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Abstract. In this paper, the sharp estimates for some multilinear commutators 
related to certain sublinear integral operators are obtained. The operators include 
Littlewood-Paley operator and Marcinkiewicz operator. As application, we obtain 
the weighted Lp(p > 1) inequalities and LlogL type estimate for the multilinear 
commutators. 

1. Introduction 

Let b € BMO(M.n) and T be the Calderon-Zygmund operator. The commut
ator [b,T] generated by b and T is denned by [b,T]f(x) = b{x)Tf{x) - T(bf)(x). 
By using a classical result of Coifman, Rochberg and Weiss[2], we know that the 
commutator [b, T] is bounded on Lp(Rn) (1 < p < oo). However, it was observed 
that [b,T] is not bounded, in general, from L1(Wn) to Llt0°(M.n). In [11], the sharp 
inequalities for some multilinear commutators of the Calderon-Zygmund singular 
integral operators are obtained. The main purpose of this paper is to prove the 
sharp estimates for some multilinear commutators related to certain sublinear in
tegral operators. In fact, we shall establish the sharp estimates for the multilinear 
commutators only under certain conditions on the size of the operators. The op
erators include Lit t li*flood-Paley operator and Marcinkiewicz operator. As the 
applications, we obtain the weighted norm inequalities and LlogL type estimate 
for these multilinear commutators. In Section 2, we will give some concepts and 
Theorems of this paper, whose proofs will appear in Section 3. 
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2. Preliminaries and Theorems 

First, let us introduce some notations (see [4], [8], [10], [11]). Throughout this 
paper, Q = Q(XQ, d) wil l denote a cube of M " with sides parallel to the axes centered 
at xo and having side length d. For a > 0 and a cube Q, aQ wil l denote a cube 
with the same center as Q and a times edges of Q and Qc = {x € K™ : x £ Q}. For 
any locally integrable function /, the sharp function of / is denned by 

f*(x) = sup T-J- [ - fQ\dy, 
QBx \Q\ JQ 

where the supremum is taken over all cubes Q cintaining x, and in what follows, 
IQ — \Q\~L JQ f(x)dx. It is well-known that (see [4]) 

f*{x) = sup inf j^-r f \f(y) - c\dy, 
QBxcec |V| JQ 

where the infimum is taken over all numbers. We say that / belongs to BMO(Rn) 
if f# belongs to L°°(Rn) and \\f\\BMO = For 0 < r < oo, we denote f# 
by 

ff(x) = [(|/|r)#(x)]1/". 

Let M be the Hardy-Littlewood maximal operator, that is that M(f)(x) = 
SUPQBX\Q\~1 JQ\f(y)\dy, we write that Mp(f) = ( M ( / p ) ) 1 / p . For k e N, we 
denote by Mk the operator M iterated k times, i.e., M1(f)(x) — M(f)(x) and 
Mk(f)(x) = M(Mk-l{f)){x) for k > 2. 

Let $ be a Young function and $ be the complementary associated to we 
denote that the ^-average by, for a function / 

and the maximal function associated to $ by 

M*(/)(a:) = sup||/||«1<3. 
Q3x 

The main Young functions which will be used in this paper are $(£) = exp(t r) —1 
and ^(t) = i l o g r ( i + e), the corresponding ^-average and maximal functions are 
denoted by ||-||exPL-,Q, MexpLr- and ||-|| L ( l o g L ) r- ) Q , M L ( l o g L ) ^ . We have the following 
inequalities, for any r > 0 and m € N 

M{f) < ML{losLy(f), ML(]ogL)m(f) < CMm+1(f). 

For r > 1, we denote 

l l&IUc e x p L r = SUP ||6 - bQ\\expLr!Q. 
Q 



Weighted Sharp Boundedness for Multilinear Commutators 75 

c e x p L T 
< oo}. 

The spaces OscexpLr is defined by 

OscexpLr = {be Llg(Rn): || 

It has been known that (see [11]) 

\\b~hkQ\\expL'-,2kQ < Ck\\b\loSCoxpŁr • 

It is obvious that OsceKpLr coincides with the BMO space if r — 1. For rj > 0 
and bj € OscexpL*-j for j = 1, • • •, m, we denote that 1/r = 1/rx + • • • + l/rm and 
IWI = n^=i ll^j'llosc r̂̂ - • Given a positive integer m and 1 < j < m, we denote by 
CJ 7 1 the family of all finite subsets a = {a(l), • • •, a(j)} of {1, • • •, TO} of j different 
elements. For a £ CJ™, denote that C T c = {1, • • •, m} \ <r. For & = (&i,•• •, 6 m ) and 
cr = {o-(l), • • • ,a(j)} 6 CJ" , denote ba = {ba(l),- • • 6CT = 6 a ( 1 ) • • and 

IIMI Osce- llfc<x(l)||o«: 
We denote the Muckenhoupt weights by Ap for 1 < p < oo, that is (see [4]) 

p - i 
1 < p < oo 

and 
Ai = {w : M(u>)(a:) < Cu>(z), a.e.}. 

We are going to consider some integral operators as following. 
Let bj(j — 1, ...,TO) be the fixed locally integral functions on Rn. 

DEFINITION 1. Let A > 3 + 2/n, e > 0 and V be a fixed integrable function 
defined on R n , which satisfies the following properties: 

(!) / R " ip{x)dx = 0, 
(2) |V(x)| < C ( l + |a;|)-("+1), 
(3) \tp(x + y)- tp{x)\ < C\y\£(l + |a:|)-<»+i+e) when 2\y\ < \x\. 

Set Wl+1 = {{x,t) : x cRn,t>0}. Let / be a integrable function on E n with 
compact support. The Littlewood-Paley multilinear commutator is defined by 

-, 1/2 

0A(/)(*) = 
J JR1+1 t+\x-y\ 

nA 
\FŁ(f)(x,y)\^ 

where 

^t(y - z)f(z)dz 

and 1>t(x) = rntP(x/t) for t > 0. Set Flt(f)(y) = JRn A(z)f(y ~ z)dz. We also 
define that 

5A(/)(X) 
Kt+\x-y 

which is the Littlewood-Paley function (see [13]). 

\Fu(f)(y)\ 
2 dydt 

1/2 
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Let Hi be the Hilbert space 

Hx = |/»: \\h\\Hl = ^J J^+i \h(y,t)\2dydt/tn+^J < oo 

Then for each fixed x 6 R n , Ff(f)(x,y) may be viewed as a mapping from 
(0, +oo) to Hi, and it is clear that 

and 

DEFINITION 2. Let F ix A > max(l ,2n/(n + 2)), 0 < 7 < 1 and il be homo
geneous of degree zero on E n such that / s „_i Q(x')da(x') — 0. Assume that fl € 
L i p 7 ( 5 r a _ 1 ) , that is there exists a constant M > 0 such that for any x,y € S n _ 1 , 

- < M\x - We denote T(x) = {{y, t) e K ^ + 1 : \x - y\ < t} and the 
characteristic function of T(x) by Xr(x)- Let / be a integrable function on M " with 
compact support. The Marcinkiewicz multilinear commutator is defined by 

where 

Set 

We also define that 

1/2 

which is the Marcinkiewicz integral (see [14]). 
Let Hi be the space 

- f i r 2 = | ^ : | W | f f 2 = ( j j^n+i \h(y,t)\2dydt/tn 

1/2 

< 00 
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Then, it is clear that 

/tf(/)(*) = 

and 

\x-y\ 

nX/2 
F%t(f)(x,y) 

H2 

t + \x-y\ 

nX/2 
FM(y) 

H2 

More generally, we define the following multilinear commutator related to cer
tain integral operators. 

DEFINITION 3. Let / be a integrable function on K™ with compactly supported 
and F(x,y,t) be a function define on Rn x Rn x [O.+oo), we denote 

Ft(f)(x) = / F(x,y,t)f(y)dy 

and 

Ff(f)(x) = [ 
JR' 3 = 1 

F{x,y,t)f{y)dy. 

Let H be the Banach space H = {h : \\h\\H < oo} such that, for each fixed 
x G R n , Ft(f)(x) and F?(f)(x) may be viewed as a mapping from [0,+00) to H. 
Then, the multilinear commutator related to F t

6 is defined by 

We also denote that 

T-b(f)(x) = \\Ft
b(f)(x)\\H. 

T(f)(x) = \\Ft(f)(x)\\H. 

Note that when bi = • • • = bm, T-b is just the m order commutator. It is well 
known that commutators are of great interest in harmonic analysis and have been 
widely studied by many authors (see [1-3], [5], [6], [8-11]). Our main purpose is 
to establish the sharp inequalities for the multilinear commutator operators. 

The following theorems are our main results. 

THEOREM 1. Let rj > 1 and bj S O s c e x p Z / j for j — l , - - - , m . Denote that 
1/r = l/n + --- + l/rm. 

(1) Then for any 0 < p < q < I, there exists a constant C > 0 such that for 
any f € Cg°(R n ) and any x £ M " , 

( f l i ( / ) ) * W < c ( | | 6 | | M L ( l o g L ) 1 / . ( / ) ( 2 ; ) + ^ £ M , ( s H / ) ) ( s ) ) : 
3=1 <rec™ 
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(2) If 1 < p < oo and w € Ap, then 

\\9l(f)\\LHW)<C\\b\\\\f\\LPM\ 

(3) If w € A\. Denote that = i log 1 , / r ( t + e). Then there exists a constant 
C > 0 such that for all A > 0, 

w({x e E n : g\(f)(x) >\})<C^J (EMMj w{x)dx. 
THEOREM 2. Let rj > 1 and bj £ O s c ^ p ^ /or j = l,---,m. Denote that 

l/r = l/r1 + --- + l/rm. 
(1) Then for any 0 < p < q < 1, there exists a constant C > 0 suc/i t/ia£ for 

any f e C£°(]R n) and any i € R " , 

(lAU))t^) <C \ \\b\\MLilogLy/Ąf)(x) + Y, Mq(tfr(f))(x)\; 
\ j=l tree? J 

(2) // 1 < p < oo and w € Ap, then 

\\A(f)\\L^)<C\\m\f\\LP{wy, 

(3) //w G A i . Denote that = tlog 1^ r(t + e). T/ien there exists a constant 
C > 0 SMC/I £/ia£ /or all A > 0, 

e K n : fi{(f)(x) >\})<C J $ w(x)dx. 

3. Proofs of Theorems 

We begin with a general theorem. 

M A I N T H E O R E M . Let rj > 1 and bj G Osc^^i for j = 1, • • • ,m. Denote that 
l/r = 1/rH h l / r m . Suppose that T is the same as in Definition 1 such that T is 
bounded on Lp(w) for all w € Ap, 1 < p < oo and weak bounded of {L1{w), L1(w)) 
for all w € Ai. IfT satisfies the following size condition: 

WFtdh-ibJx)) • • • (bm-ibrnhcmW-FtUh-ihhc) • • • (bm - (bm)2Q) f)(x0)\\ 

< C M L ( l o g i ) i / r (/)(£) 

for any cube Q = Q(XQ,d) with suppf C (2Q)C and x,x e Q = Q{xo,d). Then for 
any 0 < p < q < 1, there exists a constant Co > 0 such that for any f e Co°(M.n) 
and any x € K n , 

( m 
IW|M L ( l o g L ) 1 /,-(/)0r) + £ £ M^TKM)W) 

3=1oZCf 
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To prove the theorem, we need the following lemmas. 

L E M M A 1 (Kolmogorov, [4, p. 485]). Let 0 < p < q < oo and for any function 
f > 0. We define that, for 1/r = 1/p — l/q, 

\\f\\WL„ = sup A|{z € R " : f(x) > \}\1/q,Np,q(f) = sup ||/X£;||WIIXB||L' , 
A>0 E 

where the sup is taken for all measurable sets E with 0 < \E\ < oo. Then 

L E M M A 2 ([11]). Let tj > 1 for j = 1, • • • , m, we denote that 1/r = 1/rH h 
l/rm. Then 

W\ IQ /m(z)5(z)|cte < | |/ | |ex P Ln,Q • • • \\f\\expL^,Q\\g\\moeL)i/rtQ. 

P R O O F OF M A I N T H E O R E M . It suffices to prove for / e Co°(]Rn) and some 
constant Co, the following inequality holds: 

<C\\\b\\ML(XoeLV/Am) + J2 E Mq(T-bJf))(x)\ . 

Fix a cube Q = Q{XQ, d) and x, € Q. We first consider the case m = 1. We write, 
for fi = fxiQ and / 2 = / X R » \ 2 Q > 

^ ( / ) ( x ) = (6 1(x)-(6 1) 2 Q)F t(/)(o ;)-F t((6 1-(6 1) 2 Q)/ 1)(x)-F t((6 1-(6 1) 2Q)/ 2)( a ;), 

then 

|rbl(/)(a:) - r(((6!)2Q - 6i)/2)(^o)| 

< \\Ft
bl(f)(x) -F t(((6i) 2Q -&i)/2)(so)||*r 

< ||(6i(») - (&i)2Q)*K/)(x)|U + II W i - (&I)2Q)/I)(S)||H 

+ \\Ftdh - (bl)2Q)f2)(x) - FM! - (6i)2Q)/2)0ro)||tf 

= I{x) + II(x) + III{x). 

For I(x), by Holder's inequality for the exponent l/l + l/l' = 1 with 1 < I < q/p 
and pi = q, we have 

file:////Ftdh
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\ V P 

Mmz)r*) 
i | | \b1(x)-(b1)2QnT(f)(x)\"dxyP 

< (Mi g
| 6 l W- ( 6 l )- | p r) 1 / P '(MX | T ( / ) W | P '^) 1 / P ' 

< C\\h\\0sc^L,Mpl{T{f)){x) 

< C\M\osc^LrMq{T{f)){x). 

For II(x), by Lemma 1 with q — 1, the weak bounded of {Ll{w), Ll(w)) for T 
and Lemma 2, we have 

\l/P / 1 r N l / P 

J \II{x)\>Jb) ={^J \T((h - (hhQ)h)(x)\rdx 

= IQr1 

IQ 

,||r((fei-(6i)2q)/i)XQl|Lp 
|Q|1/P-I 

< aiQI-^ITCCbi - (6I)2Q)/X2O)||IV^ 

<C\2Q\~l [ Mx) - (h)2Q\\f(x)\dx 
J2Q 

< C\\bi - (6l)2Q||expL'-,2Qll/|L(logL)1/'-)2Q 

<C\\b1\\0,c^,LrML(logL)i/Ąf)(x). 

For III{x), using the size condition of T , we have 

(jij jT |IJJ(x)|*<fa:) / P < C M L ( l o g L ) i / , ( / ) ( x ) . 

Now, we consider the case m > 2. We write, for 6 = (bi,...,bm), 

'(/)(*) = I YlibjW-bjiy)) 
3 = 1 

F(x,y>t)f(y)dy 

= [ (h(x) - (h)2Q) - (bt(y) - (bi)2Q) • • • (bm(x) - (bm)2Q) 

- (bm{y) - (bm)2Q)F{x,y,t)f(y)dy 

= E E (-l)m-J(Kx) - (b)2Q)„ / (Ky) - (b)2Q)„F(x,y,t)f(y)dy 

j=0 CTSCJ" 

(&l(z) - (&l)2g) • • • ( M * ) ~ (bm)2Q)Ft(f)(x) 

+ ( - i ) m F t ( ( 0 l - (hha)•••(bm- (bm)2Q)f)(x) 
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m—1 p 

+ E E (-l)m-J(Hx)-(b)2Q)*l (b(y)-b(x))(rcF(x,y,t)f(y)dy 
3=1 aecT 

= (h(x) - (hhc) • • • (bm(x) - (bm)2Q)Ft(f)(x) 

+ ( - l ) m F t ( ( & l - (h)2Q) • • • (fem - (bm)2Q)f)(x) 
m — 1 

+ E E ^nAb(x)-(b)2Q)aFf"(f)(x), 
j=l CT€C<P 

thus 

\Th(f)(x) - (-l)mT((bi - (6I)2Q) • • • (bm ~ (bm)2Q))f2)(xo)\ 

< \\F-b(f)(x) - (-l) m F t ((6i - (6I)2Q) •••(bm- (bm)2Q))f2)(x0)\\H 

< (l) - (&!) 2 Q) • • • (bm(x) - (bm)2Q)Ft(f)(x)\\H 

+ E E W(Hx)-(b)2Q)aFf"(f)(x)\\H 

3 = 1 cr€C™ 

+ \\Ft((h - (6i)2 Q) • • • [bm - {bm)2Q)h)(x)\\H 

+ \\Ft((bl - (6i)2Q) • • • (bm - (bm)2Q)f2)(x) 

- Ft((h - (bihq) ---(bm- (bm)2Q)f2)(x0)\\H 

= h(x) + I2(x) + h(x) + I4(x). 

For h(x) and h(x), similar to the proof of the Case m = 1, we get, for l/h + 
1- l/lm + l/l = 1 with 1 < I < q/p and pi = q, 

m / i r \ 1/P'j / i r \ l/Pl 

iCĘ(w\Llw - (w i |T(/)(I)l"'iI) 

and 

x p L 

101 Jq 
m - 1 . 1 . \l/p!<j / i /• \l/pi 

m—1 

<CE E H^IUc.xpL^Mpi(T^c(/))(£) 
3=1 °€C™ 
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m—1 

< C E E Mq{T-KSf)){i). 
3=1 <7€C™ 

For h(x), by the weak bounded of (L1(w),L1(w)) for T and Lemma 1 and 2, 
we obtain 

wiiihixwdxT' 

< C||fei - (6i)2Q||expL''i,20--- \\bm ~ {bmhQ\\expL^,2Q\\f\\L(\oSL)'i'r,2Q 

< C\\b\\ML{]osLy/r(f)(x). 

For h, using the size condition of T, we have 

± J{IA{x)Yd^j'P < CML(]ogL)1/r(f)(x). 

This completes the proof of the main theorem. • 
To prove Theorem 1 and 2, it suffices to verify that gb

x and fj,b
x satisfy the size 

condition in Main Theorem, that is, for j = 1,2, 

t 
t+\x-y\ 

nX/2 

t+ \XQ - y\ 

iX/2' 
Fjttth-ihhc) • • • ( 6 m - ( 6 m ) 2 Q ) / ) ( y ) 

< CMHiogLy/r(f)(x). 

Suppose supp/ C Qc and x e Q = Q(x0,d). Note that \x0 — z\ « \x — z\ for 
z£Qc. 

For g\, by the condition of ip and the inequality: a 1 / 2 — 61/2 < (a — 6) 1/ 2 for 
a > 6 > 0, we get 

t 

< 

< 

t+\x-y\ 

t 

nX/2 

nX 

t+\x0-y\ 

iX/2' 
Fu{{h-{h)2Q)..-{bm-{bm)2Q)f){y) 

t+\x-y\J \t+\x0-y 

nX 1/2 

Fu{(b1-(b1)2Q)...(bm-(bm)2Q)f)(y) 

If I ^J(2Q)< 

t^/^XQ-xV2 dydt 
( i + | x 0 - y | ) ( n A + i ) / 2 l i 

H i 

^ 1 

1/2 

+1—n+nA XQ — a:|ch/d£ 
1/2 
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p lit 

<c U\b^-^hQ\\\m\\x0-x\^ 
JVQ)e ~i 

TlX x f V B if ( 1 \ Jo \JR» \t + \xo - y\J 
dy 

t+\x0-y\J (t+\y-z\)*"+* 
dt 

1/2 
dz; 

noting that 2t+\y — z\ >2t + \XQ — z\ — \XQ — y\ > t + \XQ — z\ when \x§ — y\ <t 
and 2k+1t +\y-z\> 2k+1t + \x0 -z\- \x0 -y\> \x0 - z\ when \x0 -y\< 2k+1t, 
we get, recall that A > (3n + 2)/n, 

nX dy 
t+\xo-y\J (t+\y-z\)^+2 

nX 

+ t 

J ( 
J\xa-y\<t V 

oo -

t dy 
vl<t\t+\x0-y\J ( f +|j,-z|)2n+2 

t x n X 

^ J2-t<\xo-y\<2>+H \t+\xo-y\J (t + \y - *|)2"+2 

dy 

< f 
22n+2dy 

< Ct~n 

< Cf 

< Ct~n 

< 

'L 
dy 

oo . 

M<t(2t+2\y-z\)^ '^JM<2^H (2k+H+2^\y-z\)^ 

f dy ^ f n A 2mn+2)dy 

4o -y|<t (2*+l2 / -^l) 2 " + 2 hh-o-v^H {t+2"*t+\y-z\)*»# 
oo „ 

-fen A 2(k+2)(2n+2)dy 

-f—knX 
2k(2n+2)dy 

|x0-vl<t (* + 1*0 - ^ l ) 2 " + 2 ' fctu 4 o - » l < 2 * + » t " (« + 1*0 - Z | ) 2 " + 2 

j.n j.n 

(i+|z 0-2|) 2"+ 2 

+ 2 f c ( 3 n + 2 _ n A ) 

C 
( t + | x 0 - z | ) 2 " + 2 ' 

since 

k=0 

dt 

{t + \x0 - z|) 2"+ 2 

o (t + \x0-z\)^+* 
C\x0 

| - 2 n - l 

we obtain 

t+\x-y 

< C 

nX/2 ( « 
\t+\xu-y\ 

nX/2' 
Fu({bl-{h)2Q)---{bm-{bm)2Q)f){y) 

Hi 

oo . 
< C V I | x 0 - a : | 1 / 2 | a : o - * r ( B + 1 / a ) 

^ y 2 " + i Q \ 2 " Q 
|/(z)|d* 
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oo . 
< c V 2 - f c / 2 | 2 F E + 1 Q | - 1 / \f(z)\dz 

^ C ' E 2 FI 11̂ ' ~ (^')2QllexpL''J,2fe+iQll/||L(logL)i/r,2«=+iQ 
fe=l j=l 
oo m 

< cE^2-fc/2 n | | M o s w , M L ( l o g L ) v , ( / ) ( x ) 
fc=l 

< c n i i ^ i o S C e x p ^ M L ( l o g L ) 1 / . ( / ) ( x ) . 

For / i * , by the condition of Q, we get 

t+\x-y\ 

nX/2 i\/2 

< C 'li i 

t+ \x0-y\ 

Xr(,)(y:t)tn^\x0 - x\V2 

{t+\x-y\YnX+1V2\y-z\n-'i-

F2t((bl-(hhQ)-.-(bm-{bm)2Q)f)(v) 
H2 

t[\bj(z) - (bjhgWfiz^dz 
dydt 
^ + 3 

1/2 

Xr(z)(y,t)tnX-n-3\x0-x\dydt\ 

: + \X - y\)nX+l\y _ z\2n-2 J 

1/2 

note that \x — z\ < 2t, \y — z\ > \x — z\ — \x — y\ > \x — z\ — t when \x — y\ < t, 
\y - z\ < t, and \x - z\ < t(l + 2k+1) < 2k+2t, \y - z\ > \x - z\ - 2k+3t when 
\x — y\ < 2k+lt, \y — z\< t, we obtain 

nX/2 nX/2' 

t+\x-y\J \t+\x0-y\ 
p. m 

<C UlbjW-ibihQWMWxo-x]1'* 

F2t((bl-(h)2Q)---(bm-(bmhQ)f)(y) 

H2 

J = l 

nX+1 Xr(z){y,t)t ndydt 
Jo J\x-y\<t\t+\x-y\J (\x-z\-t)2"+2 

. m 

+C / HlbjW-ibAwWfWWxo-xf/* 
J(2QY 7_, 

1/2 

dz 

' ( 2 Q ) - j = 1 

/•oo °o rfi ( 1 \ 
JO t^J2H<\x-y\<2"+H\t+\x-y\J 

nX+1 Xr(z)(y,t)t ndydt 
^ J2H<\X-y\<2^H \t+\x-y\J (\X-Z\- 2k+H)2«+2 

1/2 

dz 

file:///X-Z/-
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P m 
+ C / HlbjW-ibjfoWfWWxo-xl1 

J(2QY • , 

J\x-z\/2 [\x-

dt 
z\-t) 2n+2 

1/2 

dz 

(2Q)C
 j=i 

^ j-oc 2-k(nX+V(2kt)nt-n2kdt 

,k=0 

/2 

1/2 

-*|X_,| (\X -z\- 2k+H)2n+2 

^ C j{2Q)c fj \bi(z) - (*i)2g||/WI|x0 - x\W\x-z\-n-V*dz 

f m oo 

+ C I J{\bó^)-{bi)2Q\\f{z)\\xQ~x\^ T 2 k ^ x ~ ^ \ x - z \ - ^ d z 
J ( 2 Q ) c

j = 1 k=0 

r 1Tl I !l/2 

- C L S M ' ) " ( ^ I I / W l i ^ ( f a 

m 
< C J ] I M I o . w , ML{]osL)l/r(f)(x). 

J'=I 

These yields the desired results. 
By (1) and the boundedness of g\, [i\ and ML^ogLy/r, we may obtain the 

conclusions (2) (3) of Theorem 1 and 2. This completes the proof of Theorem 1 
and 2. 
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