THE EXPANSION OF SOME DISTRIBUTIONS
INTO THE WIENER SERIES

ANNA CICHOCKA

1. Introduction

The aim of this paper is to investigate a discrete integral transform on
the real line, which seems to be better adapted for some applications then
the Hermite transform (see for example [6]). Another complete orthonormal
system (CON) of functions on the real line, which was introduced by Wie-
ner is more appropriate for nonlinear differential equations of mathematical
physics. The reasons are that there exist linearization formulas with respect
to the argument as well as with respect to the index and that the functions
tend to zero as |z| tends to infinity as quickly as |z]~!.

Notations: Let Z be the set of integers, N the set of positive integers,
No = NU {0}, R-the field of real numbers, C-the field of complex numbers.

+00
Instead of > a,, we will write >_ a,,. For abbreviation we denote Ly(R) =

L, C’°°(R)—= C*. By || || we will denote the norm and by (-,-) the inner
product of Ls.

2. The spaces A and A; and their characterizations

The set of functions {g,}}2% _, where

n/=—-001

for n€eZ,zeR
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forms CON in L. These functions were introduced by N. Wiener in 1949.
For details we refer to [6], [9].

Obviously g, € C°. Let S be the differential operator defined by

2 (Su)(@) = ile - i) -l(z + 3i)u(@)].

We can easily check that, the functions g, are eigenfunctions of the differen-
tial operator S belonging to the eigenvalues A, = —n;

(3) SQn = —NgP,.

DEFINITION 1. We consider the space 4 defined by:
(4) A={peC™: ||S*¢|| < o0, k€ No}.

By integration by parts it is easy to verify that (S¢,¢.) = (p,Se,) for
p € A, n € Z. Notice that from this definition A C L,. A. H. Zemanian [10]
proves that A is a complete countable multinormed space with the system
of semi-norms {a}32,, Where ax(¢) := ||S¥y||. Notice also that functions
0n, n € Z belong to A. S'is a continuous linear operator of A into itself.

THEOREM 1. For each element ¢ € A we have the representation
(5) e=> (¢ 0n)0n

We have the following characterization of the space A:

THEOREM 2. If ¢ is in A, then ¢ = Y an0, and 3 |n|**|a,)? is co-
nvergent for each k € No, where a, = (i, 0,) Conversely if 3~ |n|**|a,|?
convergent, then the series Y a,0, converges to some @ in A.

For the proof see [10], p. 312-313 or [11], p. 268.

DEFINITION 2. For each k € N and ¢ € A we define

(6) ol = (5% + D)*e, ).

Immediatly we see that the following theorem holds.

THEOREM 3. We have following properties of | |;:

k
2 k 2
(7) lelr = E ([)HSlcpﬂ" foreach k€N and ¢ € A,
=0
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(8) lelitr 2 leli 2 llell - for each k€N and ¢ € A

Notice, that | | is the norm in A for each k¥ € N.
DEFINITION 3. By Aj we denote the completion of A in the norm | |,
for each k € N.

THEOREM 4. The norms | |, are compatible in the following sense:
If a sequence {p,} of elements of A converges to zero with respect to the
norm | |, and is a Cauchy sequence in the norm | |, (m < k), then it also
converges to zero in the norm | |i. (Compare [7], p. 14.)

Since the norms | |, are compatible, A is complete and the relation (8)
holds, so we have

(9) AC...CApy1 CArC...C Ay C A C Ly,

(10) A=) A
k=1

For the proof see [4] or [7].
We have also a characterization of Ay:

THEOREM 5. The function ¢ belonging to Ly is in Ay if and only if the
series 3. n**|a,|? is convergent, where an, = (@, gn).

For the proof see (7], p. 34.

3. The dual spaces A’ and A and their characterizations

DEFINITION 4. By A} and A’ we denote the dual space of A; and A,
respectively.

It neans that A’(A}) is the space of all continuous linear functionals on
A(Ag).
For f € A" and ¢ € A, we use the following notation:

(fr9)=f(P).

THEOREM 6. If f € A’ then f = Y (f, 0n)0n, where the series is con-
vergent in A’.



10 Anna Cichocka

For the proof see [10] or [11].

THEOREM 7. The following inclusions take place:
o ]
(11) LyCACAC...CACAy C...C A and A= | 4L
k=1

For the proof see [4].
We have also characterizations of A} and A’

THEOREM 8. If f is in A, then the series Y an0,, an, = f(Bn) con-
verges to f in A" and there exists an integer k € Ny such that the series
> In|7**|a,|? is convergent.

n#0
Conversely if the series Y |n|=**|a,|? is convergent, then there exists
n#0
a continuous linear functional f in A" such that f(3;) = a,.

For the proof see [10], p. 323-324 or [11], p. 271-272.

THEOREM 9. If f is in A', then f belongs to A}, if and only if the series
> |n|7**|a,|? is convergent, where a, = f(77).
n#£0

For the proof see [7], p. 36, theorem 4.9.

4. Connection between A; and the Sobolev space Wi,2

DEFINITION 5. We shall denote by W,, 5 for m € N, the subspaces of
L> defined by
{feLs: " e L, for ve€{0,1,...,m}, where

f®) is the weak derivative of f}.

The vector space W, » equipped with the norm:

9

-

m 1/
[ fllm.2 = (lef‘”)”z)
v=0

is called Sobolev space and it is Banach space.

DEFINITION 6. By Dy, we shall denote the space of all smooth functions
¢ such that ¢(*) € L, for v € N.
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The convergence in Dy, may be defined by the family of norms || - || 2
form=0,1,2,....
Let A be a linear functional on Dy, continuous with respect to the norm
Il llm.2- It is known that such functional takes the following form (see [8], p.
201)
m

(12) A=Y [foe)de o pe D,

where f, for v € {0,1,...,m} are fixed elements of L. We shall now show
that the functional A can be extended on Wy, » by continuity and formula
(12) also holds.

Let be ¢ € Wy, 2. Then by virtue of density of Dr, in W, 2 (see for
example [1]), there exists a sequence {@.}nen, ¥n € DL, for n € N, such
that:

(13) o = ot

From Hélder’s inequality we have:

— 0 for v=0,1,...,m

n—00

1) | 1@ @) - L) @] <IN I - o1
R
Since (13) and (14), therefore

A{g) = lim A (¢n) = /fl, (z for o€ Wy

n—roc
v= OR

THEOREM 10. Let A : Dy, — C be a linear functional continuous with

respect to the norm || ||m 2 and g € Dr,, [ g(z)dz =1 and g.(z) = 'g (£)
R

and Ay, (z) = Ag-(z - )).
Then

/Agt(;r)ap(;t)da: tends to A(p) ase — 0 for p € Wy, 5.

PROOF. An easy computation shows that:
(15)

/A (2)on(a)dz — A(pn) =

=Y [/ / fule - y) - F@] o)yl (@)de for g € Dy,

v=0 R
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Assume that a sequence {y,}nen, @, € Dy, for n € N, converges to ¢ in
Wi 2, then

! /A*(‘T)%(“’)d‘” = [ Ay (2)p(e)de

R R
4 Alpn) =5 Aly)

// - fulz )] (y)d3/99£{/)(:v)da:-—)
¢) v=0p R

//fu (z —<y) — fu(2)] ‘(y)dyap ”)( yda.
=0R R

v=0

From a) b) ¢) it follows:

m

0 [ ta@e@ie -2 = " [ [ise =) - e

R v=0p R

g(y)dyo™ (z)dz for ©eWg,..

The rest part of the proof is as in the proof of Lemma 1 in [2].

THEOREM 11.

(16) A C W’rkyg for k=1,2,...

Proor. (Compare Th. 6 in [2]). Let ¢ be in A. In accordance with
Definition 3 ¢ is in L,.

It is easy to see that
(17) an = "niQn—l + (272 + 1)1911 - (7& + 1)ign+l-
According to Theorem 5 the function ¢ can be represented as follows

w= Z AnQn, where a, = (o, Qn)-
Formally differentiating this series we obtain
Z aann = -1 Z NapPn—1 +1 Z(ZR + 1)(Ln9n

- 72(” + 1)@n0ny1.



The expansion of some distributions into the Wiener series 13

By virtue of Theorem 5 it follows that the series Y |n|?|an |, 3 [2n+1]?|e,|?
and Y |n + 1)%|an|* are convergent so Y nan0n—1,y,(2n + 1)ane, and
S (n 4+ 1)a,0n41 are convergent in L. Hence ¢’ is in L;.

Analogously we will prove theorem 14. First using the formules (26) and
(27) it can be shown that ¢(*) € L, for v € {0,1,...,k} in the case k > 1.

REMARK 1. Remark 1 If A € D}J2 is functional continuous with respect
to the norm || - ||;m 2, then we will writte that

(18) Ae VV—m,2 = (I/Vm,Z)/‘

THEOREM 12. If A belongs to W_y, 5, then the restriction A of the func-
tional A to Ay belongs to Aj.

Proor. By virtue of Theorem 10

(19) [ Ast@stais
R

tends to A(p) as € — 0 for ¢ € Wi 5.

Therefore, in view of Theorem 11 we infer that the expression (19)
converges to A(¢) when ¢ — 0 for ¢ € A;. Taking into account that Ay is
complete we conclude, by the Banach-Steinhaus theorem that A belongs to
Al

) COROLLARY 1. If A is in W_y >, then A= S anon in A, where a, =

A(2,).

5. Some functionals from the space A4

Now we are going to show the examples of functionals in A} .

DEeFINITION 7. For k € N and ¢ € A we define the functionals:

+<

. PN I .

0 o) = I, [ e el
1 A

(21) mi)—k(sﬂ=i‘g+ / m'w?(fc)d-’v
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DEeFINITION 8. For k = 1 we define functional

+0o0
@) S (G- for ped

For k£ > 1 we define functionals depending on evenness and oddness of k:
for even k = 2m

(23)
] s 1 1
()2 (¢) := / @ [(’*P(-”J) + ¢(-z)) 3~ (99(0) + 90(2)(0)2—,1‘2 +...+
A2m=2) 1 2m=2 — :
+ ( )('Zm Y dz for m=1,2,...

for odd k= 2m + 1:
(24)
+00
1

el = [ (o) ~ o2

—_

! 1 (2m—1) 1 2m—1
(PO +. .+ s ? de
(a,, (0)1!1-4— + @ (0)(2m_1)!x x

| —

for m=1,2,... and p€ A.

Compare the definition in [5], p. 199.
Notice that these functionals belongs to W_j » for appropriate k.

THEOREM 13. Functionals ﬁ, ﬁ, _fw,d € Al.
THEOREM 14. Functionals #, TT}H)_"’ (—'——%)W’ stk=1) ¢ AL\ AL,

fork > 1.
We base on the following result (see for example [3]):

Cauchy’s representation theorem. If a simple closed curve C, positively
oriented and lying in the region R, contains only points ¢ of R in its interior,
then a function f(c) analytic in R can be represented for points ¢ interior to
C' by

(25) fle)= 5 / 19,
C

and it’s n-th derivative

(26) 1) = g [ L ra

T 2mi ) (z—c)nttT
c
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Moreover,

(27) . /f(z)dz = 0.

C

(A region is defined as an open set which is arcwise connected.)
' We denote by I'}; and 'y, the parts of circle

It ={Re'': 0<t<n} and Ip={Re™": 0<t <)}

(28)
for constant R > 0

and we use the following property of rational functions:

REMARK 2. Remark 2 If

a) W(z) is rational function,

b) W has no poles on the real line,
¢) lim zzW(z)=0

|z|=2+0

then:
+ 00

(29) /W(m)dw:Rl_l)rEoc / W(z)dz,
- (~R,RUl'}

and
+ o0

: {z)dx = i /(z)dz.

(30) /W (z)dz Rl_l)rgoo / W(z)d
—o0 [-R,RJUT;

Now using the Cauchy’s representation theorem and remark 2 we can
calculate the integrals:

LEMMA 1. For each € > 0 we have

T 1 0, for n<0

5 —_— y — l— n

(31) / TT et (@4 =1 (-t (;+€;Z+ . for w20
+oo ! ) (%_E)—n—l

(32) / ——0,(2)dz = {“’2”(‘1) (G for m<0
o roet 0, for n>0
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PROOF. We want to calculate the integral

z 5
33 —0, (2)dz = - 2 dx.
( ) / ll?+€lgn( ) i /—‘271P / T+ ci (.l' _ %I)n-I—l X
-0 ]

1"
For n > 0 the function f(z) = (—(% is analytic in the half—plane

Im=z < %, so by the Cauchy’s representation theorem we have

_ PN i
(34) / /Gl = —2mif(—ei)  for R>e.
[-R,RJUT';

Using the remark 2 we receive

(35)
+00 a7 . AT n
1 1 —ci+ ki . (E-
/ o @ +12. 7)1+1dx: —2mi ( .z+1_.27)1+1 :277(“1)”‘——52 _57)z+1"
e R (x—gz) (—87.—'2'1) 5“!"5)
So from (33) and (35) we have (31) for n > 0.
Forn <0
(36)
+ 00 + o0 n—
/00 - (z)dz ! / L Gl %i)p ldx where p n
~0n = . N v d = —n.
Crter iv2m x+ £t (z+%z)p I

Since the function f(z) = is analytic in the half-plane

FE L)
Imz > 0 so S f(z)dz = 0 for each R > 0, and by the remark 2
[-R,RuT}
we have (31) for n < 0.
It means that:

1 = (L-¢)"
(37) - = 1V271 (—1)“““—=——n—lgn(x) in L,
vt 2 (3+9™

Similary we have

1 % G-
(38) 7:—im Z (—1)”—?—8-:-71—971(.1') in  Ls.
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By definition 7 we have Fourier representation:

1
+,
(39) -+0z =2V27 E )"

and from theorem 9 —g; € Aj.
Analogously we can receive

(40) e

n=—0oo

We can also easily calculate that:

(41) ~1)" o

\/ 2r n_X_:OO )
Moreover, from the Sochotzki formulas:

1 1

42 “Drif4 — = ——
(42) (—=1)mid + 0= Foi
or
. 1 1
4 ; —_——=
(43) wid + 0= "o
we have:

(44) (——-—1\/2—7? Z gn+z\/2_7rz

n=-—0oo

From the above statement and theorem 9, theorem 13 follows.

-1
=i2v2r Y (-1)"e, in A}

)n+l

n.

Analogously we will prove theorem 14. First using the formulas (26) and
(27) of the Cauchy’s representation theorem and remark 2, we calculate the

integrals.

2 - Annales...
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LEMMA 2. For k> 1,k € N and € > 0 we have:

(45)
+20 .
/ (:L‘ + 51)k?n(77)d$ =
0% for n <0
— (=1
= min {k—1,n} .
z; mm_lﬂ)...(mrk_l_l)
" —n—k+l
: (%_6) (%-’—5) } for n >0
(46)

\/21?(—1)”“

?

=0

kO, for nZO

1 —n-1-l /4 1
<_2_"5> (§+s) } for m <0

min {k-1,-n-1} 1
Y mETrm )tk
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This implies from definition 7

(47)
1

(- + 02)*
(0, for n<0

V2 - 2F

ik (—l)n

%

= 9 min {k-1,n} ]
; m(n+l—l)...(n+k—l—1)

[ for n >0

(48)
1 —
(_-——Om(gn) =
V2r

.l'k

min {k-1,-n—-1} 1

(=)

=0
for n<0
L 0, for n >0

Notice that, since g,,(z) = o,(—2), for k > 1,k € N we have:

(49) §=1(3 ) = (=1)14 (g(nk—l)) = olk-1)(g)
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and
(50)
-2}:

n

~.

- for n <0
O =1

V2r
min {k—-1,n} E—1
{ > (‘1 )(n_1+1)...(n+k—1

=0

-21\1
+ k-1
(-n* F

for n >0

From Sochotzki formulas:

] 1 1 7Ti(°1)k~(k—1)
(51) ()F 7 (-+00)* - (k - 1)!0

or

(52) OF = o+ T

()F (- 00k (k—l)
we can receive for k € N,k > 1:

(53)
[ 272k-1

,L-k (_1)n+k

=0
1 for n<0

k(?n)zﬁ k-1
0) _@ii_-(_l)n

min {k—1,n} )
Z m(n—lJrl)...(nJrk_

=0

for n>0

\

min {k—-1,—n-1}
k-1 _
{ > )(_n_”...<_n+k_,_z>}

3

min {k—1,—n—1} .
{ Z m(_n—l)...(—n+k_l_2)}

1_l>}

From the previous statement and theorem 9, theorem 14 follows.
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