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Abstract. In this paper we study the finite-dimensionality of the global attrac-
tor of a discrete dynamical system generated by a reaction—diffusion equation with
non-differentiable nonlinear term and periodic right-hand side. The existence of an
exponential attractor is also proved. Explicit estimates of the fractal dimension are
given.

1. Introduction

One of the main problems in the theory of global attractors in infinite-di-
mensional dynamical systems is the estimation of the fractal dimension of the
attractor. If such an estimate exists, it implies that the observed permanent
regime depends only on a finite number of degrees of freedom. In some cases
the flow on the attractor is equivalent to the flow defined by a system of
ordinary differential equations in a finite-dimensional manifold. This can
be obtained using inertial manifolds, that is, smooth finite-dimensional and
positively invariant manifolds attracting exponentially all orbits. In [13] the
concept of exponential attractor was introduced. An exponential attractor
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is an exponentially attracting compact set containing the global attractor,
which is positively invariant with respect to the flow and has finite fractal
dimension. It is an intermediate object between global attractors and inertial
manifolds. For general results concerning exponential attractors see [1], [12],
[13])-[15].

Estimates of the fractal dimension of the global attractor and existence
theorems of exponential attractors for autonomous and nonautonomous pa-
rabolic equations of reaction—diffusion type have been obtained by several
authors (see [1], [2], [3], (4], [5]-[7], [11], [13]-[15], [16], [17], [18], [21], [22],
[24], [25]).

In this paper we study the finite-dimensionality of the global attractor
and the existence of an exponential attractor for a discrete infinite-dimensio-
nal dynamical system generated by the following nonautonomous reaction-
—diffusion equation

U |BQ: 0,
U |t=0= uo,

where h is periodic with respect to the time-variable t. We note that in the
same way as in [5]-[7] the function f is not assumed to be differentiable,
but instead a Lipschitz condition is imposed. For other conditions avoiding
differentiability see [17].

2. Some results on dimension of compact sets

Let H be a Hilbert space and V : H — H be a continuous mapping.
Let A C H be a compact set such that V(A) = A. The fractal dimension
of A is defined by

df(A) =inf{d > 0:pu;(A,d) =0},

where
ps(A, d) = limsup £%n,,

e—0

and n. is the minimum number of balls of radius less than or equal to ¢
which are necessary to cover A.

THEOREM 1 (see [6], [7]). Let us suppose that there ezistl € [1,+00), d €
(0, %) such that for any u,v € A

(1) IV (w) = V)l < Ufu —off,
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(2) IQNV (u) — QNV (V)| < 6 lu—wll,

where QN is the projector in H into some subspace Hi of codimension
N . .
N € N. Then for any n > 0 such that (\/561) (\/‘25)” = o < 1 the inequality

(3) di(A) <N +7
holds.

REMARK 1 [24, p.24]. If [ < 1 then A consists of one point, so that
ds(A) =0.

REMARK 2. Theorem 1 is a modification of a theorem of O.A.Lady-
zhenskaya [20].

The map V generates the discrete semigroup S : Nx H — H, N =
NU {0}, defined by
S(n,z)=V"(2),

where V" denotes the n-th iterate of V. This dynamical system will be
denoted by (V, H).

For any A, B C H, d (A, B) = sup yeainf ;¢p ||y — 2||. The compact set
R is said to be a global attractor of S if d (S (n, B),R) = 0, as n — oo, for
any bounded set B C H and S (n,R) = R for each n € N.

Let X C H be a compact set and V' (X) C X. We shall consider the
semigroup S restricted to X. The general theory of attractors provides in
this case the existence of the global attractor R (see [19], [20]).

DEFINITION 1. The compact set M is said to be an exponential attractor
of the dynamical system (V, X)if R C M C X and

1L.LV(M)CM;

2. M has finite fractal dimension;

3. there exist positive constants ¢, ¢; such that

d(S(n,X),M)<copexp(—cin) for n>1.

THEOREM 2 (see [13], [14], [15]). Let the map V be Lipschitz. Suppose
that it satisfies the squeezing property, i.e., for some § € (0,}) there exists an
orthogonal projection Qn (8) (Pn = I —Qn ) onto a subspace of codimension
N such that for any u,v € X either

IV (w) =V (o)l <éllu—vl,
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or
1@~ (V (w) =V ()l < 1Py (u—v)||.
Then (S, X) has an exponential attractor M.

The set X C H is called an absorbing set for S if V (X) C X and for
any bounded set B C H there exists ng such that S (n, B) C X for n > ng.

It is clear that if X is a compact absorbing set having an exponential
attractor M then M attracts exponentially each bounded set B. In that
case it is called an exponential attractor for (V, H).

3. Main results

Let 2 C R"™ be an open bounded domain with smooth boundary 8.

Let H = L, () with the norm |ju|| = 4/ [, |u|? dz. We consider the following
reaction-diffusion equation

(4)

u Jaa=0,
U |t=0= Ug,

{%—Auw(u):hwu, in © x (0, +00),

where u = u(z,t), z € Q, t € [0,4+00), w > 0, A = Y1, 8—8;;—, h(z,t) is a
periodic function in ¢t (with period Tp) such that h € L, (Q x [0, Ty]) and
f R — R is a non-decreasing Lipschitz function (with Lipschitz constant

£). Let us denote
To
C'=/ /|h(t,m)|2dmdt.
o Ja

It is well known from the theory of maximal monotone operators (see
(8], [9]) that for each ug € Ly () and T > 0 there exists an unique solution
of (4), u(-) € C'([0,T], L2 (£2)), such that

we W' (§,T;Ly(Q)) forany 0<6<T,
u is a.e. differentiable on (0,7),

u(t) € H*(Q)NH (Q) ae. on (0,T),

Jdu

o — Au+ f(u) =h +wuae on (0,7),

4 (0) = up.
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If ugp € H} (Q), then v € WH? (0,T; Ly (Q)) . Moreover, for any ug, vy €
Ly (), t >0,
[l (t) —v ()] < exp (wi) [[uo — vol|-

We construct a discrete semigroup of operators S : Nx H — H in the
following way:

*S(n, wo) = u (nTy) for neN and ug € H,

where u (-) is the unique solution of (4) corresponding to up. We note that
in this case V = 5(1,-).

THEOREM 3. Let there exist ¢ > 0, M > 0 such that
(5) f(8)s2 (=M +w+e)s® - M,
where Ay is the first eigenvalue of —A in H} (). Then the system (V, H) has

an exponential attractor M. The following estimate of the fractal dimension
holds

df(R) < K ((w + f) exp (2wTon) + (To)_%> ,

where K depends on n and Q and R is the global attractor of (V, H).

PROOF. As usual, multiplying (4) by u (¢t) and using condition (5) we
obtain the inequalities

L 1 + el )
|u O + (=X +) [l OIF + Ve @)

1
2
<M+ Il OIF + 5 e @1 -

Hence, multiplying inequalities (6) by exp (et) and integrating on (0,7") we
have

lu @I exp (1)l O < 22 (exp (eT) - 1)+ / I I exp (et) d.

Let £ > 0, k € Z, be such that (k — 1) Ty < T < kT,. Being h periodic with

5 — Annales...
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period Ty, we can estimate the last term as follows:

T T
é/o I @) exp (et dt < - </ b )1 exp (et) d

T-Ty

T-To T—(k=1)T,
+ ) WOF o Gtk | I 0 exp (st)dt>
1 T, ,
< Slexp (D) +ootexp ((T— (k= )T) [ IR0
0

— Cexp (eT) (1 +exp (~€Tp) + ...+ exp (—¢ (k- 1)Tp))

£
< €22 D (1 exp (-eme))
Therefore, the following inequality holds
5 2M C _
()P <l O)IF exp (~eT)+ 22 (1 — exp (~eT))+ 5 (1 = exp (=eTo)) ™"

Let p?> = € (1 —exp (=€) ™" + 24 4 7, 5 > 0. It follows from the
last inequality that for any R > 0 there exists T (R) such that ||u (t)|| < p,
if t > T (R), |luo|| < R. Let

X,={y€ H: 3Fuy € H,||uol| < p, t > 0, such that u (t) = y}.

It is clear that if up € X,, then u (t) € X, for t > 0. Thus, the set X, is
absorbing for V. It is also evident that X, is a bounded set. Hence, there
exists p; > 0 such that ||u|| < p; for u € X,.

Further, we have to obtain an absorbing ball in H! (). Let R > 0
and N (R) be such that S(N,u) € X,, if |lug|| < R. Let t > NT, and
0 < r < Tp. Integrating (6) on (¢,t + r) and using the fact that u (r) € X,
for 7 > NTj, we get

t+1‘ 2 1 1 t+1‘ 9
[ wueitars (—+A1r) e [P
¢ 2 2e Jy

1 , s,
<[ = M —_
_<2+/\1r)p1+ r+2€

It is clear from the Lipschitz condition for f that there exist constants
K1, K5 such that for any v € Ly (Q2)

| f (u)]| < Ky + Koy |lul|.
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Hence, multiplying (4) by 4% we obtain

du
(Au, dt)

du
dt

dull®

du
(—-f (u) + wu + h, E)
3
4

< +IRIP + w? ) + 2K + 2K2 ||u])® .

dt

Then the equality (—Au, 4) = 14 ||Vy||* implies
du||?

d 2 2 - 2 g
=l g IVull < 2IAIP + 467 + (20° +4K3) Jlul?

2

<2|lh @) +4K7 + (20 + 4K3) p}

ift> NT.
Let us recall the uniform Gronwall Lemma (see [24, p. 89]):

LEMMA 1. Let g,z,y be three positive locally integrable functions on
(to,+00) such that % is also locally integrable on (to,+00) and for t > to

d‘l< + z,
P gy

t+r t+r t+r
/ g(s)ds < ay, / z(s)ds < ag, / y(s)ds < a3,
t t t

where r,aq,as,a3 > 0. Then
y(t+r) < (a—3+a2> exp (ap) for t>t.
"

Applying Lemma 1 with g (t) = 0,y (t) = || Vu||* and z () = 2||h ()}* +
4K} + (2w® 4+ 4K2) p}, to = NT,, we have

IV (@0))?
A M
(7) ( 7+ M) ”7{+ Tt +20+(4Kl2+(2w2+41<§)p%)r)
= pj

for t > r+ NTp. Let us define the ball B/‘)’ = {u € HL (D) : “"”Hl(n) < p3}

ps=p2+1n,n1>0 Wesetr=-2 T + X = X,NBY . We claim that X is a
compact absorbing set. Since the mjectmn H0 (Q) C L, () is compact, X

5*
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is compact . It is clear from (7) that S (n, Bg) C X, if n > N (R)+ 1, where
Br = {u € H :||u|| < R}. Finally, we must prove that V (X) C X. First let
up € X,N B, . In this case N (p) =0, so that S (1,u0) = V (uo) € B,N BY..
Being V' continuous, V (X) C X.

It follows that S has the global attractor R.

In order to obtain the estimate of the fractal dimension we have to check
that (1)-(2) hold for the map V.

Condition (1) is always satisfied, since

15 (1, uo) — S(1,v0)|| < exp (wTp) ||uo — vol| for wg,vy € H.

Hence | = exp (wT)).
Further, let us prove that (2) is satisfied. For arbitrary solutions u(t), v(¢)
corresponding to ug,vp € Ly (), respectively, we have

22t A=)+ flu) = f(v) ~w(u-v) =0 ae.,
®) {u(é’) ~0(0) = uo - vo. "

Denote m(t) = u(t) — v(t). Multiplying the last equality by Qym (t) and
integrating over 2, we obtain

Ll@n mOIF +1vQn )P

+/ (f(u(t)) = fv(t)) —wm () Qn m(t)dz = 0.
Q

1
2

Now the inequalities |[VQnm(t)]| > Ang1 |[Qnm@)|f, [Im(t)]] < exp (wt)
llmo]|| and the Lipschitz condition for f imply
d 2 2 ¢
ZlRym@IF < —22An41 QNmEI +2(€ +w) Im®)
< =22n41 [[QNmO)I* +2 (€ + w) exp (2wt) |[molf*,
where A\yy; is the N + 1-th eigenvalue of —A in H!} (Q). Multiplying both

sides by exp (2An+1t), we have

d 9 2
= (||QNm(t)H“ exp (2/\N+1t)) < 2(&+w)exp (2(w + A1)t [Imolf* -
Integrating on (0, 7y) we get

QN (To)|I exp 2An41To)
2 +w
< 1Qw moll? + lmol? =2

_— 2 A T — 1).
. (exp 2w+ An41)To) — 1)
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Hence,
2 2 AN+1 — & Etw
< —e —2A 2wT
I@nm(To)ll” < |lmol| (w+/\N+19XP( 2An+1T0) + w+/\N+leXP( wTo))
< llmoll? (exp (~2Aw41To) + ————exp (2Ty))
w4+ ANt

= 8*(N) ||mao]*

Choosing an appropriate N we obtain §(N) < —\-}—; Then (2) is satisfied
on RN for the map V.
Let now w < A;. Multiplying (8) by m(t), we get

332 MO 17 + [ (F(0) = S0 me)de = wlm) = 0.

Since ||Vm(t)|| > Ay ||m(t)|* and being f non-decreasing, we obtain

d 2 _ . 2
= ImOI" <2 = A) [Im@I

Hence, R
lm(To)|I* < [|mol|* exp (2(w = A1) To)-
Therefore, it follows from Remark 1 that d;(R) = 0.
2

It is well known (see [10, p. 201}, [23, p. 136]) that Ay = O(N*®), as
N — oo. Hence, there exists D > 0 such that —%_— > Dfor N € N. Let v =

12. We take (78(N)1)? = 7 (exp (- 2/\N+1TO+2wT0)+w—J:’—jf+—lexp (4wTy))

and choose Ay in such a way that for some 0 < v < 1

1
(9) exp (=2(An41 —w)To) < 277

(w+8) 1
1 — 7 4T, -
(10) S e (10Ty) €

Hence, conditions (9), (10) will be satisfied if the next inequalities holds
log (V2
AN$1 2 W+ -M,
To

Ant1 > (272 + @) (w+ &) exp (dwTp) —
It is sufficient to find N such that
log (v27)

AN$1 2 (272 + 0’) (w+ E) exp (4(.4)T0) + Ty
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Using Ant1 > D(N + 1)% we obtain that the last inequality holds as soon

as n
log (v27) ) °
DT,

(272 +a) (w+8)
D

N+1> exp (4wTp) + = g.
We choose N = [d]. It is clear that there exist constants Dy, D, (dependmg
on  and n) for which N < Dy (w+ €)% exp (2wT0n) + Dy (To)" 2.

We can assume that N > 1. If N = 0 it is clear that w < A\; and then
ds(R) = 0. We have obtained that for such N, (y6(N)!)N < 1 and then all
conditions of Theorem 1 hold for 7 = N. Hence,

di(R)<2N <K ((w +§) exp (2wTon) + (TO)~%) :

Finally, it is clear that for N great enough 6 (V) < L. This implies that
the squeezing property is satisfied and then from Theorem 2 the existence
of an exponential attractor follows.
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