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The Fourth Debrecen—Katowice Winter Seminar
on Functional Equations and Inequalities
February 4-7, 2004
Maitrahdza, Hungary

The Fourth Debrecen-Katowice Winter Seminar on Functional Equations and
Inequalities was held in Matrahdza, Hungary from February 4 to February 7, 2004,
at the Resort House of the Hungarian Academy of Sciences. It was organized by the
Institute of Mathematics of the University of Debrecen, with the financial support
of the Hungarian Scientific Research Fund OTKA T-043080. The organizers were
ably assisted by Ms. Borbéla Fazekas and Ms. Agota Orosz.

24 participants came from the University of Debrecen (Hungary) and the Sile-
sian University of Katowice (Poland) at 12 from each of both cities.

Professor Zsolt Péales opened the Seminar and welcomed the participants to
Maétrahéza.

The scientific talks presented at the Seminar focused on the following topics:
equations in a single and several variables, iteration theory, equations on algebraic
structures, geometric preservers, Hyers—Ulam stability, functional inequalities and
mean values, generalized convexity. Interesting discussions were generated by the
talks.

There were three very proﬁtable Problem Sessions.

The social program included a guided tour in the town Gydngyds involving a
visit to the M4tra Museum, wine tasting at a cellar in Abasar, and a festive dinner.

The closing address was given by Professor Roman Ger. His invitation to the
Fifth Katowice-Debrecen Winter Seminar on Functional Equations and Inequa.lities
in February 2005 in Poland was gratefully accepted.

Summaries of the talks in alphabetic order of the authors follow in section 1,
problems and remarks in approximate chronological order in section 2, and the hst
of participants in the final section.

5 Annales
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1. Abstracts of talks
RoMAN BADORA: Approximate isometric operators
(Joint work with Jacek Chmieliriski)
In this talk we present some remarks on mappings preserving the inner product

approximately. Among others, we prove the following

THEOREM. Let E, F' be Hilbert spaces and let € > 0. Then f: E — F satisfies
(f@)f(W) — (zlv)| <&, =z,yeE

if and only if there exists a closed linear subspace H of F' such that
f(z) =Py.f(z)+ Puf(z), =T€E,
1Pref@)I < vE,  z€E

and

(Puf(z)|Puf(y)) = (zly), z,yek.

Here, for a closed linear subspace S of F we define
St:={weF: wlvforalveS}

and for u € F by Psu we denote the orthogonal projection of « on S.

LECH BARTLOMIEICZYK: On the set of derivations with big graph

In the topological vector space of all derivations from R to R we deal with a set
of derivations with big graph.

MIHALY BESSENYEL: Hermite-Hadamard inequalities for generalized 3-convez func-
tions
(Joint work with Zsolt Péles)

The aim of the talk is to present Hermite-Hadamard type inequalities for gen-
eralized 3-convex functions. A particular result for generalized 4-convex functions
is also obtained.

ZOLTAN BOROS: Strong geometric differentiability and local superstability for a
Pexider equation

Let I denote an open interval in the real line, p > 1, and suppose that, for every
z €I, f:I — R satisfies an inequality of the form

1F(y +u) = f(y) — $=(v)| < e(z){uf?

for every y taken from a neighbourhood of z and for every u taken from a neigh-
bourhood of 0. It is derived from this inequality that the finite limit

Jim 2 (f(y+27"h) ~ f))
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exists for every € I and h € R. Applying an appropriate decomposition theorem,
we obtain that f = g + ¢, where g is continuously differentiable and ¢ is the
restriction of an additive mapping to the interval I. Substitution into the original
stability inequality yields that ¢’ is constant and thus f is affine.

PETER CZINDER: An extension of the Hermite—Hadamard inequality and an appli-
cation for Gini and Stolarsky means
(Joint work with Zsolt Péles)

We extend the Hermite-Hadamard inequality
q
f (p+q) <1 flz)de < fp) + f(9)
2 q—pJp 2

for convex-concave symmetric functions. As consequences some new inequalities
for Gini and Stolarsky means are also derived.

ZOLTAN DAROCZY: Quasi-arithmetic means imbedded

Let I C R be an open interval and let K(I) be a class of means on I. It is a
general problem to determine the means in K(I) which are quasi-arithmetic. We
give a summary on results of this type.

ROMAN GER: On alternative equations defining ring homomorphisms and deriva-
tions :
(Joint work with Ludwig Reich)

Let X be a unitary ring and let Y be a commutative ring with no zero divisors
(resp. let X be an integral domain). We study the solutions f: X — Y (resp.
f: X — X) of the equation :

cf(z +y) +df(zy) = cf(z) + cf(y) +df () f(y), =z,y€X,
(resp.
cf(z +y) +df(zy) = cf(z) + cf(y) +dzf(y) +dyf(z), =z,y€ X).

Our main gdal is to establish whether or not the solutions have to satisfy the
system

{f($+y) = f(z) + f(v)
f(zy) = f(=)f(v),

defining the ring homomorphisms (resp. the system
{f(z +9) = f(z) + f(v)
fzy) = zf(y) +yf(=2),
defining the derivations in a ring).

The first problem generalizes simultaneously similar questions asked earlier by

J. Dhombres (¢ =d = 1) and H. Alzer (c=1,d = -1).

5*



68 Report of Meeting

ATTILA GILANYL A general stability theorem for functional equations
(Joint work with Zsolt Piles)

We investigate the stability of the functional equation .
F(f(l'Oly),,f(.TOky))ZO (fl',yEX),

where X is a groupoid with binary operations ¢y,..., %, (Y,d) is a complete met-
ric space, F:Y®* — Rt is a given continuous function, and f: X — Y is the
‘unknown’ function.

ATTILA HAZY: On approximate t-convezity

A real valued function f defined on an open convex set D is called (g, 4, p,t)-
convex if it satisfies

flz+(Q-t)yy) <tf(x)+1-t)f(y)+d+elz—y|P forz,ye D.

We prove that if f is locally bounded from above at a point of D and (e, 4, p, t)-
convex (where t < 1/2) then it satisfies the convexity-type inequality

FOz+ (1= XA)y) S Af(2) + (1= Nf @) + max {, 1516 +eppe(M)|z —yf?

for x,y € D, X € [0,1], where ¢, is the fixed point of the contraction T}, defined
by

(min{(1-08(27) + (29)70() + )}, 0<A<y,
min {(1-)®(:2;) + (£3)" (1 - )2(=3) + (=)}
(Tp,:®) (A) =< t<A<l—t,
min {t2(172) + (132)" 1 - )2 (5=3) + ()}
\ 1—-t< AL

If0<t<1/2and 0<p<1, then ¢, satisfies the inequality

1
m%()\) < @p,t(A)

1 1
<mec s rm g =g O
for all A € [0,1], where function ¢, is defined by
$p(A) = (A(1 = A))P.

Therefore, if f is locally bounded from above at a point of D and (g, 6, p, t)-convex
(where 0 < p < 1 and ¢ < 1/2), then it satisfies the convexity-type inequality

f(z+(1-Ny)
SAf(z) + (1 =N f(y) +(1/8)8

+Emax{

! 1 p P
tP — t; (1 —=t)P((1/2)P — (1 — t)1-2r(1/2 — t)P) }()‘(1 - X))z —yl
for all z,y € D and A € [0,1].
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In the case p = 1, t = 1/2 analogous results were obtained in [2]. The case e =0
was investigated by Péles in [4], the case € = 0 and ¢ = 1/2 by Nikodem and Ng in
(3], the specialization € = § = 0 yields the theorem of Bernstein and Doetsch [1].
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ZoOLTAN KAISER: Estimates to the stability of the Cauchy equation
(Joint work with Attila Gildnyi and Zsolt Péles)

Suppose we have a function f mapping a groupoid (S, 0) into a metric groupoid
(T, *,d) and satisfying the stability inequality

d(f(zoy), f(z) * f(y)) <e(z,y) (z€S).

We approximate f by a solution g of the equation

g(zoy)=g(z)*xg(y) (z€S)

and obtain estimates for the pointwise distance of the approximating function g
and the original function f. As application, we deduce some stability theorems for
l-power-symmetric groupoids.

BARBARA KOCLEGA-KULPA: On a generalization of the Cauchy equation

We consider the following generalization of the Cauchy equation

p(f(z+v)) =p(f(z) + f(y)).

Under some assumptions imposed on function p and f we derive the additivity of
f. In particular, we obtain the equivalence of the equation of the form

F@+9P 4ot f@+9)™ = [f(@) + PP + ... + (@) + F)

to the Cauchy functional equation.

ZYGFRYD KOMINEK: A few remarks on almost C-polynomial functions

We give some sufficient conditions to a function transforming a commutative
semigroup to a commutative group to be a polynomial function. Some stability
results are also given.
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KAROLY LAJKO: A functional equation related to the characterization of beta dis-
tributions

Recently J. Wesolowski [1] studied a characterization of beta distributions,
which leads to the functional equation

W) o) = iy (o ) =) @uel D),

where fu, fv, fx, fr:]0,1[— R are the probability density functions of the ran-
dom variables U,V, X = 1IT_UV7v and Y = 1 UV, respectively. He solved (1) under
the assumption the density functions are strictly positive and locally integrable on
]0,1[. But Wesolowski noticed that measurability is a more natural property for
density functions. Using a well-known method of A. Jérai, we present here the
general measurable solution of equation (1).

REFERENCE

[1] J. Wesolowski, On a functional equation related to an independence property for beta distri-
butions, Aequationes Math. 60 (2003), 156-163.

GRAZYNA LYDZINSKA: Collapsing and ezpanding iteration semigroups of set-valued
functions

We present some conditions under which a certain family of set-valued functions,
naturally occuring in iteration theory, fulfils one of the following conditions
(©) F(s +t,2) C F(t, F(s,x)),
(E) F(t,F(s,z)) C F(s+t,x)
for every z € X, s,t € (0,00) (where X is an arbitrary set). Moreover, we compare

the above conditions and answer the question, whether either (C) or (E) implies
that F is an iteration semigroup:

F(t,F(s,z)) = F(s+t,z)

for every « € X, s,t € (0,00).

GyuLa Maksa: Equations of associative type

In this talk we present the continuous solutions of some functional equations
of associative type that are strictly monotonic in each variable. Neither solvability
nor differentiability conditions are assumed.

JANUSZ MATKOWSKI: On some relations between M-converity (M-affinity) and
N-converity

Let M and N be some means in an interval I. The question when, for every con-
tinuous function f:I — I, M-convexity (M-affinity) of f implies its N-convexity
is considered.
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ZsoLt PALES: Representation of the arithmetic mean as a generalized quasiarith-
metic mean with weight function

Given two continuous functions f,g: I — R such that g is positive and f/g is
strictly monotone and a Borel probability measure i, the generalized quasiarith-
metic mean with weight function Mj ,., is defined by :

;)*1 (f; fte + (1 = t)y) dp(t)
9 Jo 9tz + (1 - t)y) du(t)

Observe that with u = é";—‘sl one obtains a quasiarithmetic mean with weight
function. If p is the Lebesgue measure then the so called Cauchy means are ob-
tained.

Our aim is to describe all triplets (f, g, 1) such that

My gz, y) = ( ) (z,y € I).

T4y
2

My gu(z,y) = (z,y € I).

IWONA PAWLIKOWSKA: Stability of Flett’s points of n-th order

In [1] M. Das, T. Riedel and P.K. Sahoo dealt with Hyers-Ulam stability of
Flett’s points of differentiable function f: [a,b] — R i.e. intermediate points XS
(a,b) such that

fn) = f(a) = f'(n)(n - a). »
They used the result of S.M. Hyers and D.H. Ulam [2] connected with stability of

Rolle’s points. We study Flett’s points of n-th order for which the following formula,
holds

fn) = £(@) = 3 (-1 2 P ) - )t
k=1

1 f™0) - ")
(n+1)! b—a

+ (-1)" (n —a)™*!

and we show their stability.
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MACIES SABLIK: Aggregating vector valued allocation

Our aim is to generalize the result from [1] where the authors determined aggre-
gation methods for allocation problems. The authors of [1] considered the situation
of assigning numerical values to decision variables while in the present case we admit
assignment of vector values, which happens in some decision making procedures.
The outcome is, mutatis mutandis, analogous to the one obtained in [1]. o
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JUSTYNA SIKORSKA: On mappings preserving equilateral triangles in normed spaces
(Joint work with Tomasz Szostok)

Let (X, - |I) and (Y]] - ||) be normed linear spaces, dim X,dimY > 2. We say
that f: X — Y preserves equilateral triangles if for all triples of points z,y,z € X
with ||z — y|| = [ly — 2l = ||z — 2|} we have

I£(x) — F)ll = 1f @) — £ = (=) = F2-

We show that if X and Y are at least three-dimensional and f: X — Y is
surjective and preserves equilateral triangles, then it is a similarity transformation
(an isometry multiplied by a positive constant).

We prove also some new results in case X =Y is an inner product space with
dim X = 2.

LAszLG SZEKELYHIDI: Binomial functional equations on polynomial hypergroups
(Joint work with Agota Orosz)

The study of generalized moment functions on polynomial hypergroups in a
single variable started with some results of A. Orosz and L. Székelyhidi presented at
ISFE 40’ in Sandbjerg, Danmark, 2002. At ISFE 41’ in Noszvaj, Hungary, 2003, we
exhibited the complete description of moment functions on polynomial hypergroups
in one variable. This problem is closely related to the study of binomial functional
equations. Since the Noszvaj meeting there have been new developments in the case
of polynomial hypergroups in several variables which are presented in this talk.

ToMASZ SZOSTOK: On w-convez functions

Let # ## D C R be a given subset and w: D — R be a function. We say that
w has the joining points property if and only if w is continuous and for every pair
(a,b) € R? with a > 0 there exists exactly one z € D such that

[z,z+a]CD and w(z+a)—w(z)=>

In such a case we say shortly that w is a JP-function. Now fix a JP-function w and
consider some function f:R — R. The function f is called w-convex if and only if
for all z,y € R, = < y and for every z € (=, y) we have

f(z) Sw(z+a) + B,

where a, 8 € R are such that w(z + ) + 8 = f(z) and w(y +a) + B = f(y). Such
numbers clearly exist and are uniquely determined since w is a JP-function and
therefore the above definition is correct. In the similar way we define also Jensen
w-convexity and our main result states that a continuous function which is Jensen
w-convex has to be w-convex. We describe also the form of a JP-function and we

determine all w-convex functions in the case w(z) = 2.
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JANUSZ WALORSKI: On continuous and homeomorphic solutions of the Schréoder
equation in Banach spaces

Let X be a Banach space. We consider the Schroder equation
p(f(x)) = Ap(z)

in which ¢: X — X is an unknown function, the linear operator A: X — X and
the function f: X —= X are given. We establish conditions under which there
exists a continuous (homeomorphic) solution of the above equation.

2. Problems and Remarks

1. PROBLEM. The logarithmic mean L is defined by

=y ifz,y € (0,00), x ,
e B TS0 21

T, ifz=y, z€(0,00).

Question 1. Does there exist a discontinuous solution f:(0,00) — (0,00) of
the functional equation

M f(L(z,y)) = L(f(z), f(y))  (z,y € (0,00))?

Question 2. Is L-convexity (or L-affinity) a localizable property in the following
sense: if, for every u € (0, 00), there exists an open interval U C (0, 00) such that
u e U and

() f(L(z,y)) < L(f(z),f(y)) foreveryz,yeU

(respectively, f(L(z,y)) = L(f(z), f(y)) for every z,y € U), then f is L-convex
(respectively, L-affine)?

ZsoLT PALES

2. REMARK AND PROBLEM. According to the axioms of the real number sys-
tem, the operation = + y for z,y € R (the usual addition) is associative. Moreover,
if, for instance, ¢: R — R is bijective, then also the operation * defined by

(1) zxy=¢""(p(x)+9(y) (z,y€R)

is associative. According to a celebrated result by Jdnos Aczél, if an operation
xR x R — R is associative, cancellative, and continuous, then there exists a
mapping ¢ such that  is given by (1).

It was presented in our joint remark with A. Gilanyi at the 41st ISFE that
if H:R? — R is homogeneous, i.e., H(tz,ty) = tH (z,y) is fulfilled for every
t,z,y € R, then the operation o:RxR — R defined by zoy = H(z,y) (z,y € R) is
l-power symmetric for every positive integer {. Moreover, if p: R — R is bijective,
then also the operation * defined by

(2) zxy =9 (H(p(z),0(y) (z,y€R)
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is l-power symmetric. In analogy to Aczél’s above mentioned result, it is natural
the formulate the following problem: Find reasonable sufficient conditions under
which every power symmetric (i.e., I-power symmetric for every [ € N) operation
*:R x R — R can be written in the form (2).

ZsoLT PALES

3. PROBLEM. A function f: (0, c0) — (0,00) is called convex with respect to
the logarithmic mean

zT—y )
L(.’L',y) = lnx—‘lny’ lfx,ye(()?w)? x#y’
z, ifr=y, z € (0,00)
if f fulfills the inequality
(1) f(L(z, ) <L(f(=), f(¥)), =,y € (0,00).

It is known that every decreasing function f fulfilling (1) is convex in the usual
sense. The question is whether every continuous function f fulfilling (1) has to be
convex in the usual sense.

ZYGFRYD KOMINEK

4. REMARK (to 3. Problem by Z. Kominek). The following partial answer to
Kominek’s question can be derived: if f:(0,00) — (0,00) is twice continuously
differentiable and L-convex, then the mapping

z— V/f(2®)  (z€(0,00))

is convex in the usual sense. Moreover, if the logarithmic mean L is replaced by the
Stolarsky mean with parameters (p, ¢), then an analogous result can be obtained,

where the exponent 3 is substituted by Ei_q )

ZsoLT PALES
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