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ON CARLITZ THEOREM FOR
BERNOULLI POLYNOMIALS

KRrysTYNA M. BARTZ

Abstract. The well-known Carlitz theorem for the Bernoulli numbers Bp
(see [3]) is extended to the case of values of the Bernoulli polynomials Bp (v)
at rational points ¢, where (b,n!) = 1.

In the present note we will prove the following generalization of the Carlitz
theorem (see Lemma 3 below) to the values of Bernoulli polynomials B, (y)
at rational points.

THEOREM. Let m > 1, a and b be positive integers, (b, (2m)!) =1 and
(a,b) = 1. If p is any prime number such that (p— 1)p" divides 2m, then
the numerator of By (%) + 3 — 1 is divisible by p". That is,

pBom (%) =p-1 (modp"*?).

REMARK. Putting here a = 0, b = 1, we get the Carlitz theorem, since
B, (0) = B,,.

In the proof we will use the following easily proved property of the sums

Sk(n) =1+ 2F 4 ... (n - 1)%.
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LEMMA 1. Let m be a positive integer and let n = H p.

p prime
o p>m+1
Then n divides S,,(n).

ProOOF. We first remark that

(k+l)m+1—k‘m+1:1+ (mfl)k_‘_..._*_(m;l)km

and putting k=0,1,...,n — 1 and adding we get

W™t = m (mfl)sl(n)+---+ (m; 1)Sm(n) .

Now, by the induction on m, first for m = 1 : 25; (n) = n? — n and since
(2,n) = 1 we have n | S;(n).

Assume the lemma is true for m = 1,2,... ,k—1 and if we let m = k and
n= H p (of course this n is also good for m = 1,2,...,k—1) we get
p prime
p>k+1
n|Si(n),...,n| Sk-1(n) and
k+1 k+1
(k+1)Sk(n) = n**! —n - ( T )Sl(")—"'” (kfl)sk‘l(") :

Since (k +1,n) = 1, we conclude that n | S;(n) and the proof is complete.
The next lemma is a suitable version of the von Staudt-Clausen theorem
for Bernoulli polynomials at rational points (compare [1] and [2).
LEMMA 2. Let a,b and n be positive integers and let (6,mY)y =1 and
(a,b) = 1. Then b™(B,((%) — By) is an integer divisible by n.

ProOF. As is well known, the Bernoulli polynomials B, (y) may be defi-
ned by

f: Bn(y)z™  ze¥®
= m! e? —1
and Bernoulli numbers similarly (for y = 0)
f: Bpz™
m! et —1"

m=0

Then we have

m! T oer—1

* 2_: (Bm(y) —|Bm)w’" _ 2 - 1)
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Putting y = a, we get in the simplest case in which b= 1,

(o o]
Z Bn(a) = Bn n_ (14 e + - o)

and we see that
ﬁ%ﬁ =14+2"14...4 (a—1)""1is an integer.
Let us consider next the case b = H p and a = 1, putting y = % in (x).

p prime
p>n

Then we get

(Bn() B):c z
Z T 1telttofer

and further putting Sy, () = 1™ + -4 (b — 1)™ we have

(Bl(%L— Bl+Bz(%;'-Bzm+... ﬁ%_ﬂ iy )
S1(b Sa(b
(b+ bl(l') * bzz(z') s >=1'

Now, comparing the coefficients of like powers of  and doing induction on
n, we get b(B1(3) — By) =1 and next for n > 1

(Bn(%) - Bn)b + (Bn—l(%) - Bn—l) Sl(b) + (Bn—2(%) - Bn—2) S2(b)

n! (n—1)! b-1! (n—2)! b%2!
By(})—B;  Sp_a(b Bi(})-B; S._1(b
o 2(63! : b”-2(rf(—)2)! l(bi! 1 bn-l(é(_)l): =0

and multiplying by 6"~1(n — 1)!, we obtain that

B B Bp)bokS,_x(b) (n -1
() Z(k() k) k()(n—k>

is an integer, since by Lemma 1: b | S,,—x(b) and by induction hypothesis for
k < n we have that k | (Bx(}) — By)b*. So, the result holds for a = 1. Now,
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by the addition formula, doing induction on a with b fixed we get for some
integers k and [

" B,, (“ Z 1) = Xn:o (Z)Bm (%) b =1 +§;1 (:2) (mk + 5™ B,,)

= n—_l “~ (n\,,, e > (n),,.
=1+kn"§( - )+:L=jl<m)b B, =2 1nk+m2=:o(m)b B

=2""1kn +b"B, (%) =Iin+b"B, .

This complétes the proof.
The next lemma is the well-known Carlitz theorem for Bernoulli numbers.
LEMMA 3. (Carlitz theorem, see [3]) Let m > 1 be any positive integer.

If p is any prime number and if (p — 1)p* divides 2m, then p* divides
the numerator of B, + ;15 — 1. That is,

PByn =p—1 (mod p"t?).
We conclude with a proof of our theorem that depends only on Lemmas
2 and 3.

Proor. By Lemma 2 we have
p2m (Bgm (3> 1 1) = p2m (Bz,,, +1_ 1) +2mk
b/ p p

where k is an integer. Now, by Carlitz theorem (Lemma 3), if (p— 1)p" | 2m,
then p* divides the numerator of B,,, + + —1 and since p* | 2m, we get that
p* divides the numerator of 62™(By., (&) + - —1), and since (p,b) = 1, we
obtain the assertion of our theorem.
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