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Abstract. Based on a previous theoretical result of the same authors the present 
paper deals with discrete perturbed two-dimensional maps having a semi-hyperbolic 
fixed point. We give applicable sufficient conditions assuring a particular kind of 
bifurcation of homoclinic orbits when the perturbative parameter 11 varies in a small 
neighborhood of zero: no homoclinic orbits when /i is on one side of zero, one ho
moclinic orbit when /t = 0, and infinite homoclinics when fi is on the other side of 
zero. 

1. In t roduct ion 

In [3, Theorem 2] we proved a general result which give sufficient con
ditions assuring that the following discrete perturbed map 

(1)M x n + 1 = f(xn) + nh(xn,(i), xn e RN, n € Z , \x € R, |/x| < 1, 

where / and h are C3 —functions of their arguments, has a particular kind of 
bifurcation of homoclinic orbits when the perturbative parameter fi cros
ses zero, under the assumption that the unperturbed map (l)o, that is 
xn+i = f(xn), has a "critical" orbit {qn}nez (by "critical" we mean that the 
jacobian matrices An := f'(qn) are invertible for any n ^ O , but A0 := /'(<7o) 
is not invertible), and (1)M has a "semi-hyperbolic" fixed point p £ KN 

(by "semi-hyperbolic" we mean that, for any (small) value of |/t|, f(p) + 

Received: April 6, 1999. 
A M S (1991) subject classification: Primary 58F14, 58F30. 



74 Flaviano Battelli and Claudio Lazzari 

fih(p,iJ.) = p and f'{p) + fihx(p,fi) has 1 as simple eigenvalue and all the 
other eigenvalues have modulus different from 1); in this case we obtain: 
zero homoclinic orbits "near" {qn}nez when /z is on one side of /z = 0; 
one homoclinic orbit, just the {qn}nez, when fi = 0; an infinite number of 
homoclinic orbits "near" {qn}n& when \i is on the other side of /J = 0. 
We called this kind of bifurcation a "0 to oo - hi furcation". The present 
paper deals with the study of a particular but remarkable class of discrete 
two-dimensional maps [5,6] for which the general, but difficult, sufficient 
conditions become easier and applicable. For shortness reasons, concerning 
definitions, notations and preliminaries, we refer to [2,3]. 

2. T h e two-dimensional case 

Consider the following two-dimensional discrete perturbed map 

^ \xn+\ = fi{xn,yn) + nhi(xn,yn,fj.) 

" \ Vn+\ = f2(Xn,Vn) + ^h2{xn,yn,fi) 

where xn,yn € K, / i , / 2 , hi, h2 are real-valued C 3 -functions and assume: 
A l ) fi (0, y) = In (0,0, /x) = / 2 (0,0) = h2(0,0, it) = 0; 
A2) /2*(0,y) = / i 2 x (0,0,M) = M 0 , 0 , / z ) = 0, 1/1.(0,0)1 > 1, 

| / 2 y ( 0 , 0 ) | = l , hyy ( 0 , 0 ) ^ 0 ; 
A3) the unperturbed map (2)o, that is 

J xn+i = fi{xn,yn) 

{ 2/n+l = h{Xn,yn) 

has the (critical) orbit {qn = (0, yn)}n& homocUnic (snap-back [4]) to the 
fixed point (0,0), such that q0 ^ (0,0), / i x (0 , j / o ) + 0, / 2 y ( 0 , y 0 ) = 0, 
/2j/v(0, j/o) ^ 0, qn = (0, 0) for any n > n > 0. 

From ( A l ) we get that (0,0) is a fixed point of (2) / t for any n; from 
( A l ) and (A2), the jacobian matrix A(/.i) of (2)M evaluated at (0,0) writes 

A(JM)= ^ l a ; ( ° ' 0 ) + / ł / i lr(0,0 , / i ) /ifc l y(0,0,/x) 

it has the eigenvalues Ai(/i) = /ia;(0,0) + /z/i1;E(0,0,n) and A2(/x) = 1 (for 
any n). It is obvious, from (A2) and the smoothness of hix, that |Ai(jtt)| > 1 
for small. So, (0,0) is a "semi-expanding" fixed point of (2)^ for |jt| small. 
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The variational system of (2)o evaluated at {qn = (0,yn)}nei is 

(3) ( T N + 1 ) = A N ( X » ) A n : = ( f ^ ^ f r n ° - A » € Z . 
w \yn+i J \yn J V 0 / 2 » ( 0 , y n ) / 

/2y(0,yo) = 0; for reason that will be clear later on we restrict to the case 
/ ix(0, yo) ^ 0, / 2 j / (0 , y0) = 0, as we assumed in (A3). Then MA0, the kernel 
of A 0 | is exactly span {e 2}, e2 = (0,1)*. Observe that A0e2 = 0 and AQ = A0, 
so that 62 Ao = 0. Since we are studying a two-dimensional semi-expanding 
case, it is not difficult to see, following the notations of [3], that the projec
tions of the trichotomy (see also [1]) of the linear map (3) are 

so that TZP+, the range of P+ is {0}, MP- = K 2 , and (see also [3], the 
Remark at the end of the proof of Theorem 2) 

V := {TJ £ MP- : A07] £ TZP+} = MA0 = MA*Q = span {e 2}. 

Moreover, again from ( A l ) and (A2) we get that (Hi) in [3] is satisfied. Then 
(2)M has, for any small fixed a (local) center manifold 

where vr(/j,) is the normalized right eigenvector of A(/J.) associated with the 
eigenvalue A 2 ( / J ) = 1, and H(-,fi) : span {vr(n)} ->• W(fi) is a C 3 - func t ion 
such that H(0,n) = Ht(0,fi) = 0, W(p) being the eigenspace of \\(n) 
[3, Theorem 1]. From (Al ) - (A3) we easily get that (2)M has the center 
manifold C» = C0 = {(0,y) £ R2 : y £ R}. The jacobian matrix A := 

A(0) = ^ - f r * ^ ' 0 ) ^ has vt(0) = wr(0) = e2 as left and right eigenvec

tors associated with the eigenvalue 1. We get u*(0)/"(0,0)(u,.(0), vr(0)) = 

Moreover, there exists /?0 > 0 such that, for any (3 with 0 < f3 < (2)^ has 
a smooth solution {?+(/?, /*) = (0, y+((l, n))}n& C C M such that g+(0, ft) = 0 
for any n > n with s u p n > 1 |c+(/?,/z) - </n| 0 as |/?| + \fi\ -» 0. We show 
now how Theorem 2 in [3j writes for the case here considered. Let 

Cf, = {tvr(ii) + H(t,n): t £ K,\t\small} c R2, 

f2yy (0,0) / 0; then, (H2) and (HZ) in [3] are satisfied. 
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I, 71 = 0,1 
y4„_iT n _i , n > l 

[A?Tn+ll n < 0 

be the pseudo-fundamental solution [2] of the linear variational system (3), 
and 

1 \(T-\yA*0^\ Z<0 . 

In the present case we have : k = 1, = <t>k = e 2 . V>{̂  = C ^ + i ) * ^ ^ = 0, 
/ < 0, = (T^\)*e2, I > 0; so, a,b,c of Theorem 2 in [3] take now the 
simple form (recall that A 0 e 2 = 0, e2 A0 = 0) 

a = -e*[-E-(0,0)-h(0,y0,0)], 

(4) 6 = e 2*/"(0,y 0)(e 2,e 2), 

c = - e 2 ^ ( 0 , 0 ) . 

We have now the unique quadratic form, say b\\ + cAif, and the unique 
equation b\\ + cA| = ± a . Then we get the following simplified version of 
Theorem 2 in [3]: 

P R O P O S I T I O N 1. Let a,6,c 6e as m (4). Assume t/tai (A l ) - (A3) hold 
and that b and c have the same sign. Then there exists /zo > 0 such that, 
for any p, with < po and pab < 0, f/«e map (2)M /ias an infinite number 
of solutions {qn(s, fi)}nc%, s g R , homoclinic to (0,0) which are the unique 
homoclinic solutions satisfying 

(5) lim sup |C„(S, /J) - </n| = 0 

m a neighborhood of p — 0. In particular (2)M does no/ /mue homoclinic 
orbits satisfying (5) Wien /x is srna// ana" pab > 0. 

If (5) is satisfied we say that {qn(s, p)}n^z is "near" {c n } 7 l ez as it was 
stated in the Introduction. 

We apply now Proposition 1 to the map (2)^. To this end we have 
to compute explicitly a,b,c. As regards a, observe that q+(0,n) = 0, then 
^a-(0, 0) = 0, for any n > n, and the component y+(0, p) = 0 satisfies 
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I/n+i («,/*) = h (0, yt (0, fi)) + fih2 (0, y+ (0, fi), //) 

from which it follows 

% i ( 0 , 0) = f2y (0, y n ) (0, 0) + /»2(0, j/„, 0) 

9/i = 0. 

Then 

+ 
(0,0) = 

dp 
(0,0)- / i 2 (0 ,y f l ,0) /2»(0,!/fi) 1 

/2y(0,j/fl) ' 

then, using the induction 

dyf 
djj, 

(0,0) 

[/^(o,yi,o) | MQ.fo.Q) 
I /2y(0,J/l) /2v(0,j/l)/2y(0,i/2) 

/*2(Q,i/fc,o) 

+ ...+ 
M 0 , j / f l , 0 ) 

/awCO,!/!) - -. - - / 2 w (0 >yn)} 

Thus, 

/ - / i i ( 0 , y o , 0 ) 

(6) 

o = -(0,1) + 

^2(0,y f c,0) 

(0 ,0) - /» 2 (0 ,W),0) 

+ /i 2(0 ,y o ,0). 
^ / 2 » ( 0 , ! / i ) - . . . - / 2 y ( 0 , y f c ) 

R E M A R K . Observe that a ^ 0 is a generic condition and that a de
pends only on the perturbative term h2(0,y, 0) and on a finite number of 
points, usually very small in concrete examples, yo,.. -fin, °f the unpertur
bed snap-back orbit. Note also that f2y(0, yn) ^ 0 for any n ^ 0 since An is 
invertible for any n ^ 0 . 
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What concerns 6 an easy computation gives: 

(7) b = f2yy(0,yo) 

and then b ̂  0 because of (A3). To compute c we have to evaluate (0,0) = 

( ° £ ( o , o ) ) - W e k n o w t h a t y " ( / J ' 0 ) s a t i s f i e s = / 2 ( ° . y « ( ^ o ) ) ; 

so ^ - ( 0 , 0 ) satisfies the linear system: 

M i = hy{0,yn)un 

with the initial condition un+\ = — 1 (see the proof of Proposition 2 in [3]). 
So 

ay*-(o,o) = - 1 

W v ' 1 / 2 v ( 0 , y f l ) ' 

and, using the induction, 

^ • ( 0 , 0 ) = -
90 v ' ' f2y(0,yn)-...-f2y(0,yiV 

from (4) we get 

( 8 ) c = - ( 0 ' % ? o , o ) ) (0.0) >/ /2„(0,s/ n ) • . . . - /2 V (0 , ! / i ) ' 

R E M A R K . The reason why we do not consider the possibility that 
/ia;(0,yo) = 0 (see (A3)) is that this fact implies AfA0 =span{e x}, d = 
(1,0)*. Thus c = 0 and the condition of Proposition 1 concerning the signs 
of a, b, c could not be satisfied. 

3. A n example 

It is not difficult to find discrete perturbed systems which satisfy the 
assumptions ( A l ) , (A2), (A3) of the previous section 2. Consider for example 

yn + 2) + fi[xn + sin (/«/„)] 
) , x { yn+l = 1 2 ( 4 + yA

n) + 11 (4 + Vi) ~ y«(24y 2 - 1) + n(fix2
n + y2

n) 



The "0 to oo—homoclinic bifurcation" of a class of discrete two-dimensional maps 79 

so that, following the notations of section 2, we have: 

fi{x,y) = x(xy + 2), hx{x,y,p) = x + sin (/«/), 

f2(x, y) = 12(x4 + y4) + U{x2 + y2) - y(24y2 - 1), h2(x, y, p) = px2 + y2. 

Simple computations show that (A l ) and (A2) of section 2 are satisfied; in 
particular we get / l x (0 ,0 ) = 2, f2y(0,0) = 1, f2yy(0,0) = 22 > 0. Concerning 
(A3) we have that (0,0) is a fixed point for (9)M for any p; moreover, the 

jacobian matrix A(p) of (9)M at (0,0) is A(p) = ^ 2 + / ł ^ ^ ; then (0,0) is 

a semi-expanding fixed point of (9)M for small p near p = 0. The unperturbed 
system (9)o, that is 

j — *£?i(3'n2/ra 4" 2) 

i yn+i = 12 (4 + V4n) + H(a£ + Vi) ~ yn(24yl - 1) 

has the orbit {qn = (0,yn)}n& homocUnic (snap-back) to (0,0) if we set 
for {yn}nez the homocUnic (snap-back) orbit of the scalar map yn+i = 
h (0, yn) = ¥2y\ - 24yl + Uyl + yn starting from y0 - 1/2. Then we have : 
q0 = (0,1/2) # 0, ft = (0,1), ft = (0, 0), qn = (0, 0) for any n > 1; so n = 1. 
We easily get flx(0,1/2) = 2 / 0 , / 2 „ ( 0 , 1 / 2 ) = 0, / 2 y y (0 ,1 /2 ) = -14 < 0; 
then (A3) is satisfied too. Applying Proposition 2 to the present case we see 
that b = f2yy{0,1/2) = -14 < 0, c = l / / 2 y ( 0 , 1 ) = -1 < 0; hence 6 and c 
have the same sign. Moreover, 

" = T O r + , ' ! ( 0 ' 1 / 2 - 0 ) = - 3 / 4 < 0 -

Then a& > 0 and the original perturbed map (9)M has an infinite number of 
homocUnic orbits near {qn}nei for any smaU fixed p such that pab < 0, i.e. 
for any smaU fixed p < 0. 

R E M A R K . Note that the infinite orbits assured by the previous theory 
generaUy belong to the plane, while the unperturbed orbit {qn}nez belongs 
to the y-axis. 
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