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Abstract . In the present paper we will prove the theorem concerning the mixed 
stability of the d'Alembert functional equation, i.e. we will show that if e > 0, 
s > 1, 6 = [2s + v/2 2 s + 16e + 8]/4, X is a real normed space and / : X —> C satisfies 
the inequality 

\f(x + y) + f(x - y) - 2f(x)f(y)\ < e(||a||* + 

for all i , y e X, then |/(x)| < <5||x|)s for all x £ X such that > 1, or f(x + y) + 
f{x ~y)= 2f(x)f(y) for all x,yeX. 

1. Introduction 

In the paper [2] (see also [1]) P. Gavruta has given an answer to a problem 
posed by Th . M . Rassias and J . Tabor concerning mixed stability of mappings. He 
has proved the following theorem 

T H E O R E M 1. Let e > 0, s > 0 and 5 = [2s + \ / 2 2 s + 8e]/2. Let B be a normed 
algebra with multiplicative norm and X be a real normed space. If f:X —» B 
satisfies the inequality 

\f(x + y)-f(x)f(y)\<e(\\x\\° + \\y\n 

for all x, y 6 X, then 

\f{x)\ < 5\\x\\s for allx£X such that \\x\\ > 1, 

or 

/(_* + v) = f(x)f(y) 
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for all x, y £ X. 

In the present paper we wil l show the analogous theorem for the d'Alembert func­
tional equation 

f(x + y) + f(x-y) = 2f(x)f(y)-

2. Preliminaries 

L E M M A 1. Let e > 0, s > 0 and let X be a real normed space. If f:X —> C 
satisfies the inequality 

\f(x + y) + f(x -y)- 2f(x)f(y)\ < e(\\x\\° + \\y\\°) 

for all x, y G X, then either /(0) = 0 or /(0) = 1. 

P R O O F . From the inequality for x — y — 0 we get 

/ ( 0 ) [ l - / ( 0 ) ] = 0. 

Thus either /(0) = 0 or /(0) = 1. • 

D E F I N I T I O N 1. Let G be an abelian group. Let us denote 

A(f)(x, y) = f(x + y) + f(x - y) - 2f(x)f(y) 

for all / : G —> C and x,y € G. 

L E M M A 2. Let G be an abelian group. Then for all x,u,v € G we have 

2f(x)[A(f)(u,v)} = A(f)(x + u,v)- A(f)(x,u + v)- A(f)(x,u-v) 

(1) +A(f)(x-u,v) + 2f(v)A(f)(x,u). 

P R O O F . Direct calculation. • 

3. Mixed stability of the d'Alembert equation 

T H E O R E M 2. Let e > 0, s > 1 and 5 = [2s + V22s + 16e + 8]/4. Let X be a 

real normed space. If f: X —> C satisfies the inequality 

(2) \f(x + y) + f(x -y)- 2f{x)f{y)\ < e{\\x\\° + \\y\\s) 
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for all x,y € X, then 

\f(x)\ < S\\x\\s for allxeX such that \\x\\ > 1, 

or 

f(x + y) + f{x-y) = 2f(x)f(y) 

for all x, y G X. 

R E M A R K 1. The method of the proof is similar to the method of the proof of 
P . Gavruta from [2] and changes only in a few places. 

P R O O F . Let us assume that there exists XQ € X, ||xo|| > 1 such that | / (xo) | > 
£| |xo| | s . Hence there exists a > 0 such that 

| / ( x 0 ) | > ( S + a ) | | x 0 | | s . 

From the inequality (2) we obtain 

|/(2xo) + / ( 0 ) - 2 / 2 ( x o ) | < 2 e | | x 0 | | s . 

B y Lemma 1 we have | /(0)| < 1. Moreover, we get 

| 2 / 2 ( x 0 ) - [/(2x 0) + /(0)]| > | 2 / 2 ( x 0 ) | - |/(2rro) + / (0) | 

> | 2 / 2 ( x 0 ) | - |/(2a;o)| - 1 

and consequently 

|/(2a:o)| > | 2 / 2 ( x 0 ) | - | 2 / 2 ( x 0 ) - l / ( 2 i 0 ) + /(0)]| - 1 
>2(<S + a ) 2 | | x 0 | | 2 * - 2 e | | x o | | * - l 
> [2(J + a ) 2 - 2 e - l ] | | x 0 | | s . 

From the definition of 5 it follows that 

2S2 = 23S + 2e + 1 and 28 > 2s. 

Thus we obtain 

|/(2xo)|>(<5 + 2a)2 s | | x 0 | | s . 

B y mathematical induction we will show that for all n € N we have 

(3) |/(2"xo)|>(<5 + 2 n a) | |2"x 0 | | 3 . 

From the inequality (2) it follows that 

| / ( 2 " + 1 xo) + /(0) - 2 / 2 ( 2 " x 0 ) | < 2e||2"xo|r, 
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and from the properties of absolute value we deduce that 

| / (2"+ 1 x 0 ) + /(0) - 2 / 2 ( 2 " x 0 ) | > | 2 / 2 ( 2 " x 0 ) | - | / ( 2 n + 1 x 0 ) | - 1 

On account of previous inequalities and the inductive assumption we get 

| / (2"+ 1 x 0 ) | > | 2 / 2 ( 2 " x 0 ) | - | / ( 2 " + 1 x 0 ) + /(O) - 2 / 2 ( 2 " x 0 ) | - 1 

> 2(6 + 2 n a ) 2 | | 2 n x 0 | | 2 * - 2e||2 nx 0|r - | | 2 n x 0 | | s 

> [2(5 + 2 n a ) 2 - 2 £ - l ] | | 2 " x o | | s . 

And finally from the definition of 5 

| / ( 2 " + 1 x 0 ) | > 2°(8 + 2 n + 1 a ) | | 2 " x 0 | | s , 

which by the induction principle proves the inequality (3). 

Let us denote xn = 2 n xo, then | |x„| | > 1 for all n € N and in view of the inequality 
(3) we get 

' >J*>o. 
(J + 2"a) ' | / ( : r „ ) | 

From the theorem of three sequences it follows that 

(4) l im J f y i = 0 
W n^o | / ( x „ ) | 

B y Lemma 2 we have 

2f(xn)[A(f)(u, v)) = A(f)(xn + u, v) - A(f)(xn, u + v)- A(f)(xn, u-v) 
+A(f)(xn -u,v) + 2f(v)A{f)(xn,u). 

Let us assume that 0° = 1. Thus on account of the inequality (2) for all u,v £ X 
we have 

\2f(xn)[A(f)(u,v)]\ < e[\\xn + u\\* + \\v\\° + \\xn\\° + \\u + v\\° 

+ | | x n | | s + | | u - i ; | | s + | | x n - U r + ||t;r 
+ \2m\(\\xn\\3+\\u\n] 

< 2e[(\\xn\\ + ||tt||)W + H I * + | | x n | | s + (| |«| | + H I ) ' 

+ l / (« ) | ( | | x„ | | ' + ||u||*)] 

w 
< 2e 

k=0 
X;(rf)ii^iiw-feNifc+iMr+ii^ 

+ ( N I + I H I ) ' + l / ( « ) l ( l l » n l l " + Nn]-
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Because of the equality (4) it leads to 

\A(f)(u,v)\ <2e l im Ego ( T j l l S n l l ^ N I * + I M ' + l / W I | | X n | | 
s 

+ 

' - * ° ° \ l / ( ^ n ) | 

\Hs + (\\u\\ + \\v\\y + \f(v)\ + \H 
l / ( * n ) | 

Thus we get that for all u, v € X 

A(f)(u, v) = f(u + v) + f(u -v)- 2/(u)/(w) = 0, 

which completes the proof of the theorem. • 
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