BOUNDEDNESS FOR MULTILINEAR MARCINKIEWICZ
INTEGRAL OPERATORS ON HARDY AND HERZ-HARDY
SPACES

Liv LANZHE

Abstract. The purpose of this paper is to establish the boundedness for some
multilinear operators generated by Marcinkiewicz integral operators and Lipschitz
functions on Hardy and Herz—Hardy spaces.

1. Introduction and Results

In this paper, we will consider a class of multilinear operators related to Mar-
cinkiewicz integral operators, whose definitions are the following.
Let m be a positive integer and A be a function on R™. Set

Rmia(42,3) = A@@) = 3 =D A(y)(z ~4)°

la|<m
and

Qmir(4;2,9) = Rm(4i2,) = 3 = D*A(z)(z ~ 9)".
fal=m
Fix § > 0 and 0 < v < 1. Suppose that S™~! is the unit sphere of R"(n > 2)
equipped with normalized Lebesgue measure do = do(z’). Let 2 be homogeneous
of degree zero and satisfy the following two conditions:
(i) Q(z) is continuous on S™~! and satisfies the Lip, condition on S"7!, i.e.

(") - Q) < Ml —y/|", o',y € S*7
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(1) fgn-1 Qz")dz' =0.
We denote I'(z) = {(y,t) € R} : |z — y| < t} and the characteristic function
of I'(z) by xr(z)- The multilinear Marcinkiewicz integral operator is defined by

00 1/2
@ = [ IFn@rs]
where
A _ Nz —y) Rm1(4i7y)
RO@ = [ el )y
The variant of pg is defined by
o 1/2
e = | [T oerE]
where
A - Uz -y) Qma(47,y)
Ft (f)(il?) s ~/|z:——y|gt |$ _ yln_1_5 |:Z' _ ylm f(y)dy
We write

(@ = [ i(fT;'f{?jf@)dy.

lo—yl<t 1T —
We also define that

o)) = ([ lm(f)(x)P%)m,

which are the Marcinkiewicz integral operator (see [16]).

Note that when m =0 and 6 =0, ué is just the commutator of Marcinkiewicz
integral operators (see [9-11], [16]), while when m > 0, it is non-trivial general-
izations of the commutators. It is well known that multilinear operators ‘are of
great interest in harmonic analysis and have been widely studied by many authors
when A has derivatives of order m in BMO(R")(see [2—5]). In [1], author obtain
the boundedness of multilinear singular integral operators generated by singular
integrals and Lipschitz functions on LP (p > 1) and some Hardy spaces. The main
purpose of this paper is to discuss the boundedness properties of the multilinear
Marcinkiewicz integral operators on Hardy and Herz—Hardy spaces. Let us first
introduce some definitions (see [6], [7], [12—14]). Throughout this paper, M (f) will
denote the Hardy-Littlewood maximal function of f, @ will denote a cube of R™
with side parallel to the axes. Denote the Hardy spaces by HP(R™). It is well known
that HP(R™) (0 < p < 1) has the atomic decomposition characterization(see[6]).
The Lipschitz space Lipg(R™) is the space of functions f such that

fllios = sup  |f(z+h) - f(@)|/Ih]° < oo,
z,h € R
h#0

where 8 > 0 (see [15]).
Let By = {.’L‘ € R: Il“ < Qk},Ck = Bk\Bk_l,k ez.
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DEFINITION 1. Let 0 < p, ¢ < 00, @ € R.
(1) The homogeneous Herz space is defined by

KgP(R™) = {f € LL(R" \ {O]) : lIfllicg» sy < 00},

where

o0

i/p
111z = [ > 2’°“p||ka||'zq] ;

k=—00

(2) The nonhomogeneous Herz space is defined by
KZP(R™) = {f € L{,.(R") : [|fllkg-»(rm) < o0},

where

oo i/p
1|k = [sz“”llfx:cll’iq +“fXBo“Il,,q:' :

k=1
DEFINITION 2. Let a € R, 0 < p,q < o0.
(1) The homogeneous Herz type Hardy space is defined by
HI'(;"’"(R“) ={feS(R"):G(f) e K,‘]””(R")},
and

WAl g gee = Gl gowes
(2) The nonhomogeneous Herz type Hardy space is defined by

HKP(R") = {f € S'(R") : G(f) € Kg"P(R™)},
and

llaxge = IG(Hllkgr;

where G(f) is the grand maximal function of f.

The Herz type Hardy spaces have the atomic decomposition characterization.

DEFINITION 3. Let @« € R, 1 < ¢ < oco. A function a(z) on R™ is called a
central (o, g)-atom (or a central (a, g)-atom of restrict type), if
1) Suppa C B(0,r) for some r > 0 (or for some 7 > 1),
2) llallzs < |B(O,7)~>/",
Jrn a(z)zdz = 0 for || < [a—n(l —1/g)].

LEMMA 1 (see [14]). Let0 < p < 00,1 < ¢ < o0 and « > n(l —1/q).
A temperate distribution f belongs to HK, JP(R™) (or HKP(R™)) if and only if
there exist central (a, q)-atoms (or central (a q)-atoms of restrict type)a; supported
on B; = B(0,27) and constants A;, 3, [P < 00 such that f =3 o2 Ajaj (or
f= Z] o0 Aja;j )in the S'(R™) sense, and

]—'—OO

1/p
WAz Cor (1 f [l rrrege) ~ ZP\;’I”) :



44 Liu Lanzhe

Now we can state our results as following.

THEOREM 1. Let 0 < 3 <1,0< 6 <n— B, max(n/(n+8),n/(n+7),n/(n+
1/2))<p<1landl/p—1/q=(6+ B)/n. If D*A € Lipg(R"™) for |a| = m. Then
pé is bounded from HP(R™) to L(R™).

THEOREM 2. Let 0 < 8 < min(1/2,7),0<§ <n— . If D*A € Lipg(R"™) for
la| = m. Then 8 is bounded from H™("+P)(R™) to L™ (") (R™).

THEOREM 3. Let 0 < 8 < min(1/2,v),0<d <n—fB. If D*A € Lipg(R") for
la| = m. Then pd is bounded from H™ ("+B)(R™) to weak L™ ("~9(R™).

THEOREM 4. Let 0 < 8 <1,0<d<n—-0,0<p<oo,1<q,q < o0,
/g1 —1/q2 = (§+B)/n and n(1 —1/q1) < o < min(n(1 —1/q1) +B,n(1 — 1/q1) +
v,n(1 —1/q1) +1/2). If D*A € Lipg(R™) for |a| = m. Then pf is bounded from
HK?(R") to K&P(R™).

REMARK. Theorem 4 also hold for the nonhomogeneous Herz type Hardy space.

2. Some Lemmas

We begin with some preliminary lemmas.
LEMMA 2. (see [4/). Let A be a function on R™ and D*A € LY(R™) for
la| = m and some ¢ > n. Then :
1 1/q
| R (4;z,y)| < Clz —y|™ (—.——— N |D°‘A(z)iqdz) ,
,};m (=, ¥)| J Q@)
where Q(z,y) is the cube centered at z and having side length 5/n|z — y|.

LEMMA 3. Let0 < B <1,1<p<n/(6+8), 1/g=1/p— (§ + B)/n and
D*A € Lipg(R™) for |of = m. Then g is bounded from LP(R™) to LY(R").

PRrROOF. By Minkowski inequality, we have

o 1/2
Wi < [ HE D CBn I ) (/| dt) &

z—yl_ﬁ
Rn+1(4;z,
Fmsr( A7, p)] +1y(|,,,+n_y2|lf(y)ldy-

<C

Rn T —

Thus, the lemma follows from [1].
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3. Proofs of Theorems

PRrROOF OF THEOREM 1. It suffices to show that there exists a constant C > 0
such that for every HP-atom a,

(@)l < C.

Let a be a HP-atom, that is that a supported on a cube Q = Q(zo,7), |la||r= <
|Q|=Y/? and [ a(zx)z"dx = 0 for |n| < [n(1/p — 1)]. We write

[ @@ - ( Lo /|;) h(@)@)tds =T +11.

For I, taking 1 < p; < n/(d + B) and ¢ such that 1/p; — 1/q1 = (6 + B)/n, by
Holder’s inequality and the (LP*, L% )-boundedness of ufi (see Lemma, 3), we see
that

I < Cllug(@)llfa 12Q1'~¥4 < Cllalif, Q1'% < C.
To obtain the estimate of 11, we need to estimate pg(a)(z) for z € (2Q)°. Let Q=
5/nQ and A(z) = A(z) — > lal=m %(D"A)Qm". Then Rp(A;z,y) = Rn(A;2,7)
and D*A(y) = D*A(y) — (D*A)q. we have, by the vanishing moment of a,

IFA(a) (@)

<J.
Rn

N / Xr(z) (¥, )|z — zo)|

!IE - moln+m—1—6

Qz—y)l  Qz— =)
lx - y|n+m—1—-6 |$ _ .’170'"‘+m_1_6

Xr() (¥, t)| Rm(4; 2, y)||a(y)|dy

|Rim(4; 2,y) — R (4 7, 70)||a(y)|dy
Q - A; 1
. Ot (06 = v, 1) H A E 0 o g

1
+ —
|a|z=:m al

=1L +1I,+ 113+ 114

+

Uz — y)(z — y)*D*A(y)
/r(m) |z — y|ntm-1-8 a(y)dy

For I, by Lemma 2 and the following inequality, for b € Lipg(R™),

1
lb(z) = bal < 157 [ 1bllLipylz — ylPdy < |[b|Lip, (I2 — zo} +1)?,
1Ql Jo

we get
B(&;2,9)] < ) [ID%AllLip, (|l — y] + )™+,
|lef=m
on the other hand, by the following inequality (see [16]):
Az —y) Uz — z0)

|z — y[ntm=1-6 [z — zo|ntm—1-8

T td
- Ix —_ x0'n+m—6 + lm — x0|n+m+’7—1—-6
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and note that |z — y| ~ |z — zo| for y € Q and z € R™\ Q, we obtain, similar to
the proof of Lemma 3,

( /0 - |I11|2dt/t3) v

r rY
< 0f (e g LID"Allunsle — o™ Plats)dy
I

al=m

<c ™ ||D°*A||upﬁ(

la|=m

B/n+1-1/p ¥/n+1-1/p
[4] [l ) ,

|z — zo|?=8  |x—zo|ntr—S-F
For II,, by the following equality (see [4]):

. - 1 -
an(A,mvy) - Rm(A,.'L',.’E()) = Z '_lRm-—|n|(DnA, Zo, y)(.’L‘ - xo)”

[nl<m
we obtain
00 1/2 o |mAB—(]
Yy —Zo
(/ lII2|2dt/t3> <C > ||DaA||L,-,,,,/ > li_m =3 la(y)|dy
0 lal=m Inj<m 0
e ay,, 1QPE
<c Y |Ip AHLing,

laj=m

ForlIz, we have

( /0 ” 1113|2dt/t3) v

. P
| R (A; 2, z0)|la(®)] / 3 / ah
< t)dt/t* — o {(xo, t)dt/t d
<C o To—zo T | e Xr(z)(y, t)dt/ Xr(z) (o, t)dt/ ]
A 1172
cof Badizzolle@lizo -yl

Rn |z — @o|n+m+1/2-8

N |Q|1+1/(2")—1/p .
<C Z I|D AHLiP# |z — w01n+1/2—6—ﬂ’

lo)=m

Similarly,

0 1/2
( / 1II4|2dt/t3>
o ,
3 |QIB/n+1-1/p  |QIr/n-1/p Q|+ 2m)=1/p

<C Z 1D AHLil’ﬁ( [z —zo|" + [z— o[t 5B + [z—zo|"+1/2-8-8 | °

laj=m
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Thus

l/\

<3 / [ (@) ()] 9dz

2k+1Q\2kQ

IA

q
o0
C ( Z ||DaA||Lipp) Z [qun(l/p—(nﬂi)/n) + 9kan(1/p—(n+v)/n)

|a(=m k=1

+ 2kqn(1/p—(n+1/2)/n)]

q
c ( > “DaA”Lipp> ,

le|=m

which together with the estimate for I yields the desired result. This finishes the
proof of Theorem 1. O

PROOF OF THEOREM 2. It suffices to show that there exists a constant C > 0
such that for every H™ ("+8)_atom a supported on Q = Q(zo,7), we have

188 (@)l /-0 < C.

We write

| @@ e = [ [+ ] @@z = T+
R» |z~zo|<2r le—zo|>2r
For J, by the following equality

Qnii(4i2,9) = Rmir(Aiz,9) = 3 2@ —1)"(D"A(@) - D"A)),
la|=m

we have, similar to the proof of Lemma 3,

|D*A(z) — D*A(y)|
|z —y[n—d

()@ < @@ +C T / lay)ldy,

la}=m

thus, g is (L?, L9)-bounded by Lemma 3 and [8], where 1 < p < n/(6 + 3) and
1/g=1/p— (6 + B)/n. We see that

J < CllE (@l eQ)—r/ =)
< Cllall 75" |Q[ =/ (=50
<C
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To obtain the estimate of J.J, we denote that A(z) = A(z)— X laj=m L(D*A)zqz°.

Then Qm(4;z,y) = Qm(A;z,y). We write, by the vanishing moment of a and
Qm+1(4;7,Y) = Rm(A;2,9) = 2| aj=m a1 (@ — ¥)*D*A(z), for z € (2Q)°,

Ff(a)(2)
— / Q(Z‘—y)Rm(A, z, y)a(y)dy / Q(:B——y)DaA(.’II)(.’E—y)a
I'(z) I'(z)

jz—y|rtm—1-8 [z —y[rtm-1-8 a(y)dy

Iai m®

[ xe@@ Az —y)Rm(4;2,9)  Xr@) (@0, 1)z —20) Rm(4; 7, 20)
B . |z —y[n+m-1-8 - |z — o[ tm—1-8 a(y)dy

B xr) (Y, 1)Uz — y)(z — y)*
Z al/"[ |.’L‘ yln+m—1 ~8

la]=m

_XF(z)(ant)Q(z - 20)($ -
|z — zo|™

””°)a] D®A(x)a(y)dy,

thus, similar to the proof of Theorem 1, we obtain, for = € (2Q)¢

) o 1/n 1/(2n)
@)@ < CloIo™ Y [HD‘*Anupﬁ( f,',.ﬂ_&-ﬂ “

= == 2 = aof+1/27078
jQp/™ o Q"
+ s ) PP AR g
[/ e lQp/
‘w — x0|n+1/2—6—[3 + |.’II . z0|n+7—6>:|

so that,

n/(n-86)
j<c ( > HD”‘AHLz‘p,,) Y [ @0/ 4 ghnie-1/0/ b

la|=m k=1
+ gkn(ﬁ—'r)/(n—é)] <C,

which together with the estimate for J yields the desired result. This finishes the
proof of Theorem 2. O

ProOF OF THEOREM 3. By the following equality
1
Rmt1(4;2,9) = Qmer(4iz,9) + Y ~j(@ —v)*(D*A(z) — D*A(y))
laj=m "
and similar to the proof of Lemma 3, we get

(@) < BN +C Y /

la|=m

|D>A(z) — D*A(y)
|z — yln—?

| |f (v)|dy,
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from Theorem 1 and 2 with [8], we obtain

{z € R™: (=) > A}
< {z € R": ig(f)(z) > A/2}]

+ {NR"' 2 / 'DaA(x) DaA(y)'|f<y)|dy>0A}

y|n 1)

fel=m

< COTY| )l grrinsm )™ =9,

This completes the proof of Theorem 3. O

PROOF OF THEOREM 4. Let f € HKP(R™) and f(z) = Y 22 _, Aja;(z) be
the atomic decomposition for f as in Lemma 1. We write

oo k-3 P,
||#n(f)||Kap < 37 aker ( > lx\jlllﬂé(aj)x:cllw)

k=—o0 j=-—o0

oo o0 P
+ 3 2k | S e (as) x| e
J

k=—0o0 j=k—2
= Li+ Ls.
For Lo, by the (L9, L%) boundedness of 8 (see Lemma 3), we have

o0 [o o] P
Ly<c Y 227 S lllajllee

k=—o00 Fj=k—2

CER o WilP (TH2 o 207927) , 0<p<1
< ,

. . ; oo\ P/P
O3 WP (422 oo 2000072 (L2 29w /2) "0 p>

<C i 317

j=—00

< Ol o

For L1, similar to the proof of Theorem 1, we have, for z € Cg, j < k - 3,
A |B;|/m |B;|/3™ |B; /™

I'I’Q(a'.’l)(m) S C( |1'|""'6 + |x|n+1/2_5_ﬁ + |.’E|n+7_6_ﬁ n |a‘.7(y)|dy

<c (zj(B+n(1——1/q1)—a)|x|6—n 4 29(1/24n(1-1/q1)—a) | §+B-n—1/2

’

+ 2j(7+n(1—1/q1)—°t)Ix‘6+ﬂ—n—7)

4 Annales
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thus
Al < 2 ke (9(i-k)(B+n(1-1/q1)—a) (G=k)(1/2+n(1-1/q1)—a)
llug(a;)xkllre < C (2 +2
4 2tk=)(rtn(1-1/q)~a)y
and

oo k-3 :
[ <C Z Z I)\j!(Q(j—k)(ﬂ+n(l-1/q1)—a) + 2G—-k)(1/24n(1-1/gq1)~0)

k=—o0 \j=—00
+2(j—k)(v+n(1—1/ql)—a))”
c 2;";_00 AP Z?—_Ha (2(j~k)(ﬂ+n(l—1/q1)—a)
+20-RA/24n(1=1/q1)=0) 4 9G-R)(rn(1-1/a)-a))P ' g <p<1

CY2 o Il [S082 115 (260 4na-1/a) )2
+20-k)p(1/2+n(1~1/q1)-a)/2 4 2(j~k)(‘7+n(1—1/ql)—a)/2)] , p>1

<c S P

j=—o0

S C”f“';{Kf;‘l”

<

This finishes the proof of Theorem 4. ‘ d
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