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Prace Naukowe Uniwersytetu Slaskiego nr 1751, Katowice

ON PYTHAGOREAN TRIANGLES

ANDRZE]J SCHINZEL

In memory of Ivan Korec

The following theorem answers a question asked by I. Korec at the Second
Czech & Polish Conference on Number Theory.

THEOREM. If m € N, ord; m ts even, g, Yo, 20 € Z and
(1) 22 + y2 = 23 (mod m),
then there ezist z,y,z € Z such that

2 +y’ =2 2t =ad, P =48, 2 =2 (modm).

Proor. Assume first that
(2) (xO, Yo, <o, m)= 1

and let
k
(3) m=2*[]pf",
=1
where a >0, o = 0(mod2), p; are distinct odd primes and «o; >0

(1<i<k).

Recetved on August 7, 1998.
1991 Mathematics Subject Classification. 11D09.
Key words and phrases: Pythagorean triangles.



32 Andrzej Schinzel

For each ¢ < k there exists ¢; € {1, —1} such that
(4) 20 — €iyo # O(mod p;).
Otherwise we should have

20 = yo = 0(mod p;),

hence, by (1) and (3) zo = 0(mod p;), (<o, yo, 20, m) # 1, contrary to (2). By
the Chinese remainder theorem there exists Y1 € Z such that

(5) Y1 = €igo(modp™) (1< ig k)

(6) Y1 = yo(mod 2%)
and we have
(7) Y1 = ys (mod m).
Consider first the case @ = 0. Then by (4) and (5)
(20 —y1,m) =1
and there exists [ € Z such that
(8) 2l(z0 — y1) = 1(mod m).
We put
¢ =2zo(20 —y1), y=1(z§ — (20 — 11)?), 2 =1(e? + (20 - v)?).
We have 2% +y? = 22. On the other hand, by (7), (8) and (1)
z = zo(mod m),

y=1(25 =y — (20 - 11)*) = 2ly1 (20 — 1) = yy (mod m),

z2=1(z -y} + (20 — y1)?) = 2z0(20 — 1) = 20 (mod m),

hence
2 _

B?=a, =y A= z3(mod m).
Consider now the case o > 0. If 29 = zo(mod2) and 2, = Yo(mod 2) we
should have by (1) (2o, yo, 20, m) # 1, contrary to (2).
Without loss of generality we may assume that zo % y, (mod 2).
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Then z¢ % 0(mod 2) and, by (6), zo # y1(mod 2), by (4) and (5)
(20 =41, m)=1.
There exists [ € Z such that
(20 — y1) = 1(mod m).
We put

22 — (20 — y1)? 22 + (20 — y1)?
$=l$o(zo—y1),y=l—°—-(—;——y-1)—,z=l° (2 yl).

We have z2 + y? = 22. On the other hand, by (7), (9) and (1)

& = zo(mod m),

_ 123 - y? — (20 —11)?
y= >
P y? +2(z0 - )?

=lp(n-yn)=n (mOd %) '

=lz(z0 — y1) = 2 (mod —2—)

hence
=z, ¥ =}, 2 = 2}(modm),
because m/2 = 0mod 2.
Assume now, that (zo, yo, 20,m) = d > 1. Then

To 2 Yo\ 2 20\? m To Yo 20 M
2o 0V = (2 _M__ apg (WA T )
)+ =) mod oy 2 (d d'd (m,d2))
Moreover ord; m/(m, d?) = 0mod 2. Hence, by the already proved case of the
theorem there exist integers 1, y1, 21 such that z2+y? = 2 and 2} = (ﬂ)z,

d
2= (%) 2= (%) (mod (T",l&ﬁ) It suffices to take

z =dz,, y=dy, 2 =dz. O

As observed already by Korec the condition ord; m even cannot be omit-
ted from the theorem. Indeed, the numbers m = 22°+1, z4 = yo = 27,
zo = 0 satisfy (1), but the conditions 2? = z}, ¥ = 33, 2* = z}(modm)
imply 22 + y? # 2%(mod 2m).
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