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ON APPROXIMATION OF APPROXIMATELY QUADRATIC
MAPPINGS BY QUADRATIC MAPPINGS

JOHN MICHAEL RASSIAS

Abstract. In this paper we establish an approximation of approximately quadratic
mappings by quadratic mappings, which solves the pertinent Ulam stability problem.

Introduction

In 1940 S. M. Ulam [34] proposed before the Mathematics Club of the
University of Wisconsin a number of interesting open problems, one of which
is the following problem: Give conditions in order for a linear mapping near
an approximately linear mapping to exist. In 1968 S. M. Ulam [34] proposed
the general problem: When is it true that by changing a little the hypotheses
of a theorem one can still assert that the thesis of the theorem remains true
or approximately true. In 1978 P. M. Gruber [7] proposed the Ulam type
problem: Suppose a mathematical object satisfies a certain property appro-
ximately. Is it then possible to approximate this object by objects, satisfying
the property exactly? According to P. M. Gruber [7] this kind of stability
problems is of particular interest in probability theory and in the case of
functional equations of different types. In 1982-2000 we ([15]-[28]) solved
the above-mentioned Ulam problem, or equivalently the Ulam type problem
for linear mappings as well as for quadratic, cubic and quartic mappings
and established analogous stability problems. In this paper we introduce the
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following quadratic functional equation

(*)  Q(a121 + a272) + Q(a2zy — a123) = (af + 63)[Q(z1) + Q(z2)]

with quadratic mappings Q : X — Y satisfying condition Q(0) = 0 if m =
a? + a? > 0 such that X and Y are real linear spaces, and then establish
an approximation of approximately quadratic mappings f : X — Y, with
f(0) = 0 (if m = 1), by quadratic mappings Q : X — Y, such that the
corresponding approximately quadratic functional inequality

(xx)

| f(a121 + azz2) + f(az21 — a122) - (af +a3)[f (1) + f(@2)]l| < el || |22

holds with a constant ¢ > 0 (independent of 21,2, € X), and any fixed pair
(a1,a3) of reals a; # 0 (i = 1,2) and (ry,r3) of reals r; # 0 (i =1,2):

11={(7‘,m)€R2;r<2,m>1orr>2,0<m<1},
L={(r,m)eR*:r<2,0<m< lorr>2m>1},

or
Li={r,m)eR*:r<2,m=1=2¢":0; =a; =a=2"%}

hold, where m = a? + a2 > 0 and r = r; + r; # 0. However, we have
established the following case: r; = 0 (i = 1,2) such that r = 0 [23].
Note that m™2 < 1if (r,m) € I;,m?~" < 1if (r,m) € [;,and 22 < 1
if (r,m= 1) € I3.
It is useful for the following, to observe that, from (*) with z; =z, = 0,
and 0 < m # 1 we get |
2(m - 1)Q(0) =

)] Q(0)=0.

DEFINITION 1.1. Let X and Y be real linear spaces. Then a mapping
Q: X =Y is called quadratic, if (+) holds for every vector (z1,z2) € X2.

For every z € R set Q(z) = z%. Then the mapping Q@ : R = R is
quadratic. Finally let F : X2 — Y be a bilinear mapping. Set Q(z) = F(z, z)
for every € X. Then Q : X =Y is quadratic.

Denote

(2)

_ %, if (rm=al+add) el
Q(x) = (a1+a2) [Q( )+Q( )], if(r,m:a%+a%)€[2
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for all z € X.
Now, claim that for n € N={0,1,2,...}

m~nQ(m"z), if (r,m) € I,
Q(z) =

(3) m?"Q(m~"z), if (r,m) € I,

2-"Q(2"%x), if (n,m=1)€l3
forallz € X and n € N.

For n = 0, it is trivial. From (1), (2) and (), with z; = a;z (1 = 1,2),
we obtain

Q(mz) = m[Q(ea12) + Q(az7)),
or

(4) Q(z) = m™2Q(mz),

if I, holds. Besides from (1), (2) and (), with ; = 2,22 = 0, we get

Qar2) +Q(a22) = mQ(z),

or

(5) Q(z) = Q(z),

if I holds. Therefore from (4) and (5) we have
(6) Q(z) = m~*Q(mz),

which is (3) for n = 1, if I, holds. Similarly, from (1), (2) and (%), with
z; = Sz (i=1,2), we obtain

(") Q(z) =Q(z)
if I holds. Besides from (1), (2) and (%), with 2y = &,z = 0, we get
a az _ -1
@ (5e) +a(Gr) =matm™a),
or
®) (@) = mQ(m™'a)
if I holds. Therefore from (7) and (8) we have

(9) Q(z) = m*Q(m™'z),



70 John Michael Rassias

which is (3) for n = 1, if I, holds. Also, with z; = 23 = 2 in (x) and
a; =ay = a=2"12 we obtain

Q(2"z) = 2Q(z),

or

(10) Q(z) = 2‘162(21/%),

which is (3) for n = 1, if I3 holds.
Assume (3) is true and from (6), with m™z on place of z, we get:

(1) Q(m™'2) = m*Q(m"z) = m*(m")’Q(c) = (m™1)?Q(z).

Similarly, with m~"2 on place of z, we get:
Q (m™"V2) = m=2Q(m™"z) = m* (m=")’Q(x)

(12) _ (m'(”+1))2Q(x).

Also, with (2a)"z (= 2"/%z) on place of z, we get:

13) Q (QHTH:c) =Q ((20)"*'2) = 2'Q ((2a)"z) :
1
=2'(27Q() = 2*'Q() = (2) Q).

These formulas (11), (12) and (13) by induction, prove formula (3),

([1]-{6], [8]-{14], [29]-(33]).

Quadratic functional stability

THEOREM 2.1. Let X andY be normed linear spaces. Assume that Y is
complete. Assume in addition that f : X —'Y satisfies functional inequality
(xx), such that f(0)=0 (if m > 0).

Define

m*" f(m™"z), if (r,m)e I,

m=2" f(m"z), if (rm) € Iy
fulz) = z)
27" f(2"%z), if(rm=1)€l;

forallz € X and n € N.
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Then the limit
(14 Q(e) = lim_fu(o)

exists for allz € X and Q : X — Y is the unique quadratic mapping, such
that Q(0) =0 (if m > 1) and

ye/(m? —m"), if (r,m)€
(15)  If(=) = Q) < ll=ll" { ve/(m" - m?), if (r,m) € I
c/(2 - 277, if (,m=1)€ L3

holds for all x € X,c > 0 (constant independent of x € X ) and v =
la1]"™|az|"™ > 0.

Existence

PROOF. It is useful for the following, to observe that, from (+) with
21 =23 =0and 0 < m#1, we get

2im - 1|[|£(0)]| < 0,
or

(16) f(0) =0.

Now claim that forn € N

(17)
e (1 =m™r-2), if (r,m) e :m™? <1

1 @)= Fa(@ < el § 5 (1= m™2=0), i (rym) € Iy s m?™" < 1
ﬁrz- (1 - 27‘("_2)/2) y if (r,m = 1) € I3 : 2?—2 < 1.

For n = 0, it is trivial.

Denote
(18)
“o) fugrfins), if (r,m =l +a}) € Iy
z) =
(@ +a) [1 (agtmpe) + £ (fee)] W nm=cita e

for all z € X.
From (16), (18) and (**), with z; = a;z (i = 1,2), we obtain

£ (mz) — m{f(ar2) + f(az2)]]] < velloll",
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or
-2 F ¢ r
(19) =" f(mz) = f(2)| < —ll=|l",
if I holds. Besides from (16), (18) and (#x), with @y = z, 2, = 0, we get

| f(a12) + f(az2) — mf(2)]| <O,

or
(20) - f(z) = f(2),
if I holds. Therefore from (19) and (20) we have
_ -2 ﬁ ro__ ye a2 r
@) @) - m fma)l < Lfell = — L5 (1 - m ),

which is (17) for n = 1, if I, holds.
Similarly, from (16), (18) and (+*), with z; = %z (i = 1,2), we obtain

— yc -
(22) 1f() = F@) < =l
if I; holds. Besides from (16), (18) and (xx), with ¢, = Z, 2, = 0, we get
Y 2.\ - -1
|r Ge) + 1 (Goe) = i) <o

or
(23) f(z) = m?f(m™2),
if I; holds. Therefore from (22) and (23) we have

—m2fm ol < X0 = — 8 (1 — 2=\l
@) £ - m* ) < el = (1 - mP ),

which is (17) for n = 1, if I, holds.
Also, with ) = z3 = 2 in (**) and a; = a3 = a = 271/2, we obtain

[|£(2az) - 2f(z)|| < clle|l",

or

1£(=) = 271 £2'22) || = || £ (=) - 271 £((20) =)
< __”w”r = 9 _9r/2 [1 - 2(7‘—2)/2]”1:”7',
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which is (17) for n = 1, if I3 holds.
Assume (17) is true if (r,m) € I;. From (21), with m™z on place of «,
and the triangle inequality, we have
(26)
1£(2) = fat1 (@)l = |1 (2) = m™2C+D f(m™+z))|
< | f(2) = m~2" f(m"a)|| + [lm =" f (m"s) = m=2CHD f(m+ o))

e (r-2 -2 r=2 r
< oy o [(1 —m™r )) +m " (1 =m " )m" ] )|

= 2 (1= mOE=D) o,

m?2 —m"

if I holds.
Similarly assume (17) is true if (r,m) € I;. From (24), with m~"z on
place of z, and the triangle inequality, we have
(27)
17@) = Fur (@)l = 1£(2) =m0+ £+ )|
< (@) = m2" Fm="2) [ + " n™"z) = D) f(m= 403 |
_lc___ _ "(2"'7') 2n _ 2—r —nr r
< S [ mn e (- m w7 ]

‘yc -r r
- m" — m?2 (1- m(rt1E ))”m“ y

if I holds.

Also, assume (17) is true if (r,m = 1) € I5. From (25), with (2a)"z
(= 2™/%z) on place of z, and the triangle inequality, we have
(28)

1£() = farr @)l = || 7(2) = 27040 £ (2F*2) ||
= |If (z) — 27C+V f((2a)" ' 2)|
< |If(2) — 27" F(20) ")l + 127" f((20)"2) — 27D f((20)"F )|

< . —c2r/2 {[1 _ 2n(r_2)/2] + 927 [1 - 2(r-—2)/2] (2a)nr} ”m”r
T
if I3 holds.

Therefore inequalities (26), (27) and (28) prove inequality (17) for any
n € N.

Claim now that the sequence {f,(z)} converges.
To do this it suffices to prove that it is a Cauchy sequence. Inequality
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(17) is involved if (r,m) € I. In fact, if i > j > 0, and h; = miz, we have:
I1fi(2) = £i (@)l = [Im™* f(m'z) — m™ f(miz)||

m™H |20 f(mi~Ihy) - f ()| =

m™ | fij(ha) = £ ()]l <

29 =m-% r TC 4 _ o(i=i)(r-2)
(29) mH ||| (1= m )
—=m(r=2d _YC (1 _ =) (r-2) r
m (L m JJIEd]
< =L m=i|jg|” . 0,
me —m’ j—=oo

if I; holds: m"™2 < 1.
Similarly, if hy = m~Jz in I, we have:
1fi(z) = f; @) = [|m* f(m™*z) = m¥ f(m ™)
= m¥||m2=9) fn (=D py) = f(hy)||

(30) <m0 223 _ ==y 17
- m’ — m?
e (2-r)j T,
< peev— L 2| j_)OOO.

if I holds: m?~" < 1.
Also, if hs = 29/2z in I, we have:
(31) o
1 fi(=) = fi(@)'= 127 F(2/22) — 279 f(29/%2))|
= 2—1”2 (i— j)f(Q(i—j)ﬂha) — f(hs)]|

= 277|| fi~j(h3) — f(hs)|| < 2~ ]||ha||r
[
92— 2/

if I3 holds: 272 < 1.

Then inequalities (29), (30) and (31) define a mapping Q : X — Y,
given by (14).

Claim that from (*%) and (14) we can get (#), or equivalently that the
afore-mentioned well-defined mapping Q : X — Y is quadratic.

In fact, it is clear from the functional inequality (**) and the limit (14)
for (r,m) € I that the following functional inequality

2r/2 (1- 9li=3)(r- 2)/2)

= 9—il?

s < Pjall” = o,

92— 2r/2

m'2"||f(a1m”z1 + aym”zo) + f(dgmn;vl —aym"zy)
— (a3 4 a})[f(m"e1) + f(m"2,)]|
< m72e||mmxy || ||m e, ||,
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holds for all vectors (z1,z2) € X2, and all n € Nwith f,(z) = m™*" f(m"z) :
I; holds. Therefore

lim f,(a1z1 + aza2) + lim f,(azz; — a;23)
n—r00 n—o0

l

~ (@ +a) [lm_faler) + lim_ fa(es)]

< (lim_ w2 ellay | laa I = 0,

n-»00

because m"% < 1 or

(32) |Q(a1z1 + az2z2) + Q(azer — a122) — (a7 + 63)[Q(21) + Q(z2)]|| = 0,

or mapping @ satisfies the quadratic equation (x).
Similarly, from (%) and (14) for (r,m) € I, we get that

m*" ||f(a1m_":1:1 +aym™"z2) + flagm ™"z — aym ")

—(a] +a}) [f(m™"21) + f(m ™ z2) || < m*"ecllm Tz || |m T ||,

holds for all vectors (21,22) € X?,and all n € Nwith f,(z) = m?" f(m~"z) :
I3 holds. Thus

||7}1_§noo fn(arzy + a2zs) + Jim fn(agzy — a123)
~(@ +a) [lim_faer) + lim_fa(ea)||
< (Jim_me@=") ez |lzal™ = o,

n—-$ro0

because m?~" < 1, or (32) holds or mapping Q satisfies (*).
Also, from (xx) and (14) for (r,m = 1) € I3 we obtain that
27" | (a1 2722y + az2™*xy) + f(ag2™?xy — a12™%2,)

~ (@ +a) [£2"21) + £22a0) || < 27 ell2 2|7 2 |,

holds for all vectors (1, z3) € X2, and all n € N with f,(z) = 27" f(2"/2z) :
I3 holds. Hence

”Jl_r}noo fu(arzy + agzs) + Jim falazzy — ayz2)
2 2 . .
~(at +ad) [Jim fulen) + Jim fola)]|
< (Tim 27312 cllay |1 o = 0,

n—00
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because 272 < 1, or (32) holds or mapping Q satisfies (x).

Therefore (32) holds if I; (j = 1,2,3) hold or mapping Q satisfies (%),
completing the proof that @ is a quadratic mapping in X.

It is now clear from (17) with » — o0, as well as formula (14) that
inequality (15) holds in X. This completes the existence proof of the above
theorem 2.1.

Uniqueness

Let Q' : X = Y be a quadratic mapping satisfying (15), as well as Q.
Then Q' = Q.
PRrRoOF. Remember both Q and Q' satisfy (3) for (r,m) € I, too. Then
for every 2 € X and n € N,
(33)
1Q(z) - Q") = |Im™*"Q(m"z) — m™>"Q(m"z)||
< m7{Q(m e) — f(m 2)|| + [|Q(m"z) — f(m"z)||}

2vc

2 aly = ey 21
m —_—

< m—2n
= m? —mr

l|lz|” = 0, as n — oo,
if I; holds: m™2 < 1.
Similarly for (r,m) € I, we establish
(34)
1Q(z) — Q' (@)l = Im**Q(m~"z) — m™Q' (m™"z)||
<m* {IQ(m™"2) - f(m™"2)|| + Q' (m™"2) - f(m™"2)|}

2'yc -~ - 2ye '
r—lim e = m"™ r)mll-’vll" — 0, asn — oo,

< m?n
if I holds: m?2—" < 1.
Also for (r,m = 1) € I3, we get
(35)
IQ(@) - Q'@)ll = l27"Q(2"*) - 27Q' (2" a)|
<27 {lIQE@"%) - F(2"20)||+1Q"2"%2) - 12" a)}

2¢ 2¢ |
2 —2r/2 2—9r/2

< 9-n ”271/2:1;”7‘ — 2"1 r—2)/2 |(1;|| —0, asn— 00,

if I3 holds: 272 < 1. Thus from (33), (34) and (35) we find Q(z) = Q'(z)
for all z € X. This completes the proof of uniqueness and the stability of
equation (*).

Query. What is the situation in the above theorem 2.1 either in case
r =2 or for m = 1 when a; # a,?



On approximation of approximately quadratic mappings by quadratic mappings 77

[
(2l
B3l

4

REFERENCES

J. Aczél, Lectures on functional equations and their applications, Academic Press, New
York and London 1966.

S. Banach, Sur !’ equation fonctionelle f(x + y) = f(2) + f(y), Fund. Math. 1 (1930),
123-124.

P. W. Cholewa, Remarks on the stability of functional equations, Aequationes Math. 27
(1984), 77-86.

I. Fenyo, Uber eine Losungsmethode gewisser Functionalgleichungen, Acta Math. Acad.
Sci. Hung. 7 (1956), 383-396.

G. L. Forti, Hyers-Ulam stability of functional equations in several variables, Aequationes
Math. 50 (1995), 143-190.

K. G. Grosse-Erdmann, Regularity properties of functional equations and inequalities,
Aequationes Math. 37 (1989), 233-251.

P. M. Gruber, Stability of Isometries, Trans. Amer. Math. Soc., U. S. A. 245 (1978),
263-277.

D. H. Hyers, The stability of homomorphisms and related topics, Global Analysis-Analysis
on Manifolds, Teubner — Texte zur Mathematik 57 (1983), 140-153.

A. Jarai and L. Székelyhidi, Regularization and general methods in the theory of functional
equations, Aequationes Math. 52 (1996), 10-29.

A. M. Kagan, Yu.V . Linnik, and C. R. C. Rao, Characterization problems in mathema-
tical statistics, John Wiley and Sons, New York 1973.

C. G. Khatri, C. R. Rao, Functional equations and characterization of probability laws
through linear functions of random variables, J. Multiv. Anal. 2 (1972), 162-173.

M. Kuczma, An introduction to the theory of functional equations and inequalities, PWN,
US, Warszawa, Krakéw, Katowice 1985.

S. Kurepa, A cosine functional equation in Hilbert space, Canad. J. Math. 12 (1957),
45-50.

L. Paganoni, On a functional equation concerning affine transformations, J. Math. Anal.
Appl. 127 (1987), 475-491.

J. M. Rassias, On Approximation of Approzimately Linear Mappings by Linear Mappings,
J. Funct. Anal. 46 (1982), 126-130.

J. M. Rassias, On Approzimation of Approzimately Linear Mappings by Linear Mappings,
Bull. Sc. Math. 108 (1984), 445-446.

J. M. Rassias, Solution of a Problem of Ulam, J. Approx. Th. 57 (1989), 268-273.

J. M. Rassias, Complete Solution of the Multi-dimensional Problem of Ulam, Discuss.
Math. 14 (1994), 101-107.

J. M. Rassias, Solution of a Stability Problem of Ulam, Discuss. Math. 12 (1992), 95-103.

J. M. Rassias, On the Stability of the Euler-Lagrange Functional Equation, Chin. J.
Math. 20 (1992), 185-190.

J. M. Rassias, On the Stability of the Non—linear Euler-Lagrange Functional Equation
in Real Normed Linear Spaces, J. Math. Phys. Sci. 28 (1994), 231-235.

J. M. Rassias, On the Stability of the Multi-dimensional Non-linear Euler-Lagrange
Functional Equation, Geometry, Analysis and Mechanics, World Sci. Publ. (1994), 275-285.

J. M. Rassias, On the Stability of the General Euler-Lagrange Functional Equation,
Demonstr. Math. 29 (1996), 755-766.

J. M. Rassias, = Solution of the Ulam Stability Problem for Euler-Lagrange quadratic
mappings, J. Math. Anal. & Applications 220 (1998), 613-639.



78

John Michael Rassias

(25]
(26]
[27)
(28]
[25]
[30]
(31]

32)
(33]

(34]

J. M. Rassias, Solution of the Ulam stability problem for quartic mappings, Glasnik
Matem. 34(54) (1999), 243-252.

J. M. Rassias, Solution of the Ulam stability problem for 3-dimensional Euler-Lagrange
quadratic mappings, Mathem. Balkanica, 2000,

J. M. Rassias, Solution of the Ulam stability problem for Cubic Mappings, Glasnik Ma-
tem., 2000,

J. M. Rassias, M. J. Rassias, On the Hyers-Ulam Stability of Quadratic Mappings, J.
Ind. Math. Soc., 2000.

A. L. Rutkin, The solution of the functional equation of d’Alembert’s type for commutative
groups, Internat. J. Math. Sci. 5 (1982), No 2.

F. Skof, Local properties ans approzimations of operators (Italian), Rend-Sem. Mat. Fis.,
Milano 53 (1983), 113-129.

L. Székelyhidi, Functional equations on Abelian groups, Acta Math. Acad. Sci. Hungar.
37 (1981), 235-243.

L. Székelyhidi, Note on Hyers’ theorem, C. R. Math. Rep. Sci. Canada 8 (1986), 127-129.

A. Tsutsumi, S. Haruki, On hypoelliptic functional equations, Math. Japonica 36(3)
(1991), 581-590.

S. M. Ulam, A collection of mathematical problems, Interscience Publishers, Inc., New
York 1968, p. 63.

PEDAGOGICAL DEPARTMENT E. E.,

NATIONAL AND CAPODISTRIAN UNIVERSITY OF ATHENS
SECTION OF MATHEMATICS AND INFORMATICS,

4, AGAMEMNONOS STR. AGHIA PARASKEVI, ATHENS 15342
GREECE

e-mail: jrassias@primedu.uoa.gr


http://jrassiasQprimedu.uoa.gr

