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Abstract. We examine the relation between the Itó and Stratonovich integrals 
in Hilbert spaces. A transition formula has origin in the correction term of the 
Wong-Zakai approximation theorem. 

1. Introduction 

We prove the existence of the Stratonovich integral of a solution (in the mild 
sense) of a semilinear evolution equation in a Hilbert space. Thus we examine 
the relation between the Itó and Stratonovich integrals with respect to a Hilbert 
space valued Wiener process and with integrands being some nonlinear operators 
in another Hilbert space. The result is of interest because the process considered 
as the integral is not a semimatringale; more exactly, the stochastic convolution 
has to be considered. A transition formula contains a complementary term that is 
the same as the correction term in the Wong-Zakai approximation theorem with a 
nonlinear operator under the stochastic integral (see Twardowska [9] and [10]). Such 
an infinite-dimensional form of the correction term was also proved for nonlinear 
stochastic partial differential equations and for stochastic Navier-Stokes equations 
by Twardowska in [11] and [12]. 

As is well known, the Itó stochastic integral is convenient in some problems 
because it is the martingale. However, the Stratonovich integral is particularly 
preferable in applications. Its advantage over the Itó integral in computational 
techniques is that we can work within these integrals in the same way as with the 
ordinary integrals of smooth functions (see Stratonovich [8]). For this reason the 
Stratonovich integral has been discussed in the literature (e.g. by Nualart and Zakai 
[6], Sole and Utzet [7], Dawidowicz and Twardowska [4]). 
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2. Definitions and notation 

Let H and H\ be real separable Hilbert spaces with the norms || • ||#, || • 
and the scalar products (•,•)# and respectively. Let L,2{H,H\) be a space 
of Hilbert-Schmidt operators with the norm || • \\H-S • 

We consider a filtered probability space (fl , (^F)t^0 rp-P) o n which an in
creasing and right-continuous family (^telo.r] °f complete sub-c-algebras of T is 
defined. 

We take an iJ-valued Wiener process w(t), t e [0, T], with the covariance oper
ator Q e L(H) = L(H,H). L(H,Hi) denotes a space of bounded linear operators 
from H to H\. It is known (Curtain and Pritchard [2], C h . 5 , Da Prato and Zabczyk 
[3], C h . 4) that there are real-valued independent Wiener processes {wi{t)}?t0 on 
[0,T] such that 

oo 

W{t) = Y2Wi(t)ei 
i=0 

almost everywhere in (i,u>) € [0, T] x Q, where {e*}?i 0 is an orthonormal basis of 
eignvectors of Q corresponding to eignevalues {Aj }~ 0 , Yl'iLo ^* < 0 0 • We n a v e 

(2 .1) E{AwiAwj] = (t- s)Xi5ij 

for Awi = Wi(t) - Wi(s) and s < t (6ij is the Kronecker's delta). 
We define (see Chojnowska-Michalik [1], p. 10) 

kT(w,H,Hx) 

= I\&: [0,T] x Q. —> L(H,Hi): * is a point-progressively measurable process, 

E 
r 1 

• 0 

ds = I I * I I L 

i=0 

r T 

< oo 

It the last sum Xi is omitted becauseof property (2 .1) . It is known (Curtain 
and Pritchard [2], p. 1 3 6 - 1 4 3 ) that for * e A T the Itó stochastic integral is well 
defined and it can be represented by 

(2 .2) 
r 00 r-
/ <f/(s,u>)dw(s) = / V{s,u)eidwi(s). 

o o 

The convergence in (2 .2) is in L2(£l, Hi) for each t > 0 . 
We proceed to study the stochastic differential equation 

(2 .3) 

where: 

dz(t) = Az{t)dt + C(z{t))dt + B(z{t))dw{t), z (0) = z0 , 

file:////h-s
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( A l ) (z(*))te[o,T] ' s 2 1 1 1 #i-valued stochastic process, (w(t)) t €[ 0,T] is a n ^-valued 
Wiener process with the covariance operator Q, A: Hi D D(A) —> H\ is 
the infinitesimal generator of a strongly continuous semigroup (S(i))t>o, 
C.Hi —> Hi and B: Hi —> L{H,Hi) are possibly unbounded nonlinear 
operators. Moreover, we assume that (S(t))t>o is a semigroup of contraction 
type, i.e., there exists a constant /3 € R+ such that | | l i < exp(jSt) for 
a l H e [0,T], 

(A2) ZQ is a D(A)-valued square integrable .Fo-measurable initial random variable, 

(A3) there is a real number K > 0 such that 

I I W I I ^ +tr(B(hi)QB*(hi)) < K(l + \\hi\\2
Hi), 

\\C(hi)-C(hi)\\li+tr((B(hi)-B(him^ 

for hi, h\ S Hi, where " * " denotes the adjoint operator, 

(A4) the operator B e Cl,b, i.e., is of class C 1 with the bounded derivative. This 
derivative is assumed to be globally Lipschitzean. 

In addition to (2.3) we consider the equation 

dz(t) = Aź(t)dt + C{z{t))dt + B(ż(t))dw(t) 

(2-4) + )fr{QDB{ż{t))B(Ż{t)))dt 

5(0) = z0, 

where ^(trQDB(z(t))B(ź(t))) is the so-called correction term and is defined below 
(compare Doss [5], Twardowska [10]). 

We observe that the Prechet derivative DB(hi) is in L(Hi,L(H,Hi)) for hi € 
Hi. We consider the composition DB(hi) o B(hi) € L(H, L(H, Hi)). Let * € 
L(H, L(H, Hi)) and define 

B~hi(h,h') = (<H(h)(h'),hi)Hi e R for h,h' e H. 

B y the Riesz theorem for the form * on H we conclude that for every hi € Hi 
there exists a unique operator ^f(hi) € L(H) such that for all h, h' 6 H, 

B-hi{h,h') = {%hi){h),h')H = (*(h)(h>),hi)Hi. 

But the covariance operator Q € L(H) has finite trace and therefore the map
ping 

I hi e t f i -^tr(Q*(hi))£R 

is a linear-bounded functional on Hi. Therefore, using the Riesz theorem we find 

a unique hi G Hi such that £(fti) = (hi,hi)HX • Define 

hi = fr(QV). 

4* 
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We observe that (hi,h)jj1 is the trace of the operator Q^(hi) e L(H) but 

tr(Q$>) is merely a symbol for hi. 
Since 

oo oo 

tr(Q*(hi)) = Y^(Q*&i)*i,ei)H = Q * * ) * 

oo oo 

= ^ ( f c i K Q e , ) * = ^ ( * ( e i ) ( Q e i ) , / i i ) i / 
i=0 i=0 
oo 

= $^<tf(e i )(A i e < ) ,E 1 )tf 1 , 

taking in particular ^ — DB(h{)B(hi) we get 

~ oo oo 
(2.5) ht = f r ( Q * ) = ^ = ^[Z)B(ft 1 )5(/ l l ) (e i ) ] (A i e i ) . 

t=0 i=0 
We rewrite (2.3) in the mild integral form 

t t 

(2.6) z(t) = S(*)zo + J S{t - s)C(z(s)) ds + J S(t - s)B(z(s)) dw(s). 
0 0 

Similarly, from (2.4) we get 

t t 

z(t) = S(t)z0 + fs(t- s)C(z(s)) ds + J S(t - s)B(z(s)) dw(s) 

(2.7) t
 0 

- \ j S(t - s)fr(QDB(z(s))B(z(s))) ds. 
o 

First we observe that under our assumptions the integrals are well defined. We 
have the following definition (see D a Prato and Zabczyk, C h . 7, §7.1) 

D E F I N I T I O N 1. Suppose we are given an Hi-valued initial random variable ZQ 
and an i/-valued Wiener process (io(t)) t €[ 0 )T]. Moreover, assume that an Hi-valued 
stochastic process (z(ż))tg[o,T] has the following properties: 

(i) (z(£))te[o,T] i s progressively measurable, 

(ii) B(z(-))eKT(w,H,Hi), 

(iii) for every t e [0, T] equation (2.6) is satisfied P-almost surely. 

Then (^(t))t€[o,r) is called a mild solution to equation (2.3) with the initial 
condition ZQ . 

The uniqueness of solutions is understood in the sense of trajectories. 
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It is well known that (A1)- (A4) ensure the existence and uniqueness of mild 
solutions to equations (2.3) and (2.4) (see Twardowska [10]). It only remains to 
notice that under condition (A4) the term tr{QDB(ź(t))B{ż{t))) satisfies condition 
(A3) because the series in (2.5) converges. 

3. The Stratonovich representation of integrals 

Let us start from 

DEFINITION 2. We define the Stratonovich integral for an operator [0,T] x 
ffi — b y 

T 

(S) J*(t,z(t))dw(t) 

(3-1) ° = l im Sn 

n—*oo 

j=l V / 

where (w(t)) t G [ 0 ) T j is an -valued Wiener process, (z(t))te[o,T] is the mild solution 
to (2.3). The limit is understood P-almost surely and a = tfi < t" < ... < <JJ = b 
is a partition of interval [a, b]. We assume that the sequence of partitions is such 
that hn = max{ i " — t^_lf j = 1 , . . . , n} —» 0 as n —> 00, and the limit does not 
depend on the choice of the partition. The operator $ is continuous with respect 
to the first variable and it has the same properties as the operator B in §2 with 
respect to the second one. 

We recal the definition of the Itó integral: 

T 

(I) J$(t,z(t))dw(t) 

(3-2) ° = l im Tn 

where the same assumptions as in Definition 2 are satisfied, the limit is understood 
P-almost surely. 

Moreover, this integral is a continuous, square integrable .Hi-valued martingale 
(see D a Prato and Zabczyk [3], C h . 4). 

Put A^Wi = Wi{f]) - Wiit^j). We have 

(3.3) 
OO 

i=0 



54 Krystyna Twardowska, Agata Nowak 

°° " /1 1 \ 
(3.4) = (jW + 2 W ) + e * A > • 

4 . The main theorem 

The following lemma is valid: 

LEMMA 1. Consider the operator $: [0,T] x Hi —• L(H,Hi) satysfying the 
assumptions of Definition 2 and Lipschitzean with respect to the first variable, uni
formly with respect to the second one. Assume that s u p 0 < t < y \Dz4>(t, z)\ is bounded. 
Let (2(£))te[o,r] &e the mild solution to the stochastic differential equation (2.3) with 
an H-valued Wiener process (to(£))te[o,T]- Then the Stratonovich integral (3.1) ex
ists and the following relation is satisfied: 

t 

(5) J *(s,z(s))dv,(s) 

(4-1) 0 

= (I) J z(s)) dw(s) + i j tr(QDz$(s, z(s))B(z(s))) ds. 
0 0 

PROOF. We examine the difference putting + t^_x) = + \(17> - t ^ ) 

° ° n r / i i \ 

+ + - z(C_x)) ) 

oo n 1 

+ E E ^ * ( * " - i . 2 ( * " - i ) ) 2 W ) - z ( * " - i ) ) A " u , ' e * 
i=0 j = l ex) n 

+ E E r ( * " - i . * ( * " ) - 2(*?-i))ll*(*") - z ( * " - i ) I L 1
A " « , * e * 

i=0 j=l 
= J i + 7 2 + / 3 , 

where 
(4.2) l im sup \r(t,z)\ = 0. 

0<t<T 
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We recall that the partition is taken now on the interval [0, T] instead of [a, b]. 
Notice that the series in I\ converges to zero as n —• oo (because of the Lipschitz 

condition for $ with respect to the first variable) and I3 converges to zero as n —» 00 
with probability one from (4.2). 

To compute I2, first we observe that from (2.6) we have 

z(t])-z(t»_1) = (S(hn)-I)z(t]_1) 

+ j S(t]_1-s)C(z(s))ds+ J S(t^_1-s)B{z(s))dw(s) 

' " - 1 

so 

n 00 n 

i=0 j = l 

«" 

00 n ]. 

i=0 j=l J 

*? 
- 00 n -i. 

+ o E E 1 ) ' * ( « ? - i - 2 ( T H ) ) / S ( * " - i - s ) B ( Z ( S ) ) d W ( s ) A > i e i 

i=0 j=l tJ 

We shall show that the terms 7 2 i and I22 tend to zero and from I23 we shall 
obtain the correction term. Let C o , . . . , c 3 be some positive constants. We have 

n 

H /21II* < co £ ||(S(n - ||A>|| f f . 
J'=I 

We recall that 

ll A >ll* E (A>o^ 
i=0 H 

so from the Schwartz inequality, the fact that E [ S " = i ( A " w 2 ) ] = t and the Cheby-
shev type inequality we get 

sup H-klllff! 
0<t<T 

l 2 

sup E n w , ) - / ) z ( * 7 - i ) i i * i 0<t<T. , 3=1 

E £ E( A "^) e * 
i=0 I i f J 
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< On. 

= CnVf - O, 

as n —> oo. Therefore, for each £ > 0 

p ( sup \\In\\Hl>e)<-E 

\0<t<T J £ 

as n —» oo. Further, we get using ( A l ) that 

- ? 
||/2 2|k < c i / • ||A>||ff 

1=1 J 

sup ||/ 2 i - » 0 
0<t<T 

and similarly as for I21 we obtain for each e > 0 

p ( sup \\l22\\Hl >e) < -E 
\0<t<T / £ \0<*<T 

as n —> 00. 
We transform J23 using (1.2) as follows: 

SUp ||J 221| Ht ->0 
0<t<T 

•<23 
oo oo n 

EEEo.*('"-i.*('"-i)) 
i=0 fc=0 j=l 

t? 
x y S(ty_! - a)(B(z(*)) - B(«(*"_i)))cfc du; f c(s) A ? ™ ^ 

00 00 n 

i=0 fc=0 j = l 
t? 

+ 

J -s)- S(/i B ))B(z(«?_i))e f c dw f c(a) j A J w i C i 

00 00 n / f \ 

E E E ^ ' H - ^ W ) / 5(h»)B(z(ty_ 1))e f cdt« F CW A > i e i 

i=0 fe=0 1 = 1 V trT / t=0 fe=0 j = l 

= ^231 + ^232 + -̂ 233 • 

From ( A l ) and (A3) we get 

E[\\l23l\\Hl] 
00 00 n 

^ 2 £ £ £ £ 
i=0 fc=0 j = l 

sup \\z(s) - z ^ U t f J A ^ f c e f c l l t f \\A]wiei\\H 
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and similarly as for I21 we obtain for each e > 0 

p( sup HJasillft >e)<-E 
\0<t<T I £ 

SUp H/231 
0<t<T 

0 

as n —» 00. Let us notice that 

1 1 5 ^ ! - s ) - s(hn)\\Hl = \\(S(s - q . j - iwq.jw* 

From (A3) we get 

00 00 n 

i=0 /c=0 j=l 

sup \\(S(a - t J - i J - Z J ^ - i J H ^ I I A J t i / f c C f c l l i r \WwieiU 

and similarly as for /21 we get for each e > 0 

P[ sup H/232||HX >e) < -E 

\0<t<T / £ 

SUp ||/232 II ffi 
0<t<T 

as n —> 00. 
Now we transform ^ 3 3 to get the correction term using (2.2) as follows: 

00 00 n I r \ 

/233 = E E E D ^ ( ^ - i - z ^ - i ) ) / S{hn)B{z{t^x))ekdwk(s) A > i C i 

t=0fc=0j=l \ f I r / 

00 00 n 

i=0 k=0 j=l 

We estimate the following expression for i ^ A; and for i = A:, separately: 

00 00 n 

i=0 fc=0 j'=l 
t 

y £(Q£>,$(a,z(s))S(*(a)))ds 
Hi 

< £ E DM$-i, z ( ^ _ 1 ) ) 5 ( / l " ) S ( z ( ^ _ 1 ) ) A > f c e f c A > i e i 

i,fc=0 j = l 

# 1 

+ £ ^ Z (^_ 1 ) )5 (/ l " )S(z(^_ 1 ) ) (A> i e i ) 2 

i=0 j = l 

file:///WwieiU
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J2 [ t~r(QDMs,z(s))B(z(s)))ds 
j = i J 

= H^l l l i f , + 11^211^. 

Hi 

But K\ = 0 because {e j }g 0 is an orthonormal basis of eignvectors of Q corre
sponding to eingevalues {Ai}°^ 0 so we only estimate 

\\K2\U < £ £ Z? x*(t»_ l t z(^_ 1))5(/ l")B(z(^_ 1))(A7U, ie i) 2 

i=0 j=l 

+ 

£ £ JD z *(t»_ l t z (^_ 1 ) )5 (/ l " )B(z(^_ 1 ) ) (A> i e i ) 2 

i=0 j = l 

00 n 

£ £ £ ^(^- 1 ) )5 (/i")S(z(^_ 1 ) ) (A> i e i ) 2 

. i=0 j = l 
t? 

H i 

£ f tr(QDMs,z(s))B(Z(s)))ds 

= 1 1 ^ 1 1 ^ + ^ 2 2 1 1 ^ 

Now we estimate E(K2i)2 because | | / f 2 i | | / f i = \fE{K2i)2. Using (2.1) and the 

fact that [ Y.U Ai\2 = £ ? = i Ą + E n , r = i ^ we have 

E(K21)2 

{ 00 n 

£ ^ £ > z $ ( ^ _ 1 , z ( ^ _ 1 ) ) 5 ( / l " ) B ( z ( ^ _ 1 ) ) ( A > i e i ) 2 

i=0 j = l 

- E E ^ ^ - i . ^(*"-i))5(fcB)B(z(tn_1))(t? - [ 
i=0 j = l J 

I j=i 

n 2 , 

£ l ) z $ ( ^ _ 1 , z ( ^ _ 1 ) ) 5 ( f t " ) B ( z ( ^ _ 1 ) ) ( ( A > i ) 2 - («? -t?-i)A0 
i=0 

E 
j ' , r = l 

£ Z W ? _ l 5 z ( ^ _ 1 ) ) 5 ( / l " ) S ( z ( ^ _ 1 ) ) ( ( A » 2 - W - * n - i ) A i ) 
i=0 

£ D z z ( ^ _ 1 ) ) 5 ( / i " ) S ( z ( ^ _ 1 ) ) ( ( A > i ) 2 - <t? - t?_!)A,) 
t=0 

i ^ 2 H + X212 • 

file:////K2/U
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Further, using the fact that E(X) = E{E{X \ ?)), we have 

{ ( n oo 

I j=l i=0 

(4.3) 

= E 
2 

L i=0 j=l 

^ [ ( A ? ^ ) 2 - (*? - * r - i ) A i ] 2 I J i j u J - 0, 

as n —» co, because 

But 

= £ ( A » 4 - 2 A i £ ( A » 2 ( * r - *?-i) + (*? - * ? - i ) 2 V 

= 3(t? - t J U W - 2(t? - d ) 2 ^ 2 + (t? - t ? _ i ) 2 V 

= 2 ( t ? - t ? _ i ) V . 

E ( « ? - * r - 0 2 < . S U P (*? - I > ? - - °-
3 = 1 

as n —> oo. Now we write 

i=l,...,n 

K 2 I 2 = £ { E i z ? * * ( ' " - i ' z ( t " - i ) ) s ( ' , n ) B ( z ( * " - i ) ) 

x U , W - i ^ ( C - i ) ) W ( C - i ) ) ] 

j j f r = l i=0 

x [ ( ( A » 2 - (t? - t ? _ 1 ) A i ) ( ( A > i ) 2 - (*? -

and we estimate it similarly as in (4.3). Thus yjE{K.2i)'2 —> 0, as n —> oo. 
Now we estimate using (2.1) 

l l ^ a a l k < E * £ ^ $ ( t J ? _ 1 , z ( i J _ 1 ) ) S ( / l " ) S ( z ( t J ? _ 1 ) ) ( A > i ) 2 

i=0 

£ / r r ^ D ^ ^ ^ . z ^ ! ) ) ^ ^ ^ ^ ) ) ) ^ 
Hi 
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+ J2 J fr(QC*(*?-i,z(«"_1))B(z(«n_1)))d5 
3 = 1 ,« 

- E / ir(QDz$(s,z(s))B(z(s)))ds 
3 = 1 J Hi 

= 11^2211|Hi + \\K222\\H! • 

Further, from the form of the correction term we have 
oo n 

\\K. 2211| ffi E 
L i=0 j = l 

- E /*»-(^«*cn-i.*(*n-i))^(*n-i)))^ 
Ł t - 1 

oo 

H! 

^213zz(t"_1))5(/in)B(2;(t"_1))(*" - t n _ x )Ai 
j = l |_i=0 

Hi 

as n —> oo, and finały \\K22|| —> 0, as n —> 00. Thus, using the Chebyshev type 
inequality we get that for each e > 0 

P( SUp ||J233||ff1 > e ] < -
\0<t<T J £ 

E SUP II/233H//! 
0<t<T 

0, 

as n —• 00, and therefore we have 

0<t<T\\ ^ 
0 

P\ sup 
\0<t<T 

e 

Sn-ln-^J fr(QDMs,z(s))B(z(s)))ds 
o 

t 

S n - Z n - l - l fr(QDz$(s, z(s))B(z(s))) ds -> O 
o " i -

sup 
0<t<T 

as n —> 00. 
From this we obtain the existence of l i n i n - ^ Sn and formula (4.1), which com

pletes the proof of Lemma 1. • 

REMARK 1. If we put $(t, z(t)) = B(z(t)) then the correction term in (4.1) has 
the form 

t 

\ J fr(QDB(z(s))B(z(s)))ds. 
0 

file:////K22
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It is the same correction term that occurs in the approximation theorem of 
Wong-Zakai type, which was expected during our considerations. 

Let 

t 

S(t) = (S) J *(a,z(s))dw(s), 
o 

t 

X(t) = (T) J $(s,z(s))dw(s), 
0 

t t 

Ht) = (P)f J tr{QDz${s,z{s))B{z{s)))ds. 
0 0 

Now we can prove the following 

T H E O R E M 1. Consider the operator [0,T] x Hi —> L(H,Hi) satysfying the 
assumptions of Definition 2 and Lipschitzean with respect to the first variable, uni
formly with respect to the second one. Assume that s u p 0 < t < T \Dz$(t, z)\ is bounded. 
Let (z(0)*e[o,T] o e the mild solution to the stochastic differential equation (2.3) with 
an H-valued Wiener process (w(t))te[o,Tj- Then, the following relation is satisfied 

t 

(§) J S(t-s)$(s,z{s))dw{s) 
0 

t 

(4.4) = (I) J S(t-s)$(s,z(s))dw(s) 
0 
t 

+ ±Js(t- s)tr(QDz$(s, z(s))B(z(s))) da. 
o 

P R O O F . We have from Lemma 1 

S(t)=T(t)+V(t). 

Now we define some integrals from deterministic operator functions for arbitrary 
intermediate points Sj as follows: 

z 

(<S) JS(t-s)^(s,z{s))dw(s) 
0 

= / l 

3 = 1 
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(Z) J S(t-s)$(s,z{s))dw{s) 

o 

--h 

= lim ^ ^ ( t - S ^ f e ) - ! ^ - ! ) ] , 
n—•oo f •* 

j=i 

i 15(* - s)tr(QDz$(s, z(s))B(z(s))) ds 

o 

= 13 
n 

= l im ]Ts(t - s^insj) - V(Sj^)}. 

We also have from Lemma 1 

S(SJ) - S f o - i ) =T(Sj) -Tisj-J + Visj) -Visj-t) 

and then 
n n 

+ l im V S(t - SjftVisj) - nsj-t)]. 
n—+00 * 

Therefore, we obtain (4.4), which completes the proof. • 
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