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ON CARLITZ T H E O R E M FOR 
BERNOULLI POLYNOMIALS 

K R Y S T Y N A M . B A R T Z 

Abstract. The well-known Carlitz theorem for the Bernoulli numbers B„ 
(see [3]) is extended to the case of values of the Bernoulli polynomials Bn («/) 
at rational points ^, where (b, n!) = 1. 

In the present note we will prove the following generalization of the Carlitz 
theorem (see Lemma 3 below) to the values of Bernoulli polynomials Bn(y) 
at rational points. 

T H E O R E M . Let m > 1, a and b be positive integers, (6, (2m)!) = 1 and 
(a,b) = 1. If p is any prime number such that (p- l)ph divides 2m, then 
the numerator of Bim (f) + i - 1 is divisible by ph. That is, 

PB2m(Ą)=p-l ( m o d / + 1 ) . 

R E M A R K . Putting here a — 0, 6 = 1, we get the Carlitz theorem, since 
Bn(0) = Bn. 

In the proof we will use the following easily proved property of the sums 

Sk(n) = lk + 2k + --- + (n-l)k. 
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L E M M A 1. Let m be a positive integer and let n= |~J p. 
p prime 
p>m+l 

Then n divides Sm(n). 

P R O O F . We first remark that 

( * + 1 ) - * 1 - = i + ( m + x ) k + . . . + ( m + : ) jb» 

and putting Ar = 0 , 1 , . . . , n — 1 and adding we get 

n ^ = m + ( m + 1 ) 5 1 ( n ) + . . . + ( m + 1 ) 5 m ( , ) . 

Now, by the induction on m, first for m = 1 : 25i(n) = n2 — n and since 
(2, n) = 1 we have n | 5i(ra). 

Assume the lemma is true for m — 1,2,... , k - 1 and if we let m = & and 
n = | " | p (of course this n is also good for m = 1,2,... , A; - 1) we get 

p prime 

n I 5 i ( n ) , . . . , n | 5fc_i(n) and 

(k + l)Sk(n) = - » - ( * + Ł ) 5 l ( n ) (* + J) S*_ x (») . 

Since (k + 1, n) = 1, we conclude that n | Sfc(n) and the proof is complete. 

The next lemma is a suitable version of the von Staudt-Clausen theorem 
for Bernoulli polynomials at rational points (compare [1] and [2]). 

L E M M A 2. Let a,b and n be positive integers and let (6, n!) = 1 and 
(a,b) = 1. Then 6 n ( B n ( ( | ) - Bn) is an integer divisible by n. 

P R O O F . AS is well known, the Bernoulli polynomials Bn(y) may be defi­
ned by 

g Bm(y)xm xef* 
ml ex - 1 

m=0 

and Bernoulli numbers similarly (for y = 0) 

oo 

ml ~ ex - 1 m=0 

Then we have 
oo 

(Bm(y) - Bm)xm

 = x(e»* - 1) 
^ ml ex - 1 
771=1 
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Putting y = a, we get in the simplest case in which 6 = 1 , 

V Bn^~Bnxn = x ( l + e* + • • • + e^-W 
' 77.! V 71 

n = l 
{2x)n ^ ( q - i y X

n 

\ n=0 n=0 n=0 

and we see that 
g " ( ° ^ ~ B - = l + 2 n _ 1 + • • • + (a - l ) n _ 1 is an integer. 

Let us consider next the case b = J\ p a n d 0 = 1» P u t t i n g V = £ i n (*)• 
p prime 

Then we get 

^ n\ i + c ł * + . . . + e

ł i l x 

n=l 1 ' 

and further putting Sm{b) = l m + • • • + (6 - l ) m we have 

(B1(^)-B1 B2(\)-B2 BnQ) - Bn \ 

V — i i — + — 2 i — x + '" + — n \ — x +'~) 

Now, comparing the coefficients of like powers of a; and doing induction on 
n, we get 6 ( S i ( | ) - Bi) = 1 and next for n > 1 

(Bn(l) - Bn)b (Bn-\{\) - j ? n - i ) S\{b) (Bn.2(l) - Bn.2) S2(b) 
! T ( n - 1 ) ! ( n - 2 ) ! 622! 

, i Bi(\)-Bi 5 w - i (6 ) 
+ ' " " + 2! 6 » - 3 ( n - 2 ) ! 1! fc^n-l)! 

and multiplying by bn~l(n - 1)!, we obtain that 

B»{\)-Bn.n_ n^{Bk(\)-Bk)bkSn.k(b) fn-V 
0 ~ 2^ b-k \n-k) k=i v ' 

is an integer, since by Lemma 1: b \ Sn-k(b) and by induction hypothesis for 
k < n we have that k \ {Bk(\) - Bk)bk. So, the result holds for o = 1. Now, 
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by the addition formula, doing induction on a with b fixed we get for some 
integers k and / 

v 7 m=0 v 7 m = l v 7 

=I+*»E("^ 1 )+E ( ; ) * • « . = + 1 
m=0 v / m = l v ' m=0 x ' 

= 2n~1kn + bnBn (^j =ln + bnBn . 

This completes the proof. 

The next lemma is the well-known Carlitz theorem for Bernoulli numbers. 

L E M M A 3. (Carlitz theorem, see [3]) Let m > 1 be any positive integer. 
If p is any prime number and if (p - l)ph divides 2m, then ph divides 
the numerator of £?2 m + ~ - 1. That is, 

P B 2 m = p - l ( m o d / + 1 ) . 

We conclude with a proof of our theorem that depends only on Lemmas 
2 and 3. 

P R O O F . By Lemma 2 we have 

b2m (B2m (I) i - l) = b2m (^B2m + £ - l) + 2mk , 

where k is an integer. Now, by Carlitz theorem (Lemma 3), i f (p— l)ph | 2m, 
then ph divides the numerator of 5 2 T n + ^ - 1 and since ph \ 2m, we get that 
ph divides the numerator of b2m(B2m (f) + p ~ !)> since (p, b) = 1, we 
obtain the assertion of our theorem. 
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