ON VARIATIONAL APPROACH TO ECONOMIC EQUILIBRIUM
— TYPE PROBLEM

ZDz1st AW NANIEWICZ, MAGDALENA NOCKOWSKA

Abstract. The paper deals with an optimization problem in which minima of
a finite collection of objective functions satisfy some unilateral constraints and are
linked together by a certain subdifferential law. The governing relations are vari-
ational inequalities defined on a nonconvex feasible set. By reducing the problem to
a variational inequality involving nonmonotone multivalued mapping defined over a
nonnegative orthant, the existence of solutions is established under the assumption
that constrained functions are positive homogeneous of degree at most one.

1. Introduction

Consider the problem of finding the vectors z; € R%, j = 1,...,m, which
minimize a finite collection of convex objectives V; : R — RU{4o0},j=1,...,m.
The minimizers are subject to unilateral constraints ZAﬂr, z;) < ¢;(m) with given

nonnegative continuous functions ¢; : R? — Ry. The problem is to find a price
vector 7 € R%} and a multivector (z;) € (R})™ which are linked together by
a subdifferential relation of the form Z;":l A}"xj € 0%, (m), &4 being a convex
function. This problem has been studied in [9] under the assumption that ¢;(7) >
d;, 6; > 0. In the presented approach we begin with establishing existence of
solutions for the case when ¢;, j = 1,...,m, are positive homogeneous of degree
6; < 1. We then extend this result toward the case when ¢;, j = 1,...,m, are
positive homogeneous of degree one. This is important for the study of equilibrium
models of welfare economics.

The main feature of the problem is that the feasible set of the unknowns ,
x5, § = 1,...,m, is nonconvex and, hence, the standard theory of variational
inequalities (cf. [6], [3]) cannot be used directly to obtain solutions. The approach
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presented here does not involve the notion of Pareto optimum or its generalizations
(cf. [11], [8], [7], [4] and the references therein) but, roughly speaking, is based on
the analysis of objectives’ parametrized constrained minima (:I:j (7r)) Some ideas
from [10] concerning of nonmonotone inequality problems are applied.

2. Formulation of the problem

Denote by R™ the Euclidean space of all vectors xz = [931, .. .,:rn], z; € R,
i=1,...,n, equipped with the inher product ( , > :R™ x R* —» R. By R*"*™ we
denote all n x n real valued matrices. Moreover, the following notations will be
used:

Ry ={a€eR:a>0},
R? ={z=[21,...,%) €R": 2, >0, Vi=1,...,n},
RY™ = {A = (Aix) ER™™: Ay >0, Vi,k=1,...,n},
R = {z=[21,...,2n) €ER™: 2; <0, Vi=1,...,n}.
Throughout the paper it will be assumed that the functions
V' R" > RU{+00}, j=1,...,m,
are convex, proper and lower semicontinuous. Assume that the functions
¢; :RY =Ry, j=1,...,m,
are continuous, positive homogeneous of degree §;, 0 < 8; < 1 and such that
min{¢;(7): 7 €RY, |7| =1} =15, % > 0.
Moreover, let the matrices A; € R}*™ satisfy
Ker4; = {0}, j=1,...,m,
where Ker A; = {7 € R} : A;7 = 0}. Furthermore, let
®:R" - RU {+o0}
be a convex, proper, lower semicontinuous function.
Recall that if H is a Hilbert space and ¢ : H — RU {400} is a convex function,
the subdifferential dp: H — 2 is defined by
dp(u) = {w € H: p(v) — p(u) > {w,v —u), Vv € H},

provided that ¢(u) < +o0 or dp(u) = @ if p(u) = +oo.
‘We are now in a position to formulate the main problem of the paper.
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PrOBLEM (P). Find 7 € R} and z; € R}, j = 1,...,m that the following
conditions are satisfied:

(PM) Vi(z;) = min {Vj(z): (A;m,z) <¢j(m)Az€R}},j=1,...,m,

(PE) <—ZA].ij,T—7r>+q>(T) ~®(r) >0, YreR
j=1

3. The case ¢; positive homogeneous of degree 0 < §; <1

In this section we assume that ¢;, j = 1,...,m, are positive homogeneous
functions of degree 0 < 8; < 1, respectively, i.e.

(H}) ¢i(tr) =t9ig;(1), VT € R%, Vt >0, where 0 < §; < 1.
and
(Ho) min{¢;(1): 7 € R}, |7| = 1} =;, for some y; > 0.

To find the solution of the problem (P) we use the method analogous to that
presented in [9]. We begin with establishing the sufficient conditions for the exist-
ence of a solution of the problem (PM) in dependence on . Then, we define a
multivalued operator R which will allow us to describe the problem (PM) — (PE)
in the form of a variational inequality.

Fix j € {1,...,m} and 7 € R} with 7 # 0.

Denote by ind g the indicator function of a set K, i.e.,

0 ifyeK,
+o0 otherwise.

ind g (y) = {

In order to reformulate the problem (PM) we introduce the functions V; : R® —
R U {400} by setting

Vj:=V;+indgs.
Moreover, we define a linear operator A;, : R* — R by
Ajrz = (Ajm,z), z€R™
The subdifferential of the indicator function of {t € R: ¢ < ¢;(m)} is denoted

by find Lj(m) * R— 2R.
We are now ready to reformulate (PM) as follows

PROBLEM (Pjr). Tjr := inf{V;(z) + ind <¢;(m)(Ajnz) 1z €R™}.
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According to the Fenchel theory (cf. [1]) the dual problem of (Pj) is

Yjr '= inf{V;(—A;ﬂa) +ind%y (m(a) i€ R},
with A7, : R — R"™ being the transpose of Ajz. Since Aj,a = aA;m and
ind %y (my(@) = ag;(m) +indg, (@), a € R, the dual problem (P;,) reads as

PROBLEM (P,,). v, = inf{V(—ad;m)+a¢;(r)+ind 50(a) : & € R}, where
V; :R™ — RU {+oo} stands for the Fenchel conjugate function of Vj defined by

(1) V= sup {n2) ~V(a)), peR™

Let Dom U stands for the effective domain of U, B(0,r) — for an open ball
centered at the origin with radius » > 0, Int K — for the interior of K and cl K-
for the closure of K C R™.

From the Fenchel theorem (cf. [1]) we get

PROPOSITION 1. Assume that
(2) 0 € cl(Dom 8V ;).
Then for any © € R} \ {0},
3) Tjr + Vjp =0
and there exists a number a; € Ry such that

(4) Vi (—aj4;m) + s (m) = v,

where a; is a solution of (P;.). In addition, if

5) (R™\ {0}) N Bgn(0,7;) C Int DomV; for some ; > 0,
then there ezists a vector z; € R} such that (A;m,x;) — ¢;(x) <0 and
(6) Vi(z;) = Ujn

where x; is a solution of (Fj,r). Moreover, the following compatibility conditions
hold

(7) —a;Ajm € OV (z;)

(8) aj € Bind <4,(n) ((A57,7;)),
and the a; satisfies the variational inequality

9) (Ajm, =0V (—a; A;m))(t — o) + ¢i(m)(t — a;) 20, Vi >0.
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ProoF. Under (2) and (5) it is enough to verify that
0 € Intg [A;Dom (V;) — Dom (ind <4, (x))]
and (since A;m € R} \ {0}),
0 € RyAjm+ (R2\ {0}) N Bg~(0,7;) C Intgn [A}, Dom (ind L, () + Dom V]
and then to invoke (Theorem 3.2, p. 38, [1]). a

We now get the following result whose proof is similar to that of Theorem 1, p. 149

[9].
THEOREM 1. Assume that for 5 =1,...,m the following conditions hold:

Hy) 0 € cl(DomdV;), (R™\ {0}) N Bgn(0,7;) C Int Dom ¥V for some r; > 0;

HY) ¢(tr) =t%¢;(r), VT € R:, YVt >0, where 0 < 6; < 1;

(H1)
(H2) {z e R%: {{z*,z): 2* € 8V ;(z)}NR_ # 0} C Bgr~(0, M;) for some M; > 0;
(Hy)
(Ho) min{¢;(r): 7 € R}, |7| =1} =:7;, 7; > 0.

Then for any w € R} \ {0} the optimization problem of finding a vector x; € R}
such that

(10) Vi(z;) = min{V;(y): Yy € R} with <Aj7r,y> < ¢;(m)}

has at least one solution.
Moreover, there exists a number a; € Aj(m) such that

(11) x; € BV; (—ajAjm).
Here Aj(m) stands for the set of all solutions of variational inequality
(12) <Aj7'f, —67;(—ajAj7r)>(t - aj) + (f)j(ﬂ')(t e Olj) > 0, Vi > 0.

Additionally, A; : R} — 2R+ s an upper semicontinuous mapping from R? into
2R+ assuming nonempty, closed, convex and bounded values when extended to R%
by setting A;(0) := {0}.

PROOF. Let j € {1,...,m}. From Proposition 1 it follows that for any 7 € R% \
{0} we have Aj(m) # 0. Furthermore, A;(r) as a set of all solutions of variational in-
equality (12) involving maximal monotone mapping G, (t):= (A;, 87; (—tA;m)),
t > 0, is convex and closed (see [3]).

Now let us notice that for sufficiently small § > 0 the condition |7| < ¢ implies
A;(m) = {0}. To the contrary, suppose that for every § > 0 there exist 7% € R?,
mg- €R?%, ag- > 0 such that 0 < |7%| < § and

—ajA;m® € OV ;(23), (Ajm®,28) — ¢;(n®) € Bind »0(a?),
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(which means that a‘; € A;(n%)). Hence we get that

0> —a?(Ajﬂ' > € (0V;(z ‘5>

)s
Therefore, by the hypothesis (Hs), we obtain that |ac‘s| < M;. In the case aj >
0, the condition <AJ'7T6,:L‘§> - ¢i(m 7°) € dind »o(c ) takes the form (A;x ,a:‘s =
#;(n%). Using (Ho) and (H}) we get

0< ;= |m®|}% (A, ) < |4, M;61 %,

o]

which leads to a contradiction.

Therefore in some neighbourhood of 0 in R}, say O, we have A;(1) = {0}
V1 € O. This justifies the extention of A; : ]R" \ {0} — 2R+ to R" by setting
A;(0) := {0}. The extension preserves the upper seminontinuity of A;(-) at 0.
Hence we have established that 67;(0) #0,Y5=1,...,m

For the boundedness of o; € Aj(w), ® # 0 we suppose to the contrary that
there exists {a;?}keN C Aj(m), ¥ — +00, as k — +oo. There exists z§¥ € R7 such

that —af A;m € 6V (zF), (Aﬁr,x ) — ¢;(7) € Bind »9(a), k € N. Hence we get

—ofp(m) = (—ak Ajm,ak) = Vj(ak) + V] (b 4ym).
Using the fact 67;(0) # ) we obtain

Vi(y) = —c¢;, Yy € DomVj, for some ¢; € R.
From the definiton Fenchel conjugate function we get the estimate
¢ + Zj(y)

]

0< "/j|7"|0j < ¢i(m) < + (A;jm,y), Vy € DomV;.

Letting k — oo we get
0 < yjln|% < (4;m,y), Vy € DomV;,

which contradicts the assumption 0 € cl (Dom dV;).

Finally it remains to show the upper semicontinuity of A; on R% \{0} To this
end assume that {7*}ren C RT and of € A;(7*) are such that n* — o in R7\ {0}
and af - aj in Ry, as k — +o0 for some 7* € R% and af € Ry, respectively. We
now aim to show that o € Aj(m*).

Using the fact that there exists ¥ € R7 with —a¥A; Tk € 8V (:z: ), we arrive

at —ak(A;n*,2k) € (9V;(a}),2%). But the left hand side of this inclusion is
nonpositive. Therefore, by the hypothes1s (Hz2), the boundedness of {xk}ke N in

R?% results. Consequently, one can suppose that mf — zj in R", as k — 400 for
some z; € R} (by passing to a subsequence, if necessary). Taking into account the
conditions

—af Ajm* € OV ;(zh), (A;n*,ak) — ¢;(n*) € Bind 5o(a}),
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we are allowed to take the limit as k — co. By the continuity of ¢;(-), the maximal
monotonicity of 8V ;(-) and dind >¢(-), we get

—ajAjm* € OVy(x;), (A;m*,z5) — ¢;(n*) € ind »o(a}),
from which we deduce that o* € A;(7*). The proof is complete. d

Now the problem (PFE) can be considered. Taking into account (11) we intro-
duce a multivalued mapping R : R} — 2R™ by setting

13 R(m) ATaV (—Aj(m)A;m), meRT,
7 J -+

where y € R(7) if and only if there exist o; € Aj(n), z; € BV;(-—ajAﬂr), for any
j=1,...,m, such that y = —Z;-';l Afmj.

It is easily seen that an equivalent reformulation of the problem (PE) is

Find m € R} and X € R(7) such that

(14) (X,7—7)+®(r) —®(r) >0, TeR}.
As far as R is concerned we have the following result.

PROPOSITION 2. Suppose that for any j = 1,...,m the assumptions (Hp),
(Hy), (Hy), (H}) are satisfied. Then R : R} — 2IR is an upper semicontinu-
ous mapping with nonempty, closed, convex and bounded values.

PROOF. As in the proof of Proposition 4, p. 150 [9] we get that the mulitvalued
mapping R: R} — 2R™ assumes closed, convex and bounded valued. It remains to
show the upper semicontinuity of R on R%}.

Suppose that {7*}xen CRT, T — 7, yx € R(mk), yx — y in R™, as k — +o0.
We wish to show that y € R().

Using (13) we get

ye == Afaf, zf €V (-afA;m"), of € As(n¥), keN,j=1,...,m

Since 0 > (—akA;n* z‘k) € (8V(z¥),2¥), from (Hj) we obtain the boundedness
of {zk}k€N7 .7 - 1

We shall now cons1der the bounds for {ak}ke Nyi=1,...,m

If m; — O then from the proof of Theorem 1 we get that for sufficiently large k,
a =0 for any j = 1,.

Ifm — m m#0Q, then to the contrary suppose that for some j = 1,... ,m

k — 400, as k — 400. As in the proof of Theorem 1 we get the estimate

]

) c; + V;(y
|7rk|0”Yj < ¢j(mi) < J—a.—( + <A 7rk,y> Yy € Dom V},
f]
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where ¢; € R such that V;(y) > —c; for any y € Dom V}.
Letting £ — 400 we obtain

0 < |n|%; < (Ajm,y), Vye€ DomV;,

which contradicts 0 € cl (Dom 8V;).
This shows that y € R(w) and completes the proof. a

We can now formulate the main result in the case when ¢; are positive homo-
geneous of degree 6; < 1.

THEOREM 2. Suppose that for any j = 1,...,m the following conditions hold:
(Hy) 0 € cl (Dom V), (R™ \ {0}) N Brs(0,7;) C IntDom V; for some r; > 0;
(Ha) {z € R} : {(z*,z) : 2* € OV ;(z)}NR_ # 0} C Bgn (0, M;) for some M; > 0;
(H}) ¢(tr) =t%¢;(1), V7 € R, Vt > 0, where 0 < 6; < 1;

(Ho) min{¢;(7): T €RY, |7| =1} =15, v; > 0;

(H) {reR}:®(1) < E © 1 ¢;(1) + ®(0)} C Brn (0, M) for some M > 0;
(He) 0®4(0) # 0, where ®; =& +indgy;

(H3) Yim, ATz; & 89,(0) for any z; € 87;(0).

Then the problem of finding elements m € R} and X € R(w) satisfying the
variational inequality

(15) (X, 7 —my+®(1) - ®(n) >0, VreR],
has at least one solution. Equivalently, there ezists (m, (z;), (a;)) such that
—a; AT € BV(xj)
(Ajm,z;) — ¢;(m) € Oind »0(aj),
&(r) - ®(r) > (7 - m, Ty ATe;), VreRy,
which means that (P) has nontrivial solutions.

REMARK 1. The nontrival solution for the problem (P) means an element
(m, (x5), (7)) € RE x (RT)™ x (R4 )™ fulfilling (PM) — (PE) and such that m # 0.

PRrROOF OF THEOREM 2. It is well known that if (Hs) holds then T) :=

((0%4) 1+ AI )—1 (with I : R* — R™ being the identity) is a maximal monotone,
bounded operator with DomTy = R" for any A > 0 (cf. [2], p. 280). It is
easily seen that R 4 Ty is a pseudomonotone mapping on R% (see Definition 7,
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p. 288, [2]). Thus applying (Theorem 15, p. 289, [2]) we deduce the existence of
7y € Br~(0,2M) NR?% such that

(16) <7'—7r,\,7?,(7r>\)+T>‘(7r)\)> >0, Vvr ERiﬂBRn(O,2M),
with M satisfying (H?). Thus there exist a:;‘ € R} N Br» (0, M;), ya € Ta(my) and

px € R} with the properties that

_ZAfm; ER(m), yx € 01 (ua), Paa| =[x — mal,
Jj=1
(mx = s dga) = [ma = ||

and

(17) <T—7FA,—ZATm’\+y,\> 0, VreR% N Bge(0,2M).

Substitution 7 = 0 into (17) leads to the estimate
m
<WA,ZAT "> > (ma = i ya) + (I Ua),
j=1

from which it follows that
Z%(w ) > “*' + ®(ux) — 8(0).

Taking into account that ®(u,) > —a|,u,\| — b, for some a,b > 0 as ¢, being
proper, lower semicontinuous convex, and that =y € Br~(0,2M), we get

2
C 2 ~a|m — pa +|m—“)\m—|—

for some C > 0. Thus | — pa| — 0 as A — 0. Since {ms} C Bg=(0,2M) and R
is a bounded R™ valued operator, we can extract a sequence Ay — 0, as k — 400
and find z} € Brn(0, M;) NR%, 7* € Brn(0,2M) NRY such that 23* — z% in R
and m», — 7* in R} as k — +oo. Note that uy, — 7* when k — +o0, as well.
Thus the upper semicontinuity of R yields

Z ATa:* € R(m™).

5 Annales
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Finally, for any 7 € Bg~(0,2M) from (17) we obtain

0< (-

=<_j

< (-3 AT m—ma )+ B(7) — Blus,) -
1

<3

J
Hence, by taking the limit as k£ — oo we get

Ms

AT ,\k + Yres T 77/\k>

.
Il
—

NSE

qu"x;\ka'r_ﬂ')\k> + <y/\k?T—I“L/\k> + <yAk7uAk —71')\k>

1l
-

3

|7T/\k — KX |2
Ak

?Ms

A;F 5 ,T - 7r/\k> + (I>(T) - q)(l‘l‘)\k)'

(1) (- ZA] 5= ) +8(r) ~ B(x) 20, Vr € Ba(0,2M) NRY.

Substituting 7 = 0 easily leads to the conclusion that

<Y ¢i(n*) + 0(0)
i=1

which by (HY) means that |7r*| < M. Accordingly, since (18) holds for any
T € Bp~(0,2M) NR7, we easily deduce (15). The proof is complete. 0

4. The case ¢; positive homogeneous of degree 1

In the case when ¢; are positive homogeneous of degree 1 we construct an
approximation scheme using the previous results. This approach provides the ex-
istence of the solution of the modified problem (P).

THEOREM 3. Suppose that for any j = 1,...,m the following conditions are
satisfied:

(Hy) 0 € cl(DomdV;), (R \ {0}) N Bg=(0,7;) C Int DomV; for some r; > 0;

(Hy) {z e R}: {(z*,z):2* € V;(z)} NR_ # 0} C Br~(0,M;), for some M; >
0;

(H?) ¢;(tr) =tp;(1), VT €RY, VE>0;
(Ho) min{¢;(7): T € RY, |7| =1} =1 ;, v > 0;
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(H3) @ =37, ¢; is conves;
(H§) Y, ATx; ¢ 03.,(0) for any z; € 8V, (0).

Then there exist a number r > 1 and a system (7, (z;), (a;)) € R} x (R})™
(Ry)™, m # 0, such that

—ajA;m € 0V (z;),
(19) (4jm,zj) ~r¢;(m) € dind yo(ag),
O(r) — ®(m) > <T — T, Y e Afmj>. VT eRY,

PrOOF. Let ¢5(7) = |7{7°¢;(7), 7 € R} \ {0}, 5(0) = 0, where 0 < ¢ < 1,

j=1,...,m. We clalm that the assumptlons of Theorem 2 are satisfied. Indeed,
from the (HO) we get that ¢%, j =1,... ,m are continuous on R7%}. The functions
%, J =1,...,m are positively homogeneous of degree 1 — ¢ < 1, i.e. (H}) holds.

Moreover, in view of (H3) and (H}), from
(20) a(r) < - w5() = 717 3 5() = Irl~e@(r)
j=1 j=1

it follows that |7| < 1, i.e. (HY) is satisfied. The remaining assumptions can be
easily verified.

Accordingly, from Theorem 2 it follows that for any € < 1 there exists a system
(n€, (25), (5)) such that

—o5 A € OV j(a5),

(21) (A,-7r€,1§> — |7€|~€¢;(n¢) € Bind »0(af),
B(r) — Bn) 2 (S ATz, - 7Y, Vi €RL.

The (H}) ensures easily that 7° 3 0. Hence (7€, (z5), (a5)) is a solution of (19)
with r = |7¢| €.

Moreover, if |7€| > ce for some ¢ > 0, then lim._,o l7r5|‘5 = 1 and there exists
a solution of (19) with r = 1. Indeed, since 0 > (—afA;7°, 5 > € (6V (25),5),

then from (Hj) we get the boundedness of the sets {z} }0<E<1, j=1,...,m. From
(20) we have that 0 < |7¢| < 1, for any € < 1.

We shall now prove that {a5|7r [Yo<e<1, 3 = 1,...,m are bounded. Indeed,
suppose to the contrary that for some jed{l,... ,m} a€|7r€| — 400, as € — 0

(choosing a subsequence, if necessary). From the the ﬁrst two conditions of (21)
we get

—a|m®| " (m =(- oS AT ,.’IZJ> Vi(z )+V ( af Ajme).
Using the fact 6-17;(0) # 0 we obtain

Vi(y) 2 —¢;, Yy € DomVj, for some c; € R.

5*
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By the definition of Fenchel’s conjugate functions we get the estimate

- Cj +V c+V
¥ < v5lmf ES-JE—H——-F( ]I el,y>_iﬁz+]AJ~|ly|, Vy € Dom V.
J

Letting € — 0 in above we get
0 <+v; <14llyl, Yy € DomVj,

which contradics the assumption 0 € ¢l (Dom 8V;).

Hence we can assumeethat there exist p € R}, [p| = 1, z; € R}, o; € Ry,
j=1,...,msuch that T — p, 2 — =;, of|r®| — &; (passing to a subsequence,
if necessary). From the positive homogeneity of the functions ¢;, j = 1,... ,m and
® we equivalently rewrite (21) as

€|776|AJ IerI € 0V (%),
(4; ]1r5|’ z§) — |75 ( |7re|) € ind >o(aj|7),
@(T)—-@(F‘- 2 <Z] 1A] .’L'J,T FI'>, V’I"ER"_:_,
Here we used the substitution 7 —» ]—;g‘l Letting € — 0 we now get
—&;A;p € OV (z;),

<A~Jp) .’L']> - ¢] (p) € dind 20(5.7),
&(r) - ®(p) > (], ATz;,7 —p), VreRY,

which means that (p, (z;), (&;)) is the solution of (19) with r = 1. O

COROLLARY 1. Under the assumptions of Theorem 3, let + > 1 and let
(m,(x5), (a5)) € R} x (R})™ x (R4)™, © # 0, be a solution of the problem (19).
Then

. . A M
i)Vji=1,...,m, (l—,ylj%1<1 = o; =0),
@) 35 € {1,...,m}, 'ﬁJJ—Mu>1,
2

where ]\,ZJ = inf{M; : M; is a constant fulfilling the condition (Hs)}.

Proor.
i) Suppose to the contrary that —’—4-’—'—1\-’{1- < 1and ¢o; > 0 for some j € {1,...,m}.

Then the second condition of (19)2 takes the form (Ajm,z;) = r¢;(r). From the
positive homogeneity of the function ¢; we get

(Ajp,z;) =rdi(p) >y, p= l:rr_l
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AA \Zj
Let M; be as in (H3), then from the previous estimate we obtain r < -<’5+’> <
14:M;  Hence

Yi
1<r< Ay

Y5

?

which is a contradiction. .
1) Suppose to the contrary that 'ﬁ%& < 1lforeachj=1,...,m. From{) it follows
that @; = 0, j = 1,...,m. The first condition of (19) implies z; € 87;(0), j=
1,...,m. Moreover, (H}) leads to E;’;l A;‘."xj ¢ 0%, (0). Taking into account that
® is proper, convex, l.s.c and positive homogeneous of degree 1, we get that there
exists a closed and convex set W C R% such that ®} = ind w. The assumptions
(Hy), (HE) imply that B(0,7) NR% C W, where ¥ := 2;';1 Y-

Since, |Z;"=1 A}"mj| >y = Z;’;l 4, there exis{ts an index jo € {1,... ,m} such
that |AjToxj0| > %jo- On the other hand, |zj,| < Mj, leads to

Aol Mo, 1,
Yio

which is a contradiction. O

The next corollary concerns estimates on 7.

COROLLARY 2. Under the assumptions of Theorem 3, let + > 1 and let
(m,(z;), (o)) € RE x (R})™ x (R4)™, m # 0 be a solution of the problem (19).
Then

J={je{l,...,m}:a; >0} #0

and

|Aj|M,-}
v o
where ]\’ZJ = inf{M; : M; is a constant fulfilling the condition (Ha)}.

1§r§min{
jeJ

PROOF. First, we claim that J # {. Assume to the contrary that a; = 0,
j=1,...,m. From the first condition of (19) we get z; € 67;(0), i=1,...,m
Taking into account that ® is proper, convex, l.s.c and positive homogeneity of
degree 1, from the third condition of (19) we obtain 777 A?mj € 8%.(0), which
contradicts the assumption (Hg3). Hence J # 0. _

Let j € J. From Corollary 1 it follows that M’,JJ—M-L > 1. Moreover, the second

condition of (19) can be equivalently reformulated as (A;m, z;) = r¢;(r). By the
positive homogeneity of degree 1 of ¢; and (Ho) we arrive at

|4;1M;
Ys ’

1<r<
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where M; is a constant from (H3). Accordingly,

1 Srgmin{m}.

jed ’YJ
a
The following Corollary provides the conditions for r = 1.
COROLLARY 3. Suppose that for any j = 1,... ,m the following conditions hold:

(H1) 0 € cl(DomdV;), (R \ {0}) N Bg~(0,7;) C IntDomV; for some r; > 0;

(Hy) {z e R%: {{z*,z) : z* € OV ;(z)} NR_ # 0} C Brn(0, M;), for some M; >
0;

(H3) ¢;(tr) =t¢;(r), Vr € R?, YVt >0;
(Ho) min{¢;(7): T € R%, || =1} =t 75, v; > 0;
(HE) &= Z;'Z:l ¢; is convex;

(H3) ATz; & 8%.4(0) for any z; € 8V ;(0), where &, = & + indy.

Then there exists a system (7, (z;), (o;)) € R? x (R2)™ x (Ry)™, 7 # 0, such

that

—a;A;m € OV (z;),

(Ajm,z;) — ¢;(m) € Bind »0(ay),

q)(T) —'Q(ﬂ') 2 <T_7raz‘;'7;1 Af$1>, VTER’_:_,
which means that the problem (P) has a nontrival solution.

PROOF. Note that (HZ) implies the condition (H{) of Theorem 19. From The-
orem 19 we get that there exist a number r > 1 and a system (7, (z;),(a;)) €
R} x (R})™ x (R4)™, m # 0 such that

—ajA;m € 0V i(z;),
(22) (Ajm,zj) —ré;(7) € Bind y0(ay),

&(r) — () > <T -y, A}‘xj>, VreRe,
Thus (HZ) leads to a; > 0,5 =1,... ,m.

Indeed, assume to the contrary that o; = 0 for some j € {1,...,m}. Then the

second condition (22) means that z; € 37;(0). Since the function @ is proper,
convex, l.s.c. and positive homogeneous of degree 1, by the third condition of (22)
we obtain ATz; € 8%(0), which contradicts the assumption (HZ).
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Asa; >0, j=1,...,m, the second condition (22)5 takes the form <Aj7r, T;) =

ré;(r),j =1,...,m. Now, by (HZ) and the third condition of (22) we get

®(m) = <E;n=1 Aij’”> = TZ;"=1 ¢j(m) = ®(m).

Consequently r = 1. O
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