod T

W) Br =Y o (kﬁ),ﬂKt (mod s

Moreover, the numbers mg ; can be chosen in such a way that if Ky C K3 are
subfields of Q((p) of degrees ny and ny respectively, then

n+1)

n

— ny tno+1
Tyt =T, (mod gt ).

ProOOF. The existence of a number 7g 1 satisfying (i)—(iii) is the statement of
Theorem of [J1]. For a general ¢, choose a number 7 € Q((,) as on p. 106 of [J2]
that satisfies Ng,)/q(n) = p, o(n) = gn (mod n*®P=1+1) and ¢, =S Lt
(mod 7P).

Put mx = (—1)F!Ng,) k(7)) = (=1)F+1no™(x)...c*=D" (7). Conditions
(i) and (ii) for 7k, follow immediately from the corresponding conditions for =.
Taking the trace we obtain

p—1 n
B = Trgqe,) k() = Troqe,)/x (Z %7“> =) penr (mod pEth).
=0 i=0

This together with the congruence

TRt = (——]_)k+17ro_n(ﬂ.) a-(k—l)n 7r) = (_1)k+17r(gn,n.) . (g(k_l)nﬂ')

(
=( 1)k+1 kgn+ A{k-1)n " (IIlOd pt(p—1)+1)

implies the remaining assertions. a



Towards Ankeny—Artin—Chowla type congruence modulo p3 . 33

From now on we fix t and choose mx = i, satisfying the conditions of the
preceeding Lemma. It follows immediately from the defining properties that (rg) =
px and

(1) . ak=-p (modmiPth).

1.2. Polynomials assigned to mx-expansions of units

Denote by Ok the ring of integers of K, Ux the multiplicative group of units of
K and by (€) a subgroup of Uk generated by all conjugates ofee Ug. Toe e Uk
one can find integers ag, ... a1 modulo p* and ag # 0 (mod p) such that

tn—1

e=ag+ a1k + 0+ Gn_1TR (mod 7%

and assign to € a polynomial g(X) = ap+a1 X +.. A a1 X =ag+.. +agX?

of degree d < tn — 1. Further, denote by a(g(X)) = ao the absolute term of g(X).
There are unique ring isomorphisms fx : Ok /(7$) — Z[X]/(X™ + p,p") such

that fx(mx) = X. The inclusion Ok, / (7r§’<“1‘) — Ok,/ (7(';?22) for K; C K, corres-

ponds under these isomorphisms to a ring morphism that sends X to X %5, and -

the automorphism of O /(%) induced by o corresponds to a ring morphism that

sends X to g,X.
- If g(X) is assigned to ¢, then

fr(€) = (ao — pan + pazn — ... + (-1)* P lag_1yn)
+ (a1 = Pans1 + PPagnir — - + (1) e i) X + -
+ (@n—1 — Pagn_1 + P2azn-1— ...+ (=)t Yap1) X" (mod p?)

is the unique polynomial modulo p* of degree less than n that is assigned to .
For fi(€) = bn_1 + bn—2X + ...+ boX™"! denote bx(€) = (bo, - - - ,bn—1)-
Further, denote by A1, ..., A the roots of the polynomial g(X y=ap+a X +

oo+ agX? with d < tn —1 and P = Z[X]/(X*). Then each

1

1
5(900) = 7+ 37
’ NN

for j=1,...,tn — 1 defines a semigroup homomorphism (P \ (X),.) — (Q, +).

1.3. Map @

Given a monic polynomial g(X) = X4+ Y1 X% 1+ ...+ Yy put ¥ = 1 and
define X; = S;(g(X)) to be the sum of the j-th powers of the roots of g(X).

Assign to a polynomial g(X) = X9 + ViX41l4p .  +Y;ofdegreed <itn-—1
a (tn — 1)-tuple (Y1,...,Y4,0,...,0) by adding zeroes if d < tn — 1. Then the

(tn — 1)-tuple (X1,... , Xin—1) satisfles the recurrence relation
m—1

(2) mYm—i-ZXm_,-Yi:O form=1,...,tn— 1.
=0

3 Annales
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Conversely, given a set (Xi,..., Xsn_1) of sums of powers of roots of g{X) of
degree d < tn — 1, the set (Y1,...,Y;,—1) of "extended” coefficients of g(X) is
expressed from the equation (2) as

m—1
1 .
(3) You(X1,... , Xpn) = -~ Z_; Xm—iYi(X1,..., X5)  form=1,... ,tn—1,
where Y, is defined as the following function of variables X 1yeee s Xom—1:
X4 1 6 ... 0
Xo X 2 ... 0

Ym_=Ym(X1,...,Xm)=(——1)m%
’ N X1 X2 Xm—z ... m—1
Xm Xm_.l Xm..2 cae Xl
and Yp = 1.
The map & : Ct"~! — C” is defined as follows:
q)(le v ’th—l) = (1 _pYn +p2}/2n —...+ (_l)t—lpt_l},(t—l)na
Vi~ pYos1 + 0 Yongr — .+ (1) W Ly,
Va1 = pYono1 +02Yan_1 — ...+ (=) Y ).
The main property of the map ® relates any polynomial g(X ) assigned to e,
maps s; and the polynomial f(e) as follows: If g(X) = ap + a1 X + ...aq X%, then
the reciprocal polynomial ¢"*¢(X) = aq+ ... + a1 X% ! 4+ agX? is a product of a

nonzero constant ao = a(g(X)) and a monic polynomial h(X). Then s;(g9(X)) =
5;(97*¢(X)) = S;(A(X)) and

a(g(X))@(s1(9(X)), - -, stn-1(9(X))) = bx (€).

This property of the map ® allows us to work with different polynomials g(X)
assigned to e.

1.4. Congruence of Ankeny—Artin—Chowla type

. From now on let K be a subfield of the real cyclotomic field L = Q(¢, + (o 1

(d-9) 1_¢9
and C(K) be the group of cyclotomic units of K. If ng = Np/r(ép ? i—_f.%), then

- C(K) = (nx).

By Theorem 4.1 and Theorem 5.3 of [S] the class number hg of the field K
equals [Ux : C(K)]. According to Theorem 1 of [M], there is § € Ux such that
[Uk : (8)] = f with f coprime to p. Fix such a unit &, denote e = () : (7){{)] and
write

@ k. = 5%0(8)° ... o"2(5)en-2,

Then e = [Uk : C(K)]f™~2 and according to Lemma 1 of [M] the index
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e=| [] Newelco+eiGr+...+ena(l™?)
rin;r>1
n-1 . .
= H(CO + ad;, +...+cn_2CT(L"—2)1) )
The Gauss periods 8o = Bk, B1 = 0(Bk), .., Bn-1 = 0" (Bk) form an

integral basis of K. Therefore we can write § = zofo + ... + Tn—16n-1.
Assume f({p) = ap + a1 X + ...+ ap_2XP~? is given. Remark that in the case
t = 2 the polynomlal f(¢p) was computed in [J6]). Then f(Bk) = kzz_o ar: X
,3,) = kzz_o arigd Xt fori=0,...,n—1and

chakz ZmJg X

=0

Moreover, a(f(¢p)) = —p—},l implies a(f(8)) = —L(zo + ... + zn_1).
There is a polynomial I(X) assigned to 6% (8)°t ...o™~%(8)°*-2 such that

5;(1(X)) = cos;(£(8)) + c1ghs5(f(8)) + ... + cnzgh" P s;(£(6)) = ay8;(£(9)),

where a; = ¢ + 165 + ... + Cn- gg](" " for j = 1,...,tn — 1 and a(i(X)) =
( zo+.. +In 1)c0+ en_2 =( To+...+Tn— 1)a0'
n

' Observe that o; = ognts (mod pt) fori = 0,...,n—1and —an = gnoy +

glag+ ...+ g lay-1 (mod pt).
Because p = 1 (mod n), p splits completely in Q(¢,) for each divisor r > 1

of n. Since g’" = 1 (mod pt), there is a prime divisor g, of p in Q((,) satisfying
¢ = gr = g (mod qt). ,Consequently

co+cilrt. ..t P=co+eigrt...tenoagt P =ax (mod ql)

R1C]

and
o+l +.. . +enallm D =cotergl+.. +a2gl™P =a;2  (mod qb)

for j=1,...,7— 1. Hence

No.)/alco +c1Gr+ ... + cnall %) = H as (mod p%)
s|n;s2>1;(s,n)=2
and
H Noe.y/leo + a1+ + n—2(r H o; (mod p*)
rin;r>1

3*
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On the other hand, in the case t = 1, the values of s;(nk) were determined in
Lemma 5 of [J2]. The case t = 2 and n prime was considered in [J4], where the
values of s;(f(¢p+¢ _1)) were determined. If 2 is not a n-th power modulo p and n
is prime, then the conjugates of the unit ng 2 = Ny, /K (Cp+Cy 1) generate the group
C(K) and we may replace WK 1n the above arguments by 7k 2. The advantage of

using ¢p + ( instead of Cp %—2‘1 is that fr(¢p + (o 1) is easily derived from

f(¢p); namely using Lemma 1.1 we obtain

G+ ¢ =2a0 + 202X + .. +2a,,_3XE;—3,

where the absolute term 2a9 = ;‘:21- =2+4+2p+...4+2p"! (mod pt).

LEMMA 1.2. Let K1 C K; be fields of degree ny and ngy, respectively, z = —1
and € € Ug,. Then

bk, (Nka/ K, (€) = a(fi, (€))*D(5:(fK2 () - 1 S(tmy -1 (K, (€)))  (mod p").

PROOF. It is enough to show that there is a polynomial g(X) assigned to
Nk, k. (€) treated as an element of K such that a(g(X)) = a(fk,(€))* (mod pt)
and $;(9(X)) = si2(fx,(€)) (mod pt) fori=1,... ,tn1 -1

If f(X) = fr,(€) = ao+a1X + ...+ an,—1X™ 7L, then 67™ (¢) is assigned a
polynomial f(g;.X) = ao + a1gJ X + ... + an,—1 gnz‘("2 D xn2-1 for j=1,.

- z—1. Also, $i,(f(9:X)) = g%s:(f(X)) = 8:.(f(X)) (mod pt) fori = 1,. tn1
L. Put K(X) = f(X)f(9:X)...f(gn,—1)-X) (mod X*"2). Then h(X) is as-
signed to N, k, (€) treated as an element of K, a(h(X)) = af and s;,(h(X)) =
28i,(f( X)) fori=1,...,tn; — 1. .

Using Lemma 1.1 one finds a polynomial g(X) modulo X** that is assigned to
Nk, K, (€) treated as an element of K such that h(X) = g(X?). Using Newton
formulas we establish that s;,(h(X)) = zs;(g{X)) proving the claim of the lemma.

O

We have proved the following statement.

THEOREM 1.1. Let K be a cyclic subfield of the real cyclotomic field L of prime
conductor p, | be the degree of K over Q, k = P—Yl, n € UL be such that Ny i (n)
generates the group C(K) of cyclotomic units of K, and T; = S i) (fr(n))
fori =1,...,tl —1. Let § = zofp +z1P2+ ... + 11—181—1 € Uk be such
that 6%°a ()%t ... ol "2(8)e-2 = NL/K(n)f where f is not divisible by p. Denote
flép) =a+a1 X +...+ a,,_gX’"2 and put am = co + 19" + ... +c— ng(l 2
- form = 1,. l. Fori = 1,...,tl — 1 denote S; = s;(fk(9)), where fx(6) =
k 21,:0 akZ(Z §=0 ngz )Xz~

Then

(5) a(fL(n) " ®(fT1,. .,fTu-l)s<——”—9—*ﬂ‘%)“°f

®(0181,... youS, 18141, . .., uSar, 018941, ... yo4—1Su—1) (mod p)
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and
(6) oy ... = hif"?  (mod pt).

In order to obtain a congruence of Ankeny-Artin-Chowla type from the above
theorem, it is necessary to solve for a,... ,a;—-1 from (5) and apply the results to
(6). In the case t = 2 this was done in [JL]. The purpose of the remainder of the
paper is to solve for a1,... ,a;—1 from (5) in the case t = 3.

We will prove the following theorem.

THEOREM 1.2. Assume 3l < p and Py,... ,Py_1;Ra,...,R3—1 are p-integral
rational numbers. If ®(Py,...,Py_1) = c®(Ry,...,R3—1) (mod p?) for some
constant ¢ € Q, then

Pn - Rn Piym — Riym | o Paym — Rorym _
—p =0
m l+m 204m

(mod p°)
foreachm=1,... 1—1.

Consequently, under the assumption of Theorem 1.1 we obtain

THEOREM 1.3. If 3l < p, then

S’m Sl+m 252l+m
Gom ( m  Plim tp 20+ m,

T Tiom |, 2 Torym 3
f(m Prem P 5 m (mod p°)

form=1,...,1l—1 and

+ay...0q-1 = hg fi=2 (mod p3).

2. Analysis of the asumptions of Theorem 1.2

From now on, write ®(P) for ®(P,...,Py-1), ®(R) for ®(Ry,...,Ra1),
Y (P) for Yo(P,...,Py) and Y (R) for Yo (Ry,... ,Ry) for each m = 1,...
3-1.

If (P) = c¢®(R) (mod p?), then

®(P) ®(R) 3
7 = mod p°).
O TP PYaP) 1 pYR) + PYa(®) 0P
From now on assume that 3] < p, Py,...,P3.1;R1,...,R3 -1 are p-integral

rational numbers and the above congrunce (7) is valid.
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Using the congruénce — +p T = 1+ pa+ p?(a? - b) (mod p3) one can infer
that (7) is equivalent to a system of congruences
(8)
Yo (P) + p(Yi(P)Ym(P) = Yi4m(P))
+ P2(Y2(P)Yon(P)=Ya1(P)Yrn(P) = Yi(P)Yi4m(P)+ Yor1m(P))
= Ym(R) + p(Yi(R)Ym(R) — Yiym(R))
+ PA(YA(R)Yin (R) = Yai(R)Yim(R) = Yi(R)Yitm(R) + Yarsm(R)) (mod p?)
form=1,...,l-1.
To analyze these congruences, we will strive to obtain formulas that will relate
Ya14m(P) = Yat4m(R) modulo p, Yim (P) = Yi4m(R) modulo p? and Yo, (P)—Ym(R)
modulo p? to expressions involving Py — Ry and values of Y; with smaller indices

i. This will enable us to use an induction later.
First observe that by considering the ”truncated” map ®, defined by

Do( X1, .., Xogm1) = (X4, ..., X21-1,0,...,0)
we can repeat the proof of Lemma 2 of [JL]. In particular,
ProposITION 2.1 ([JL]).
(9) P, =R, (modp), Y..(P)

[t

Yi(R) (mod p)

Pn.-Rn Prim — Rigm _ 2
(10) — P ¥m =0 (mod p*)

form=1,...,l—1 and

Py — Riys

(1) Yiem(P) = Yipm(R) = = 3 Ymi(R) =1

=0

(mod p)

form=0,...,l—-1.

3. Youim(P) — Yorpm(R) modulo p

LEMMA 3.1.
Yor4m (P) = Yairm(R)

1 & ' Py — Riyj Pryiej — Rigicy
z . d
+52 YmilR) ) I+] I+i— (mod p)
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PrOOF. By induction on m. For m = 0 we have

Ya(P) - Y21(R)

2-1
Z Py-iYi(P) — Ry_:Yi(R)
i=0
2A-1 2-1
Z Py (Yi(P) - Z Yi(R)(Par—i — Ra—i)
=0
!
=g § Pi(Yi4i(P) = Yii(R)) = o gY )(Pai—i — Rai—s)
_ 1 Pyj— Riyj
=2—ZPl ,ZY-_] R)— 1 Yy _2Z§Y )(Pai—i — Ryi—;) (mod p)
using (3),(9) and ( 1). Put t = i — j and change the summation in the double sum
to get
P, R
ZPz ,Zy_, R)—H
-1 —j-1
PH—J Rl+J
=) —F— Ye(R)P—j—t
j;) I+3 ;
-1 l—5-1
P[ R[ Pt Rl
= Z_:O +Z+ = Z Yi(R)Ri-;- t+z +J+ = 2; Yo(R)(Pi—j—t—Ri—j-¢)
— P, R P -R
-y (= )iy (R) + == (P~ Ry) (mod p)
j=0
using (3) and (9).
Rewrite
! !
S Yi(R)(Pa—i — Rui) = 3 Yij(R)(Pij ~ Ritj)
i=0 j=0
to get

Ya(P) - Y2l(R)
{
P, R . 1
== Z l+J l+f = )Y (R) = 55 > Yij(R) (Pt = Ru)
Jj=0

lpl RlPl R
2 1 l
=_Zy_]R)-Pl+J Rz+3 ;Pl;Rszsz (mod p),

hence the statement is valid for m = 0.
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For the inductive step, write

Yo m(P) — Yarem(R)

1 2l4+m-—1
T T %+m Z Pottm—iYi(P) — Ratpm—iYi(R)
=0
1 204+m—1 .
T T oA+m Z Poiym-i(Yi(P) — Yi(R))
1=0
1 2l4+m-1
T+ m Z Yi(R)(Patym—i — Rat4m—i)

i=0

1-1
1
=3 ZPHm—i(YHi(P) - Yi4i(R))

-1 ~
2l Tm Z Pm z(Y2l+z( ) - }/21+i(R))

l+m
1
“aEm ; Yi(R)(Pai4m-i — Raiym—i) (mod p)

using (3) and (9). Further, using (11) and the inductive assumption we obtain

Yor4m (P) — Yo m(R)

-1 i
-1 ‘ _ Pryj — Riyj
T oA+ ZP’*’""ZY’_J(R) [+
=0 3=0
m—1 141
1 Bivj — Ris;
m—1 Y, - .
,+2l+mZ_;P ]z:: i3 (R) =2
Piyj — Riyj Piyk—j — Rigp—
22l+mZ "”ZY k(RZ I+3 I +k—3j
1 4+m

T Z Yi(R)(Patym—i — Ratym—i) (mod p).
=0

Combine the two terms

m—1 43

P, R Py — Ry
zmm ,ZY_J<R) ST D P D Vi SR =
3=0
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into
l+m—1
Px+j — Ry,
P m—1i Y‘;, _ﬂ_'_—-—
; i+ Z J l + j
m— l+m—j—1
B i+ 1 })l+_1 Rl+] + i .
= Z ] Yt Pl+m-1—t
l+m—1 bm—j-1
Pl+] RH'J
— T Y;(R)R m—j—
].Z__;) Y ; +(R) Ry -t
l+m-1 j2 R, l+m—j-1
+3 — tH4g P i
T DL S S L TN N
=0 t=0
+m—1 o
-y BBy Y (R)
; L+
=0
™ Pyj = Ry
+ Z ——ﬁ;— Z Yi(R)(Prym—j—t = Riym—j—t)
j=0 t=0
by changing the summation using t = i — j, and using (3) and (9).
Rewrite
l+m I+m
Z Yi(R)(Pat4m—i — Ratym—i) = Z Yiem—i(B) (Pt — Risj)
1=0 j=
and obtain
Yoirm(P) — Yorrm(R)
I+m—1
1 P — Ry ;
= _ = "~ (] -HY m—j R
ST Z 177 (I+m—5)Yiym—i(R)
1 l+m
-5 Z: Yiim—i(R)(Pirj — Ritjs)
1 Z Pl+J - RH.J P —j Ritx— —J
2 P ik ( p l+7 l+k—j
1 p R
+ Z 45 — U4y Z Y Pl+m—j—t — Rl+m—j—t) (mOd p)-

2l—4—mj=0 I+j

t=0

The first two terms combine to

l+m

Py; — Riyj
- ZYl+m—j(R)—jﬁ'
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Change the order of summations in the remaining two terms and set t = ¢ — k
and k£ = m — t, respectively, to rewrite these terms as follows:

_ %______ "‘Z“lmi 1Pm k—t Yi( )Z:; Pl+; ;fzﬂ H+Icl—i;izl;-k—j
ta Jlr m ;:, H() Z e RHJ (Prtk—s = Rigr—s)
= % 2l Jlr m :W — k)Y k(R) Z_(j) P’+; ;f’“ P‘*’;—i - f’;’“—f
2 Jlr m ;Ym-k(m ; Pl”lffl“(mk—j — Riyk—;) (mod p)

using (3) and (9).
The coefficients at Y, _x(R)(Piy; — Ri+j)(Pi4k—j — Riyx—;) in the previous
expression and in the expression

1 & Pryj—Riyj Pon—j — Rigr—;
2kz=:'"’°(RZO I+ I+k—j

are the same. Namely, if 7 # %, then the coefficient at

Yo k(R) (Pt — Rigj)(Prtk—j — Rigi—5)

in the former expression equals

1(1 2(m — k) L 1)_ 1 .
A+m \2(0+k—51+5) 1+j 1+k—3) (+k-5+7)

ifj= %, then it equals

1 (m 2] + 1 )__ 1
A+m \2(+45)2  1+5) 20+5)72

Therefore

Piyj = Ritj Prok—j — Rip—j
22l+mz(m k) '"’“R)Z I+ I+k—j

1 P, Rl
+ —— T Z m—k R)Z +J a (Prk—j — Rigi—j)

1 ¢ Prj — Riyj Pror—j — Ry
2Z Z I+ I+k—j

bl

j=0

which concludes the proof of the lemma. O
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It is possible to start with a different starting setup, namely, instead of
1 2l4+m-—1
Vatsm(P) = Yorum(B) = =g D Puami(h(P) = %i(R)
24+m—1
21 T Z Yi(R)(Patym—i — Rotgm—:)
one can write
2l4m—1
Yorsm(P) = Yaism(R) = — — 2 Ratsm—i(Yi(P) - Yi(R))
2l4+m +m 2] +m 4 +m—i\Ll{ i
2l+m 1
2l apen ; Yi(P)(Parym—i — Rotym—i)-
We will apply this approach in the next sections.
4. Yiym(P) — Yi4m(R) modulo p?
LEMMA 4.1.
_ Piyi — Rigs 2
Ym(P) - Ym(R) = _p;Ym—-t(R) I+1 ( od p )
form=1,...,1-1.
PROOF. Consider (8) modulo p? and use (9) and (11) to write
Y (P) = Yin(R) = p(Yi4m(P) — Yi4m(R)) — pYm(R)(Vi(P) - Yi(R))
— = Pl+1, - RH—'L -Pl - Rl
= —pz Yoi( B) =5 +PYm(R)—
_ Pryi — Riyi 2
_pZsz ) l+’L ( Odp)
]
LEMMA 4.2
- “ Pl+1. Rl+z -Pl+i - Rl+i
Yiem(P)=Yigm(R) = = 3 _ Y i(R)—H— pZYHm_z R)——

=0

+pz ) R)Z Pyj—Riyj Pyij—Riyij (mod p2)

l+3 l+i—3

foreachm=0,...,l—1.
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PRroOF. By induction on m. For the basic step m = 0, first use (3), Lemma 4.1
and (10) to derive

Yi(P)-Yi(R) = T

——ZRz {(Y:(P) - Yi(R))

_ %Zyi(p)(P,_,- —Riy)

_ PI+J Ry
= lZR,,ZY_,(R 5

1 : Py_i— Ry 2
Py >y )T——z__ (mod p©).

Changing the order of summation, using (9), putting j = ! — 1, and rearranging, we
obtain that

P, R
Y(P)=Yi(R) = - zZ T S R
i=j

P,;—R
.._pl Z I+J o] }/l—](R) (mod p2)

I+
Since
-1 I—j-1
> Ri-Yii(R) Z Ri_j xYa(R) = — (I — j)Yi-;(R)
i=j
by (3), we conclude that
b -R Piyj — Ry 2
— =_ _pS P T iy (R d p?).
Yi(P) - Yi(R) l p; 77 Y- (mod p?)

For the inductive step, assume that the congruence is valid for all nonnegative
integers smaller than m and consider

Yiem(P) = Yigm(R)

I+m—1
-pl+m_Rl+m 1
= — - R m—1i le pP) - }/‘L
e T s Rmei(P) ~ %(R)
1 l4+m—1

- Z Yi(P)(Piym—i — Rigm—i)
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— Piym — Riym 1 -1 . .
=T T 2 RGP~ H(R)

+m—1

> Riym-i(Yi(P) - Yi(R))

i=l

_ 1
l+m

l+m—1
l +m Z Y Pl+m—i - Rl+m—i)

l+m 1
> (Yi(P) = Yi(R)(Prem—i — Rism-)-

t=1

1
l+m

This expression is congruent to

Pl+m—Rz+m Pl+j_Rl+j
- Riym—i > Yi j(R)—/L %
l+m l+ Z I+ Z il 1T

S S BULEE S

i=0 L+
+pl+ml+i1Rl+m ,ZY_] f‘_tJl_i_flJ
—pl—}-m ZRm—zZY Zp”fl;flﬂplﬂl—i;fm i
N l—wzl—v-n— i:%in(R)(PH-m—i — Riym—i) K

1 m
+m ;}/’(R)(Pl+m—z - R1+m__,i)

- HLm ‘ I(Yi(P) - Yi(R)(Pigm—i — Ritm—)

- = §<Yz+z ~ Yi4s(R)(Prei — Rm—s) (mod p?)

by (3), Lemma 4.1, the inductive assumption and (9).
Next, we will group like terms and simplify.
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Change the order of summation, substitute j = m — ¢ and apply (3) to get

m~—1

Pym—Riym 1 ‘i ooz P — Ry
I+m +z+m;R’""ZY"’(R) I+

1
- —ZY(R )(Piym—i — Ripm—i)

Piym — Rigm 1 = PI+J“Rl+J
= — R,._.Yi_
l+m +l+mjz=; L+ Zj i(R)

l+m Z Ym —J (Pl+1 _Rl+1)

Pitm — Riym 1S Piyj — Ry .
= - - — Yo i(R
I+m l-{-.mj;o w5 md) i(R)
1 m—1
=15 2w (Bri — Rigi)¥m—j(R)
j=0
= _Zym_j(R)ﬂH__&il (mod p?).

= I+3

Change the order of summation twice, apply (10) and (3) to infer

Pl+1 Rl+J
pl+mle+m ZZY—](R l+]

+p—— l+ile ZY' (R P = By
l+m et LT I+

I4+m—1

S Yi(R)(Pitmei — Ripmoi)

i=m+1

1 Py — Ry
R m—1 z-— R
l+mzl I+ ; ’* i(R)

l+m—1

1 Pivj = Riyj
Riym-iYi-j(R
+1"1+m21 I+; § tem-iYi— (F)

-1
Py _; — Ry
2 Vsl R - Pt Fm oq ),

1
l+m

1
pl+m
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The right hand side equals

+m-1
1 Pivj — Riyy
R m—iLi-j
z+mz1 Y 2_; tm—iYi-;(R)
Pl+j"‘Rl+j
_pl+mzm+’"’ I+

-1

1 . Pij = Ruiyj
P L ey (R

I+3

Pt+j—Rt+j
_meJ I+m— g I+

P — Ry
= —PZYz+m—j(R)—+Jﬁ_7"ﬂ-

Put s = m — i, change the summation and use (3) to get

})l+] _RH—] -Pl+t-j _Rl+t -3
pl+mZR'""EY Z I+ l+t—j

m—1 m—t
1

_ H+J - Rl+] B+t—j e Rl+t—_7
”"pl+m; ;Y’"”(R )Z 1+ I+t—j

m—1

)Z Pz+; =By Pey = Ry

t=1 j=1 +7 b+t—j

Use Lemma 4.1, put t = m — i + j and change the summation to obtain
T

l+m, —

Pij— Ry
= Yi_ R———J-——’P m—i — Riym—i
PH_m;JX; i(R) 55 (Pt I +m—i)

P, R
ZYm t(R)Z e (Plaiey — Bugey)  (mod 7).

(Yi(P) = Yi(R))(Prym—i — Rigym—i)

_pl-i—
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Use (10), (11), put ¢ = m — i + j and change the summation to infer

l+ — Z(Ym(P Yiti(R)(Prn—i — Ren—s)

1 &
=Pm 2

1 3
0 5=0

v oy Pt — Bt Pam—i — Rigm—s
(m =¥y (R) =5 I+m—i

3

30

1

Pz+3 - Ry Py — R
m~1(R) Z l+3 I+t—j

I
N’U
+
: "M

1 Prij = Riyj Pysj — Rigsj

— . - 2
=Pm2}ym-t(R)ZJ I+ T+i— (mod p).
t= j=1

Therefore

m—1 % t
1 Pr;—Riy; Prys—j — Ripe;
. R i Yi— R J J J J
pl+m; Zl o ); I+ I+t—3

- H#m 2.=1(Y1'(P) = Yi(R)(Pr4m—-i — Riym—i)
- % (Yl+z(P) Yi+i(R))(Pr—i — Rm—i)
1=0

_ 1 & "\ Piyj — Rit; Prys- j—Rl+t - LN

_ Pz+j — Ry Piyi—j — Rigtj 2
_pZYm—t(R)Z Y T+t (mod p*).

Put all terms together to finish the proof. O

5. Yu(P) = Yin(R) modulo p?

_ i Pl+, Rl+z 2 P2l+z“R2l+z
Yn(P) = Yn(R) = =92 Yol A== ZY’" B

1, Pyj—Riyj Pryioj—Rigij 3
+35P _X;Ym_,-(mzl Ty (medp))
i= ij=

foreachm=1,... ,1-1.
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PRrROOF. According to (8) we have

Y (P) — Yim(R)
= — p(Vu(P)Ym(P) = Yi(R)Yrn(R)) + p(Yim(P) = Yiem(R))
— P (Y2 (P)Yu(P) = Y2(R)Ym(R)) + p*(Yar(P)Yon(P) — Yuu(R)Ym(R))
+ P*(Yi(P)Yitm(P) = Yi(R)Yi4m(R)) — P*(Yarem(P) = Yar4m(R)) (mod p°).

Using (9) we rearrange

Yim(P) — Yu(R)
= — pYi(P)(Yi(P) — Yi(R)) — pYi(R)(Ym(P) — Yin(R))
+ p(Yiem(P) = Yiym(R)) — P’Y2(P)(Ym(P) — Yu(R))
- P*Yi(P)Ym(R)(Vi(P) — Yi(R)) — P*Yi(R)Ym(R)(Yi(P) — Yi(R))
+ P*Ym (P)(Ya(P) — Yai(R)) + p*Yai(R) (Y (P) = Y (R))
+ Yy m(PY(YVi(P) — Yi(R)) + P*Yi(R)(Yiym(P) — Yiym(R))
- P*(Yar4m(P) — Yar4m(R))
— pYm(R)(Yi(P) — Yz(R)) = p(Yn(P) — Y (R))(Yi(P) — Yi(R))
— pYi(R)(Ym(P) = Yi(R)) + p(Yi4m(P) — Yiim(R))
— 20?Yi(R)Ym(R)(Yi(P) — Yi(R)) — p*Yim(R)(Vi(P) - Yi(R))?
+ P’ Y (R)(Yau(P) — Y21(R))+P2Yl+m(R)(Yl(P)“'Yl(R))
+ P (Yiem(P) — Yigm(R))(Yi(P) - Yi(R))
+ P?Y(R) (Y (P) = Yigm(R)) = p*(Yat4m(P) = Yarym(R)) (mod p*).

Next, we expand the summands of the last expression:

P, - R,

PR =) = P

P i — R
+p*Ym(R ZY“ )=t (mod p°)

— l+
by Lemma 4.2;
= Pii—Riyi PB—R
—p(Yon (P) =Y (R)(Yi(P) = Yi(R))= ") Vs R) =75 =5~ (mod p°)
i=1
by Lemma 4.1 and (11);
_ .2 - Piyi — Ry 3
~PYi(R)(Yin(P) = Y (R)) = pPYi(R) 3 Yom i (R) =y (mod p°)

4 Annales
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by Lemma 4.1;
P(Yiem(P) = Yi4m(R))

1-1
P 1—-R i P i_R i
= _pE:y% zR%ii——ii-—p2§:ﬁ+m_AR)JiTI7£L

* Py;— Rt Pyicj — Rigiej
2 ) 1+j l+j Liti—j l+i—j 3
+p _E Ym_i(R) T T (mod p~)

by Lemma 4.2;

~2%Yi(R) Y (R)(Yi(P) — Yi(R)) — p*Ym(R)(Yi(P) — Yi(R))?

2
= %R (R TR - ) (BR) (moa 5

by (11);
P*Yon(R)(Yau(P )-‘Ym(R))

Pii—Ryi 1 P —-R\?
= —P2Y (R) ZYL i(R) H’—;—li—-i-—p2Ym(R) (—l——z——l) {mod p3)
=0

by Lemma, 3.1;

PYitm(RYY(P) ~ Yi(R) = —pViym(R) 72 (mod )

y (11);
P (Yigm(P) — Yizm(R))(Yi(P) — Yi(R))

= Py, — Ry P— Ry
_ .2 , + + 3
=p ;Ym_zR e —  (mod p%)
by (11);
Pyi— Riys
2Yi(R) (Yirm(P) = Yiem(R)) = ~p*Yi(R) 3 _ Yo s(R) = (mod p°)
1=0
by (11);
-D (Y2l+m(P) "Y21+'m(R))
I4+m
H i—Rl 1
_ .2 + +
=P ;Yl-i—m—z(R) l+i
P, Riyj Piyioj — Rigie
2 +j — 47 Li4i—j +i—7 3
- 3P ZY’“R)Z T iy (medp?)
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by Lemma 3.1.
Further, we collect like terms and simplify
™ ]DH-i - RH—z = PI—H Rl+1
PYm(R) gYm, T pZY (B =E
-1
Py~ R PLi—R
2 I+i 1+ 144 I+
m —i —_— 0 — Y _i(R)————
PYnlR) S Vi R ;l( T
= - p2Ym(R)Y,(R)P’ ; R —p2Ym(R)@;
P i — Ry P -R
2 I+ 141 2 [4 1
P*Yi( R);Ym : YR (R)—
- Pi— Ry
2 ) I+ l41
P n(R);Ym_z(R)—l 3
P, -R
= P*Yi(R)Yom (R)———
-1 l+m
Pii—Rpy; PLi—Ri;
—p? Ryt T AUt 2 p? M
p ;mm_,(R) o P Yiem(R) ;mm_z T
l4+m
P - R Pl ; — Ry
— 2 2 2 +i +
= p*Yiym(R) I —pYi4m(R) Z Yigm—i( “—‘m—
s Por: — Royrs
— 2 . 20+ 2041 3
=p ;Ym—z(R)_‘_—‘_“‘“2l — (mod p°)
and
s Py—Ry.P-R
2 . I+ I4+i L] )
D e

m P~ Rivi Prai s — Rywir s
2 . i+j l+j Fiti—j l+i—j

P —Ri, 1 P - R\’
~ YR 4 3R (A2

m P L i _

= [+ l
Piyj—Riyj Pyi—j — Riyi-
2 +j +j Li4i—j +i—j
'__p gym z(RZ l+j l—}-l-—

4*
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m i

Poi—Riss P i — Ry s
2 (] 1+7 Li4i—j l+i—j
= Ym—i R
P ; ( ); 43 I+i—j
1 oq “\ Piyj — Rigs Pryij — Rigi
-3 Ym—i R Z
2”,}; ( )A_O I+ I+i—j
= J=
m i—1
Pi—Rivi Proi—i — Riawss
— 2 . +3 l+j Ll4i—j l+i—j
_p;Ym"(R); I+ I+i=;
w“ Pyi— Ry PR
2 Ym—i R i+ +
+p ; B l
m i—1 :
1, Pyj~Ryy; Py j— Ry
-3 Ym—i R 3 3 .
2P ; ( ); I+ l+i—3j
i Pyi~Ryi P—R
2 1+ {+i 4] 1
-p*> Y i(R) ’
— 141 l
m i—1
1, Pyj — Ry Pryimj — Riyiej
=3P Y—i(R . ; - .
2 ; (R) ; I+ l+i—3
Putting all terms together concludes the proof. O

6. Proof of Theorem 1.2

PROOF. We proceed by induction on m. Lemma 5.1 applied to m = 1 states
that

Piy1 = Riy1 | o2 Pay1 — R 3
_ RY=—(Py — = d
Y1(P) - Yi(R) (Pr— Ry) P +p T (mod p®)
which proves the statement of the theorem for m = 1.
Assume that the theorem is valid for every positive integer smaller than m

and consider Y,,(P) — Y,,(R) (mod p?®). Using (3), the inductive assumption and
Lemma 5.1 we obtain

Y (P) = Ym(R)

_ _Pm ;T‘LR'm _ %"i Yi(P)(Pm—i _ R,m__z) — %"12—: Rm_i(Yi(P) - YL(R))
i=1 =1
m~—1 m—1

= N Y dPUP-R) — — Y B i(%i(P)-Yi(R))

i=1 i=1
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_ Ph,—R, 1 = Pyi—-Ryy 1 gm_l. Poryi—Rorys
= T“”?Ym (P L (P
P, R
_LDZR,m‘_ZZY1 J(R +]l+J +j
p o Rors
2 D1+ 20+
_QPZR'”’ZY’J 2+ 7
1 9 : Pl+]—Rl+_7 Py, J—Rl+t —~j 3
—p Z;RWHZYz . R)Z - P (mod )

Switch the summation in the last three terms and use (3) to obtain

%p %3 R iﬁ—j(R)M

I+3
— Pl - Ry
—“‘P2ZRm—zZYz i(R) 2+§l+3z+a

\ Py — Riyj Prye—j — Rige-
_ 2}: Z Z +3 +7 2l4t—j +t—j
p 1-2Rm zt_QYz (B I+3 I+t—j

I

1 . . Pl-{»i_Rl+i 1 2m ! P2l+z‘R2l+z
mpZ(m—z)Ym_1(R) i +mpZ; )Ym-i(R) g

i—1
1 Piyj — Rirj Pivicj — Riiy
+——p22(m—z)ym_z(3)z ’*’Hj’“ T (mod o),
=2 i=1

Further, use Lemma 4.1 to infer

1 . oy Pli — R
mpZzYm_,(P)

l+1
_ %Pziym—z(}z) Pl+z'l ; fl+z
- %prguym_xp) (R TS
- %pziYm—z(R) Pl+il ; fl+z
+ %zf" ST (R P B P~ Ry )
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Therefore using (9) we get
Yn(P) — Ym(R)

_ _Pm—Rn — Piyi — Ry . Poti — Rayi
= - 2= —pZYm—z(R)—l_i_i Zym (R =2
e = Pz+‘ — Ry Py — Ry
_ Ym —i— J !
TP ZIZZ; B =05 [
1 o« , — Pyj—Riyj Pyij— Ry 3
+ 5P ;(m - z)Ym—z(R)?:; T e ~(mod p°).

Applying Lemma 5.1 we obtain

Yin(P) — Ym(R)

Pm_Rm Pm_R m le""R m
= Yn(P) = Y (R) m l+l+ml+ 4 2+2l+m2[+

1, = Pj—Riyyj Py — Ry
TP’ 221 Yoeins (B) I+7 T+i

=1
m i—1
1 5. Pyj—Riyj Py — Ry 3
—_—— 1Ym_i(R - — mod p?).
2m ; ( ); I+ l+i—37 ( )

The theorem will be proved if we show that

m—1 m—i

23 i S Yoy (R) Puj — Ry Piyi — Ry

=1 j=1 I+ I+
i—1
i=2 = 43 I+i~3j

To verify this, change the summation in the first sum and put ¢t = + j to get

m—1 m-—1i
) Pryj— Riyj Pryi — Ry
22121@""‘](& l+3 I+

t—1

_ iy i PI+J Rivj Pyt — Riye—y
— et = 1+ I+t—3j

m t—1
Py j— Ry Piyj — Ry
+ 2 Ynd B DI I+

t=2 j—l

Pyj—Riyj Py j— Ry
_Zty"‘ t(RZ 147 I+t—j
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