ON THE RELATION BETWEEN THE ITO AND STRATONOVICH
' INTEGRALS IN HILBERT SPACES

KRYsTYNA TWARDOWSKA, AGATA NOWAK

Abstract. We examine the relation between the Itd and Stratonovich integrals
in Hilbert spaces. A transition formula has origin in the correction term of the
Wong-Zakai approximation theorem.

1. Introduction

We prove the existence of the Stratonovich integral of a solution (in the mild
sense) of a semilinear evolution equation in a Hilbert space. Thus we examine
the relation between the Ité6 and Stratonovich integrals with respect to a Hilbert
space valued Wiener process and with integrands being some nonlinear operators
in another Hilbert space. The result is of interest because the process considered
as the integral is not a semimatringale; more exactly, the stochastic convolution
has to be considered. A transition formula contains a complementary term that is
the same as the correction term in the Wong-Zakai approximation theorem with a
nonlinear operator under the stochastic integral (see Twardowska [9] and [10]). Such
an infinite-dimensional form of the correction term was also proved for nonlinear
stochastic partial differential equations and for stochastic Navier-Stokes equations
by Twardowska in [11] and [12].

As is well known, the It6 stochastic integral is convenient in some problems
because it is the martingale. However, the Stratonovich integral is particularly
preferable in applications. Its advantage over the It integral in computational
techniques is that we can work within these integrals in the same way as with the
ordinary integrals of smooth functions (see Stratonovich [8]). For this reason the
Stratonovich integral has been discussed in the literature (e.g. by Nualart and Zakai
6], Solé and Utzet (7], Dawidowicz and Twardowska [4]).
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2. Definitions and notation

Let H and H, be real separable Hilbert spaces with the norms || - ||a, || - ||a;
and the scalar products (-,-)g and (-,-)m,, respectively. Let Ly(H, H;) be a space
of Hilbert-Schmidt operators with the norm | - ||z-s .

We consider a filtered probability space (2, F, (F)yejo,r}» P) on which an in-

creasing and right-continuous family (F);cjo,7} of complete sub-o-algebras of Fis
defined.

We take an H-valued Wiener process w(t), t € [0, T}, with the covariance oper-
ator Q € L(H) = L(H,H). L(H, H,) denotes a space of bounded linear operators
from H to H; . It is known (Curtain and Pritchard {2], Ch. 5, Da Prato and Zabczyk

[3], Ch. 4) that there are real-valued independent Wiener processes {w;(t)}i2o on
[0,T] such that

w(t) =Y wi(t)e

i=0

almost everywhere in (t,w) € [0,T] x €2, where {e;}32, is an orthonormal basis of
eignvectors of Q corresponding to eignevalues {);}25, 3 iop A < 00. We have

(21) E[Aw,Aw]] = (t - s))\,-é,-j

for Aw; = w;(t) — w;i(s) and s < t (§;; is the Kronecker’s delta).
We define (see Chojnowska-Michalik [1], p. 10)

Ar(w, H, Hy)

= {\Il: [0,T] x Q@ — L(H, Hy): ¥ is a point-progressively measurable process,

EL/“‘I’Q 1% sds] =¥, = ZE[/“‘I’(S w)eilly, ds} <oo}

i=0

It the last sum A; is omitted because of property (2.1). It is known (Curtain
and Pritchard [2], p. 136—143) that for ¥ € Ar the Itd stochastic integral is well
defined and it can be represented by

T
/ w)e; dw;(s).
0

The convergence in (2.2) is in L2(f2, Hy) for each t > 0.
We proceed to study the stochastic differential equation

' T
(2.2) / w) dw(s) =
0

&MS

(2.3) dz(t) = Az(t)dt + C(z(t))dt + B(z(t))dw(t),  2(0) = =,

where:
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(A1) (2(t))sefo,r] is an Hy-valued stochastic process, (w(t))iepo,7} is an H-valued
Wiener process with the covariance operator Q, A: Hy D D(A) — H, is
the infinitesimal generator of a strongly continuous semigroup (S(t)):>o0,
C:H, — H; and B:H; — L(H, H;) are possibly unbounded nonlinear
operators. Moreover, we assume that (S(t)):>0 is a semigroup of contraction
type, i.e., there exists a constant 8 € R, such that ||S(t)||y, < exp(Bt) for
all t € [0, 7],

(A2) z is a D(A)-valued square integrable Fo-measurable initial random variable,

(A3) there is a real number K > 0 such that
IC(ha) %, + tr(B(h)@B*(h1)) < K(1 + ||h1]|%,),
C(h1) —C(R1) %, +tr((B(hy) — B(h1))Q(B(h1) ~ B(h)*) < Kllh1 —hul%,

for hl,ﬁl € H,, where “*” denotes the adjoint operator,

(A4) the operator B € C?, i.e., is of class C1 with the bounded derivative. This
derivative is assumed to be globally Lipschitzean.

In addition to (2.3) we consider the equation
dz(t) = AZ(t)dt + C(£(t))dt + B(2(t))dw(t)
(2.4) + %ﬁ(QDB(z‘(t))B(ﬁ(t)))dt
2(0) = 2p,

where 1(trQDB(3(t))B((t))) is the so-called correction term and is defined below
(compare Doss {5], Twardowska [10]).

We observe that the Fréchet derivative DB(hy) is in L(Hy, L(H, H;)) for hy €
H;. We consider the composition DB(hy) o B(h,) € L(H,L(H, H;)). Let ¥ ¢
L(H,L(H, Hy)) and define

By (h,h') = (¥(h)(W),h1), €R  for h,h' € H.

By the Riesz theorem for the form ¥ on H we conclude that for every h1 € Hy
there exists a unique operator W(k;) € L(H) such that for all h, k' € H,

By (h, 1) = (U (h1)(h), h') y = (TZ(R)(W), B ). .

But the covariance operator Q € L(H) has finite trace and therefore the map-
ping
£ € Hi — tr(QU(hy)) €R
is a linear bounded functional on H; .~Therefore, using the Riesz theorem we find
a unique h € H, such that g(ﬁl) = (El,ﬁl)m . Define

By = (QU).

4*
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We observe that (h1, ), is the trace of the operator QU (hy) € L(H) but
tr(QV) is merely a symbol for hy.

Since
tr(QU(h1) = Y (Q¥(h1)es,edn = Y (T(hy)e:, Q el
i=0 =0
=S (F(hr)es, Qesy = D _(¥(e:)(Qes), h)m
=0 =0

= > (U(e:)(Nes), ha)my
=0
taking in particular ¥ = DB(h,)B(h1) we get
(2.5) h1 = tr(QV¥) E\Il e:)(Qe;) Z[DB(hl)B(hl)(e,-)]()\,-ei).

1==0 =0

We rewrite (2.3) in the mild integral form

(2.6) z(t) = S(t)zo + / S(t — s)C(z(s)) ds + / S(t — s)B(z(s)) dw(s).
0 0

Similarly, from (2.4) we get

3(t) = S(t)z0 + / S(t — $)C(3(s)) ds + / S(t — s)B(3(s)) dw(s)
(2.7) 0 °
/ S(t — s)iF(QDB(3(s))B(5(s))) ds

[

N)I'—'

First we observe that under our assumptions the integrals are well defined. We
have the following definition (see Da Prato and Zabczyk, Ch. 7, §7.1)

DEFINITION 1. Suppose we are given an H;-valued initial random variable 2o
and an H-valued Wiener process (w(t))sc(o,77- Moreover, assume that an Hj-valued
stochastic process (z(t)):cpo, 1) has the following properties:

(1) (2(t))tefo,T) is progressively measurable,
(i) B(z(")) € Ar(w, H, Hy),
(iii) for every t € [0,7) equation (2.6) is satisfied P-almost surely.

Then (2(t))scpo,7) is called a mild solution to equation (2.3) with the initial
condition zp.

The uniqueness of solutions is understood in the sense of trajectories.
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It is well known that (A1)-(A4) ensure the existence and uniqueness of mild
solutions to equations (2.3) and (2.4) (see Twardowska [10]). It only remains to
notice that under condition (A4) the term tr(QDB(2(t))B(5(t))) satisfies condition
(A3) because the series in (2.5) converges.

3. The Stratonovich representation of integrals
Let us start from

DEFINITION 2. We define the Stratonovich integral for an operator ®: [0, T] x
Hy — L(H, Hy) by

T
) / B(t, 2(t)) duw(t)

(3.1) = lim gn

n—o0

= Jlim 37 (505 + 610 56(6) + (1) ) @) — i),
j=1

where (w(t))se(o,7} is an H-valued Wiener process, (z(t))scjo,] is the mild solution
to (2.3). The limit is understood P-almost surely and a =t <t} <...<tt =b
is a partition of interval [a,b]. We assume that the sequence of partitions is such
that h, = max{t} —¢}_,,j =1,...,n} — 0 as n — 0o, and the limit does not
depend on the choice of the partition. The operator & is continuous with respect
to the first variable and it has the same properties as the operator B in §2 with
respect to the second one.

We recal the definition of the It integral:

T
@ / B(t, 2(t)) du(t)
1]

(3.2) = lim 7,

n—o0

= nll»néo Z B(t7_1, 2(t7_1))(w(t}) — w(tF_y)),
i=1

where the same assumptions as in Definition 2 are satisfied, the limit is understood
P-almost surely.

Moreover, this integral is a continuous, square integrable H;-valued martingale
(see Da Prato and Zabczyk [3], Ch. 4).

Put A7w; = w;(t}) — wi(t]_;). We have

(3.3) To=) 0(t7_y,2(t]_y))eAw;

=0
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(3.4) Si=) Y@ (%(t;‘ +17_), —;—(z(t;-‘) + z(t;?_l))> eiATw; .
=1

i=0 j

4. The main theorem
The following lemma is valid:

LEMMA 1. Consider the operator ®:(0,T] x Hi — L(H, H,) satysfying the
assumptions of Definition 2 and Lipschitzean with respect to the first variable, uni-
formly with respect to the second one. Assume that supp<,;<7 |D-®(t, 2)| is bounded.
Let (2(t))tejo,1) be the mild solution to the stochastic differential equation (2.3) with
an H-valued Wiener process (w(t))icjo,r)- Then the Stratonovich integral (3.1) ez-
ists and the following relation is satisfied:

G) / B(s, 2(s)) du(s)
(4.1) 0

t

= (_:f) /(D(s, z(s)) dw(s) + -;— /5‘(QD2¢(s,z(s))B(z(s))) ds.
0

0

PROOF. We examine the difference putting $(t7 +t7_,) = t7_, + 3(¢7 —t7_,)
So-Ta=33 [0+ 505 - 60 (650 + 566) - (650
n n 1 n n
~ 8(40,3(050) + (o(8) — 25-)))
n n 1 n n
+ 8 (410,20) + () — 25
- <I>(t;-‘_1, z(t;-'_l))] A;-‘w,-ei

= 0307 + 7.0 366 + 2610 - 880 56t + 26510

+3Y Dzé(t;‘_l,z(t?_l))%(z(t?) — 2(7_1)) Al wse;

=0 j=1

+ 3703 r(t7 g 2(t]) — 285 ))||2(8F) — 2(EF_1)|| g, AT wies

=0 j=1
=hL+1+1s,

where

(4.2) lim sup |r(t,z)|=0.
z—0 0<t<T
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We recall that the partition is taken now on the interval (0, T instead of [a, b].

Notice that the series in I; converges to zero as n — oo (because of the Lipschitz
condition for & with respect to the first variable) and I3 converges to zero as n — oo
with probability one from (4.2).

To compute I3, first we observe that from (2.6) we have

2(t7) = 2(t7_1) = (5( ")~I)Z('~‘ 1)

/ S(t7_; — 5)C(2(s)) ds + / S(E2_, — 8)B(2(s)) dw(s)

SO

L= % D30 DaB(tf, 25 ))(S(h™) — Da(th_1) A wees
= % D2 DB, 2(t5-1)) / S(t7_y — 5)C(2(s)) ds Alwse;

2 Do, 2 / S, - 5)B(2(s)) duw(s) Alwie;

=0 j=1
1
= -2'(121 + Iy + Ios).

We shall show that the terms I5; and I3» tend to zero and from I3 we shall
obtain the correction term. Let cg,...,cs be some positive constants. We have

a1l < co Y N(S(A™) = Dz(tf_y)l| a1 AT ]l

j=1
We recall that
o0
ATl = 11> (AFwi)e:
H

1=0

so from the Schwartz inequality, the fact that E[ Z?zl(A;‘wf)] = t and the Cheby-
shev type inequality we get

2
E[OzltlgTIIIzlllm] < J [ sup ZII(S (k™) — D)2(t} 1)||H1]

Gl

o0

Z(A w;)e;

=0
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n oo 2
< an ZE[ Z(A?wi)ei ]
j=1 i=0 H

=c‘n\/T'—)Oa

as n - 0o. Therefore, for each € > 0

1
P(sp Wil 2 ) < 1B | sup Wil | 0
0<t<T € 0<t<T

as n — oco. Further, we get using (A1) that

i
3

n
Mozl Sy [ P57 ds- [ ATwl|m

1
j= t?l

and similarly as for I; we obtain for each € > 0

1
P( sup_ [ aellzr, > ) < —E[ sup iunum] 0
0<t<T € 0<t<T

as n — oo.
We transform Io3 using (1.2) as follows:

Iz

Ms

Z > D:®(t]_y, 2(t71))

k=0 j=1

.
Il
<)

/ S(E71 — 5)(B((s)) — B=(t}-.)))ex du(s) AJwies

ZZD q)(t] 12 ] 1))

gk

+
X( /(S(t?_l—S)~S(h"))B(Z(t?_l))ekdwk(S))A}‘wiei
DI IP N 2L G 1))< /S(h")3(l(t?—1))€kdwk(s))A;’wiei
i=0 k=0 j=1 o

= Ip31 + I3z + I233 .
From (Al) and (A3) we get
E[|I231| g1,

':LM3

ZZ { sup [lz(s) — 2(tj- )IIHIllA"wkekl!HIIA"wz&IIH}
k=0 j=1

17 Se<t?
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and similarly as for I; we obtain for each £ > 0
1 .
P( sup | lasltm, 2 E) < —E[ sup ||I231||H1] -0
0<t<T € lo<i<T

as n — oo. Let us notice that
NS(7_1 — 8) = S(h") &, = 1(S(s —t7_1) — Dz(tF_1)l|a, -

From (A3) we get

E{||Iz32}| or,]

oo 00 n
<es) D D E [ sup  ||(S(s — tf_1) —D)2(t7_ 1)l | Af wrek| m IIA?wz'eillH]

i=0 k=0 j=1 |ti—1585t7

and similarly as for I3; we get for each € > 0
1
P( sup |23zl 5, 2 5) < —E[ sup ||-’232HH1} -0
0<t<T € 0<t<T

as n — 00.
Now we transform I;33 to get the correction term using (2.2) as follows:

n
t;

Ms

I233
0 j=1

n
i-1

Me 1
Il M8 T

Z LBy, 2(t7 1)) S(h™)B(2(t7_,)) Alwrer Al wie; .

o
Il
o

We estimate the following expression for i # k and for i = k, separately:

SN DA, 2(871))S(R™B(2(t]1)) AT wrer Al wie;
i=0 k=0 j=1
/ﬁ@D¢@4m<<»Ms
° Hy
<U D2 Y D.o(e7 1, 2(t5-1))S(R™)B(2(t]_)) AT wrer ATwse;
i, k=0 j=1
i#k H,

SN D)y, 2(t71))S(BMB(2(t7_ ) (ATwie; )

i=0 j=1

Zqu’(t] 1,2 1))( /S(h")B(z(t?_l))ekdwk(s))A;-‘w,-ei
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-3 / ir(QD.®(s, 2(5))B(x(s))) ds

—
=,

= | K1l + 1 K2la, -

H;

But K; = 0 because {e;}2, is an orthonormal basis of eignvectors of Q corre-
sponding to eingevalues {\;}$2, so we only estimate

| Kz2llm, < ZZD 7y, 2(t7_1))S(B™B(2(t7_1)) (ATwse;)?

1=0 j=1
[ ZD B(t7 1 2(t} _1))S(h™)B (=(t; 1))(A w,e,)}
=0 j=1 H,

+||E ZZD B(t7_y, 2(t7_1))S(A™)B(2(t7_))(A w,e,)]
=0 j=1

-y / tr(QD,®(s, 2(s))B(2(s))) ds

=1 L) H,

= || K[l + |1 Ko2lla, -

Now we estimate E(K2;)? because ||K21|| g, = /E(K21)2. Using (2.1) and the
fact that [3°7_; Aj]2 =3 A2+ 5 A; A, we have

Jr=1j#r
E(Kg;)?
{ZZM P 2 ) SR B(a(E- 1)) (A wies)?
=0 j=1
oo n 2
=YY DaB(t7_y, 2(t7_1)) S(A)B(2(87_)) (7 — t7-1)A }
=0 j=1

=0

=0 B
#r

+E { lz D, ®(t7_y, 2(t7_1))S(h™)B(2(t]_1)) (Afw:)? — (87 — 1) M)

- W
x [ZDZQ(t?~1vZ( o ))S(RMB(2(t7_))(A7wi)?* — (&7 —t?_l)Ai)] >

/

= Ko + Koz
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Further, using the fact that E(X) = E(E(X | F)), we have

Ko = { {ZZ[D B(t7_1, 2(t7-1))S(A™)B(2(t7. 1))]2

j=114=0

x [(Afwi)? - (1 — 17 lw} | Fe }

2
{[ZZD B(t7_y, 2(t7_1))S(R™)B(2( .;-'_1»]

=0 j=1

(4.3)

x E[(Afw)? — (& — )M ]2|fw1} 0,

as n — 00, because
E[(ATw:)? — (£ — 2 )M
= E(A;-‘w,-)4 - 2)\,~E(A;‘w,~)2(t" -t )+ (@7 - t?_l)z)\f
=3(t7 — 7 1)°A% = 2087 — 7 1)° AP + (7 — )P0
— 2(tn _t'n 1)2A 2
But
Z(tn—tn 1)2 ; SUP 1)Zt —17)
j=1 "

as n — oo. Now we write

Kns=E Z Z[D O(t7_y, 2(87-1))S(R™)B(2(t7_1))
]:17;;1 i=0
x D& (t7_q, 2(t7_1))S(R™)B(=(t7_1))]

x [((AFwi)? = (87 — ) X)((Aw)? — (67 — 1) )]

and we estimate it similarly as in (4.3). Thus /E(K2;)? — 0, as n — oo.
Now we estimate using (2.1)

|K22llg, <

Z [ZD ®(t5- 1’z(t?—1))S(h")B(Z(t?-l))(A?wi)z}

i=0

-3 / F(QDLB(E]_s, (6] )B(e(t]1) ds

=1
=l

H,
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7
n 1'

Z / (QD. B, 2(t7_)) B(2(£7_1)) ds

- Z / tr(QD, ®(s, z(s))B(z(s))) ds

=1
=,

H,
= || Ko ||, + (| Ka22||n, -

Further, from the form of the correction term we have

| K221, =

[ZZD D(t7_1, 2(¢7_1)) S (™) B(=(t]. 1))(A"wzez)]

=0 j=1

n
n R

=3 [ #@D.e, (- )Bla()) ds

Jj=1 o, H,y
Z[ZM(@ 1 2(85_1))S(h™)B(=(851)) (8] — 7_1)As

-0

— tr(QD®(t7_y, 2(t7_1))B(=(t7_ 1)) (¢} — t7- 1)]

H,

as n — oo, and finaly [|Ka|| — 0, as n — oo. Thus, using the Chebyshev type
inequality we get that for each £ > 0

1
P( sup || foss|lm, > E) < —E[ sup “1233”H1] -0,
0<t<T € |lo<i<T

as n — 00, and therefore we have

t

P( sup S, — T, — % / tr(QD,®(s, z(s))B(z(s))) ds| > s)
0<t<T J H,
i
< -i:E . R % 0/ QD ®(s, 2(s))B(2(s))) ds Hl] ~0
as n — 0O0.

From this we obtain the existence of lim,,_,, S, and formula (4.1), which com-
pletes the proof of Lemma 1. O

REMARK 1. If we put ®(¢, 2(¢t)) = B(2(t)) then the correction term in (4.1) has
the form

DN bt

/ i+(QDB(2(s))B(=(s))) ds
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It is the same correction term that occurs in the approximation theorem of
Wong-Zakai type, which was expected during our considerations.
Let

T / 8(s, 2(s)) du(s),
I@t)= /(I>(s z(s)) dw(s),

P(t) = (ﬁ)//t~r(QDz<I>(s,z(s))B(z(s)))ds.

Now we can prove the following

THEOREM 1. Consider the operator ®:[0,T) x Hy — L(H, Hy) satysfying the
assumptions of Definition 2 and Lipschitzean with respect to the first variable, uni-
formly with respect to the second one. Assume that Supg<i<1 |D.®(2, 2)| is bounded.

Let (2(t))iepo0,1) be the mild solution to the stochastic differential equation (2.3) with
an H-valued Wiener process (w(t))ecjo,r). Then, the following relation is satisfied

(S) / S(t — 5)®(s, 2(s)) dw(s)
0 t
(4.4) - @ / S(t - 5)8(s, 2(s)) dw(s)
+ % / S(t — )i (QD, (s, 2(s))B(2(s))) ds.
0

PRrROOF. We have from Lemma, 1
Sit) =I@t) +P(t).

Now we define some integrals from deterministic operator functions for arbitrary
intermediate points §; as follows:

(8) / S(t — s)®(s, 2(s)) dw(s)
=T
= lim > S(t - 5;)[8(s;) — 8(s;-1)],
=1
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3 / S(t — 5)®(s, 2(s)) duw(s)

= 12
= lim > S(t - &)Z(s;) ~ I(s;-1)),
j=1

t

%/S(t — 8)ir(QD,®(s, 2(s))B(z(s))) ds
0
=13
= lim )" S(t =~ 5,)[P(s;) = Plss-1)]-

=1

We also have from Lemma 1

(51)“ (31 1) = I(SJ) I(SJ 1)+P(31)_ (sJ 1)

and then
Jim 37165806 - S5 Tim 3 S(e - 8)(E(s5) ~ Fss-)]
j= j=1
+ lim Z S(t — 5;)[P(s5) — Psj-1)]:
j=1
Therefore, we obtain (4.4), which completes the proof. O

(1]
2
(3}
4]
(5]
(6}

(7]
(8]
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