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O N R E D U C E D RINGS A N D N U M B E R T H E O R Y 

JAN K R E M P A 

Abstract. In this note we exhibit a connection between theory of associative 
rings and number theory by an example of necessary and sufficient conditions 
under which the integral group ring of a finite group is reduced. 

1. Reduced rings 

In this note we will use rather standard notation and terminology for 
rings, groups and numbers, similar to those in quoted books. In particular, 
if R is a ring (associative with 1^0) , then U(R) denotes the group of 
invertible elements (units) of the ring R, H(R) - the standard quaternion 
algebra over R, and RG - the group ring of a group G with coefficients in 
R. Recall that a ring R is reduced if it has no nontrivial nilpotent elements. 
Such rings have many interesting properties. Some of them are consequences 
of the following celebrated result of Andrunakievic and Rjabukhin (see [Row, 
Kr96]). 

T H E O R E M 1.1. For a ring R the following conditions are equivalent: 

(1) R is reduced. 
(2) R is semiprime and R/P is a domain for any minimal prime 

ideal P of R. 
(3) R is a subdirect product of domains. 
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Another reason to consider reduced rings, in particular reduced group 
rings, is connected with investigation of groups of units (see [Sehg, Kr95a]). 
An interesting example in this direction is provided by a new result in [MS]. 

T H E O R E M 1.2. [Marciniak and Sehgal, 1998] 
Let R be a commutative domain of characteristic 0 and let G be a group. 
If U(RG) contains no nontrivial free subgroup, then RG has to be redu­
ced. 

Using elementary properties of group rings and their bicyclic units (see 
[Sehg]) one can easily obtain the following reduction result for being reduced. 

PROPOSITION 1.3. Let R be a ring, G a group and H the subgroup of 
G generated by all elements of finite order. If RG is reduced then: 

(1) R is reduced; 
(2) H is a periodic subgroup of G and every its subgroup is normal 

in G\ 
(3) G/H is torsion free. 

If one is going to describe all reduced group rings then, by the above 
Proposition, it is convenient to consider the case of torsion free groups, and 
independently the case of periodic groups. The first case is connected with a 
famous conjecture of Kaplansky and, even over fields, is only partially solved 
(see [Sehg, Kr95a]). The second case is just connected with our considera­
tions. As an immediate consequence of Proposition 1.3 we have 

COROLLARY 1.4. Let R be a ring and G be a periodic group such that 
the ring RG is reduced. Then any subgroup of G is normal, hence G is 
either abelian or a hamiltonian group. 

By a classical result of Dedekind and Baer (see [Rob]) we know that any 
hamiltonian group, say G, is of the form: 

G 3 Q8 x A x E, 

where Q& is the quaternion group of order 8, E is an elementary abelian 
2-group, and A is an abelian group with all elements of odd order. In parti­
cular G is locally finite. Hence, by the above corollary, we can replace in our 
considerations periodic groups by finite groups. For integral group rings we 
have the following decisive result. 
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T H E O R E M 1.5. [Pascaud 1973, Sehgal 1975] 
Let G be a group of order 2k • n, where n is odd. Then the integral group 
ring Z G is reduced if and only if either G is abelian, orG is hamiltonian 
and 2 has an odd order in U(Zn). 

Complete proof of this result can be found in [Sehg]. Here we are going to 
sketch a modified version of it. As a very special case of Connell's theorem, 
(see [Sehg]), or by direct arguments, we have 

L E M M A 1.6. If G is an abelian group, not necessarily finite, and R is 
any domain of characteristic 0, then the ring RG is reduced. 

In this way, for integral group rings, we are left with the case of nonabelian 
groups. This case is usually considered with the help of number theory. It 
is possible because of Chinese Reminder Theorem for rings, which leads to 
the following observation. 

L E M M A 1.7. Let G = Qz x F, where F is a finite abelian group of 
exponent n. Then: 

z(?cff(z[Cn])e #10 

where all i?,'s are isomorphic to subrings o/i?(Z[Cn]), and 

QG ^ H(Q(C„)) © Ai 0 • • • © Ak, 

where all At's are isomorphic to Q-subalgebras of H(Q((n)). 
In particular Z G is reduced if and only if H(Q(Cn)) is reduced. 

Sketch of proof. We have a canonical isomorphism 

QG * (QF)Q 8 . 

Prom the Chinese Reminder Theorem, the assumption on F, and induction 
on its order (starting with \F\ = n) we can prove that 

QF^K1®---®Kl, 

where I ̂  1, all Ki 's are subfields of the field Q(Cn)j and at least one of them 
is equal to Q(Cn)- For any field K of characteristic 0 and for the quaternion 
group we have 

KQs *ś H(I<) ®K@K®K®K. 
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From the above arguments the required decomposition of Q(G) follows. The 
case of decomposing Z(G) is similar, but we obtain only inclusion instead of 
isomorphism (comp. [Kr95b]). 

2. Level of number fields 

By Lemma 1.7 instead of studying all integral group rings we need consi­
der only quaternion algebras over cyclotomic fields. For this, if AT is a field 
then, as usual, (see [Lam, N, Sz]), let s(K) be the level (stufe) of K, i.e. 

s(K) = { m ń m = i n f «6N £"=1 A = -1, where x{ 6 K, 
* ' \ oo if such m does not exist. 

Due to Pfister (see [Lam, N, Sz]) we know that, if s(K) < oo then s(K) = 2 m 

for some m > 0. Moreover, for any m ^ 0 there exists a field Km such that 
s{Km) = 2m. 

Many results about level of concrete fields related to number theory one 
can find for example in [Lam, Sz, KS, N]. The following one, rather nontrivial, 
is due to Hilbert and Hasse. 

T H E O R E M 2.1. Let K be a finite extension of Q. Then 
(1) s(K) = 1,2,4 or oo. 
(2) s(K) = oo if and only if K has an embedding into the field R. 
(3) If s(K) < oo, then s(K) = 4 if and only if there exists a prime 

ideal P of the integers of K such that 2 £ P and s(Kp) = 4, 
where Kp denotes the P-adic completion of K. 

The level function is useful for our consideration because of the following 
observation (see [Lam, Sz]). 

PROPOSITION 2.2. Let K be a field. Then H(K) is reduced if and only 
ifs(K)>*. 

For another connection of level with extensions of 2-adic fields see for 
example [KS, Lam]. Investigation of level values for cyclotomic fields was 
stimulated rather by Pfister's result mentioned above, than by properties of 
quaternion algebras. As an immediate consequence of the above theorem we 
have 
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COROLLARY 2.3. Let n ^ 3. Then: 

(1) s(Q(Cn)) = l,2, or 4. 
(2) a(Q(Cn)) = 1 i / and only if 4 | n. 
(3) Q(Cn) = Q(C2n) for any odd n. 

Hence in this case s(Q(Cn)) = «(Q(C2n))-

From less obvious results of [C] and [CC], extended in [Mo] we have for 
cyclotomic fields 

T H E O R E M 2.4. [Moser, 1973] 
Let n ^ 3 be an odd number. Then s(Q(Cn)) = 4 «/ and only if 2 has 
an odd order in the group U(Zn). 

3. A contribution of Wacław Sierpiński 

Now we will show that the condition from the theorem of Moser was in 
fact successfully discussed much earlier. For this purpose let V denote the set 
of all odd natural primes. Over 40 years ago Wacław Sierpiński distinguished 
the following subsets of the set V: 

• Vx = {p £ V\ p I 2r + 1 for some r ^ 1}, 
• V-i = {p G V; p I 2 2 r + 1 - 1 for some r ^ 1}. 

Possibly, the reason for him to introduce such classes was to extend the 
Fermat and the Mersenne prime numbers (see [Si87]). Sierpiński himself 
(see [Si58]) proved several properties of these sets. We summarize his, and 
further results obtained by Makowski (see [Si58]), Aigner ([Aig]), and Brauer 
([Brau]) in t̂he following two theorems: 

T H E O R E M 3.1. 

(1) Vi U V-i = V and Vi n V-i = 0. 
(2) / / p = ± 3 (mod 8), then p£Vi. 
(3) If p = 7 (mod 8), then p £ V-\. 
(4) There exist infinitely many primes p £ Vi such that p = 1 

(mod 8). 
(5) There exist infinitely many primes p £ V-i such that p = 1 

(mod 8). 

T H E O R E M 3.2. Let p£V. Then p e Vi if and only if 2 has an even 
order as an element of U(ZP). Hence p € V-\ if and only if 2 has an 
odd order as an element of U(ZP). 
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The classes Vi and V~\ were studied later for example by Hasse and 
Odoni, but results about these classes were not used in [C, CC, Mo]. 

As an immediate consequence of facts quoted earlier in this paper and 
elementary calculation in residue rings we obtain 

T H E O R E M 3.3. Let n e N , n > 3 be an odd number. Then s(Q(Cn)) = 4 
if and only if for any prime divisor p of n we have p 6 V-\. 
Hence, if G is a nonabelian group of order 2k • n, then the integral group 
ring ZG is reduced if and only if G is a hamiltonian group and p G V-\ 
for any prime p dividing n. 
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