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C O N G R U E N C E O F A N K E N Y - A R T I N - C H O W L A 

T Y P E M O D U L O p2 

STANISLAV J A K U B E C AND MIROSLAV L A Š Š Á K 

Abstract. In this paper the results of [4] and [5] on the congruence of 
Ankeny-Artin-Chowla type modulo p 2 for real subfields of the Q(Cp) of a 
prime degree I > 2 are simplified to explicit forms (2) and (3) of the Theorem 
1. The congruence is then used to calculations of class numbers in special 
quintic fields and to some calculations in cubic fields. 

Notation 

Bn, En - Bernoulli and Euler numbers, 
r _ 2- ł l(i-2- ł l)g. ł l 

^ n — n+1 < 

Qi — v

 p

- 1 - Fermat quotient, 
Wp = - Wilson quotient, 
A n = l + ! + • • • + i A 0 = 0, 
UK - the group of units of the field K, 
{6) - the group generated by all conjugates of a unit 5. 

Introduction 

Let p be a prime p = 1 (mod 4) and let T + Uy/p > 1 be the fundamental 
unit of the quadratic field Q(-v/p) and let h be its class number. Then the 
Ankeny-Artin-Chowla congruence is 

h^ = Bt± (modp). 
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Since h < p, the class number h is uniquely determined by this congruence 
if JB î ^ 0 (mod p). Note that no prime p is known with B^i = 0 (mod p). 

Let p = 1 (mod /) and let K be a subfield of the field Q(C P) of prime 
degree / > 2 and let 5 be a unit of K such that [UK : ($)] = f, (/,p) = 1. 
Then by [3] 

(1) y-Si-~Si-i = (-j-^J -^B^-'-Ba^i (modp), 

where KK is the class number of K and Si,..., Sj-i are rational functions 
dependent on the unit S. If / = 1 then the unit S is called a strong Minkowski 
unit, and then (/,p) = 1 is trivially satisfied. But the existence of a strong 
Minkowski unit is not known in general. According to the Theorem 3.10 of 
[7] such a unit exists in any cyclic field of prime degree / < 23. Note that 
the existence of a unit 5 such that (/,p) = 1 is proved in the paper [2]. 

The aim of this paper is to prove the congruence of Ankeny-Artin-Chowla 
type modulo p2. The following examples demonstrate the usefulness of such 
a congruence. 

Let p = 1 (mod 3), K be a cubic subfield of the field Q(Cp) and let 6, cr(S) 
be fundamental units of the field K, i. e. / = 1. If 

BcuBjitu. ^ 0 (modp), 

then the class number hx is uniquely determined by (1) because < p. By 
[1] there is just one prime p < 1000000 with the property that Bt^Bt^ = 0 
(mod p), namely p = 5479. 

Let p = 1 (mod 5) and let K be the quintic subfield of the field Q(Cp) and 
let 6,a(6), <r2{S), cr3(S) be fundamental units (/ = 1). Since the inequality 
KK < p is not satisfied for all such fields so the congruence (1) is not sufficient 
to determine h,K-

The main result of the paper is the Theorem 1 which gives the congruence 
of Ankeny-Artin-Chowla type modulo p 2 in explicit form. This congruence 
is an essential simplification of [5]. If we take the congruence only modulo p 
we get directly (1). 

The last section gives two applications of this congruence. In the first 
application, quintic fields of prime conductor p = n 4 + 5n3 + 15n2 + 25n + 25 
are taken. In the paper [8] Schoof and Washington proved that the conjugates 
of a unit 70 (defined later) are fundamental units of K. So by means of the 
congruence (2) we calculated the class numbers /i# modulo p2 for those fields 
for all prime conductors less than 109. Schoof and Washington calculated 
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class number h[< for the first 26 fields of this type. For calculations they 
used Dirichlet's class number formula 

hKRK = A E [ V ^ L ( 1 ' *)« 

where L(l,x) denotes Dirichlet's L-series and RK is the regulator of K. 
Since the unit group of the ring of integers of K is generated by the zeros 
of Emma Lehmer's polynomial (proved in [8]), then RK = R, where R is 
the regulator of Emma Lehmer's units. Both the right hand side and R are 
calculated with accurate approximation and using the fact that class number 
is an integer they obtained hx • 

In the second application we will make calculations in cubic fields of prime 
conductor p, p ^ a2 + 27b2. Let 5 be a unit of the field K. The question 
whether 8, a (8) are fundamental units of the field K is the question whether 
/ = 1. By means of Theorem 1 the value e = (mod p2), 0 ^ e < p2, 
can be calculated. In the case e > p we have / ^ 1 because in a cubic field 
IIK < p- So it means in such a case 8, <r{8) are not fundamental units. 

The main theorem 

In the papers [4], [5] the congruence of Ankeny-Artin-Chowla type mo­
dulo p2 for real subfields of the field Q(Cp) of prime degree I is proved. The 
following notation is taken from [4] and [5]. 

Let /3o,Pi,.. -,0i-i be the integral basis of the field K formed by the 
Gauss periods, where = (r(/3i), i = 0 , — 2 and a is the automor­
phism <r(Cp) = Cp, r is a primitive root modulo p. Let ó' be a unit of K, 

8 = Xofio + Xi0! Ą h Xl-ifa-i. 

Associate to the unit 8 the polynomial f{X) = Xl~l +diXl~2-\ M i - i , 
where for i = 1,..., ^ 

A - 1 h _ \ x° + + ' ' ' + ^ - ig ' ( ' ~ 1 } 

di-i = - i -.— ! (1 + u-) • • • , 

V I J XQ+XyA + Xt-i 

g = r^ (mod p2) and ut = | (wp - Aitf) . 
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Write Sj = Sj(di, d 2 , • • •, for the sum of j-th powers of the roots of 
the polynomial f{X), for j = 1,2,..., 21 - 1. Hence 

Si = —di, S2 = d\ — 2d2, S3 = —d\ + Zdidi — 3^3,.... 

T H E O R E M 1. Let I, p be primes, p = 1 (mod /) and let K C Q(CP+Cp 1 ) 

with [K : Q] = I > 2. Suppose that 2 is not the l-th power modulo p. Let 
S be a unit of K such that [UK : (<*>] = / , (/,p) = 1. Denote k -

(i) Let Bik ^ 0 (mod p) for all i = 1,..., I - 1. Then 
(2) 

/ 
•Si 

( / ) 2 ' - i 

l+l ;2 
Bk---B{l_i)k[-±-+p(l-i)-J2 V+i)k 

(ii) Let I C {1, . . . ,/- 1} fee such that i e I if and only if Bik = 0 

(mod p). Let Si = 0 (mod p) and - ^ 0 (mod p) /or aZZ 
ś G / . Then the following congruence holds 

* n * - n ( ? - & ) 

t'e/ 

R E M A R K . In the case (ii) the assumption Si = 0 (mod p) for all i € I 
is in accordance with Vandiver's conjecture. The statement St ^ 0 (mod p) 
for some i € I leads to p|/i/c • 

Let now - = 0 (mod p) for some i € {1,. . . ,/- 1}. Then, 
similarly, the statement ^ - j£f ^ 0 (mod p) leads to p|/ijr-

First we shall prove two lemmas necessary for the proof of the Theorem 1. 
Define the mapping <£ : Q 2 ' - 1 -)• Q ' as follows 

S(Xi,X2,..., Xn-X) = (1 - pF<, F i - PYl+i,..., y,_x - pF 2 i _!), 

where VQ = 1 and for m > 0 

*"m — V m ( - ^ i , • • - ,Xm) — ( - l ) r 

ml 

Xi 1 0 . . 0 

x2 Xi 2 0 

Xm-i Xm-2 X m _ 3 . m - 1 

Xm Xm-i Xm-2 • Xi 
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L E M M A 1. The following properties hold 

^ m —1 

(i) Ym(Xi,.. .,Xm) = ^2 Xm-iYi(Xi,.. .,Xi). 
«=o 

Let Xm = Mm + mpZm, Xt = Mh Xl+m = (I + m)Zm (Mm, Zm are 
independent variables) for m = 1,...,/ — 1. Then 

(") 
Ym {Xl, • • •, Xm) = 

m —1 

= Ym (MiMm) - p ^2 Zm-iYi(Mi,..., MO (mod p2), 

(iii) Y | (* i , • • •, Xi) = Y , ( M i , . . . , Mi) (mod p), 

(iv) 

= F i + m ( M i , . . . , Mh 0,..., 0) - Zm-iYi{Mi,. ..,Mi) (mod p) 

t=0 

/or m = 1,...,/ — 1. 

(v) # ( X l f . . . , X 2 , _ 1 ) = #(M 1 , . . M M,,0 , . . . ,0 ) (modp2). 

P R O O F . The formula (i) can be proved directly from the definition of Ym. 
We prove (ii) by induction. For m = 1 we have V i ( X i ) = -Mi - pZi = 
Vi ( M i ) - pZi. Let now m < I and (ii) holds for all i = 1,..., m - 1. Using 
formula (i) we have 

.. m — 1 

p > , (TH - i)Zm- iYi(Mi,...,Mi) (modp2). 
m •f--' 
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Now we can apply induction to the second term 

m — 1 

m-1 / i-1 

= J2M™-< \ Yi{M1,...,Mi)-p^2Zi-jYj(M1,...,Mj) 
«=i \ j=0 

m-1 m-1 i-1 

= Mm-iYiiMi, ...,Mi)-pJ2Yl Mm-iZi-jY^Mu..., Mj) 

i-l i=l j=0 
m —1 m—1 i—1 

= J2 Mm-iYi(Mj,..., Mi) - p Zm-> M i ~ i Y i ( M l ' • • •' M i ) 

i=l i=l j=0 
m — 1 m —1 

= Y,M™-iYi{Mi,...,Mi)+pY,iZm-iYi{M1,...,Mi) (mod/?2) 
i=l i=l 

and together it gives 

Ym(Xi,..., Xm) 

^ 7TŁ — 1 
= Ym(Mu . . . , Mm) - —p V (t + m - i)Zm^iYi{Mu . . . , M t ) - pZ,, 

I fir 
i=l 

m—1 
= y m ( M i , . . . , Mm) - p ^ Zm.iYi{Mu Mi) (mod p2) i=0 

and (ii) is proved. Using formula (i) and the fact that Xm = Mm (mod p) 
and Ym{Xu • • •, Xm) = Y m ( M i , . . . , Mm) (mod p) for all m = 1,..., I - 1 
we obtain (iii). 

Similarly by induction we can prove also (iv). Then (v) follows directly 
from (ii), (iii) and (iv). • 

L E M M A 2. Let P i , . . . , Pu-i, Ri,..., R21-1 be p-integral rational num­
bers and 

Then for m = 1 , 1 

(4) Pm = Rm (modp), 

(5) Pm = Rm +Pj^—(Pl+m - Rl+m) (mod p2). 
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P R O O F . The components of the congruence modulo p can be written in 
the following form 

Ym ( P i , - - - i Pm) — Ym (Ri,...,Rm) (modp) 

(m= 1,...,/ - 1) and using (i) of the Lemma 1 we can prove by induction 
the congruence (4). 

Modulo p2 we can write 

Ym{P\ i • • • i Pm) Ym(R\i • • • i Rm) — 

= P (Yl+m (Pi,..., Pl+m) - Yl+m (Rl, • • •, Rl+m)) ~ 

- pYm(Ri, . . . , R m ) (Yi(Pi, ...,P,)- Y,(Ri,R,)) (mod p2). 

At first we shall prove by induction the following congruence 

YlJrm(Pl, . . . , Pl+m) — Yi+m(Ri, . . ., Rl+m) = 
m 1 

= - X ) TTpYm-iiRi,Rm-i){Pi+i ~ Ri+i) (mod p) 

for m = 0 , 1 . For m = 0 

Y,(Pi,..., P,) - YiiRi, ...,Rt) = -jiP - Ri)-

1 ' _ 1 

" 7 E ( p i - i Y i ( P u • • •,Pi) - Ri-iYi(Ri,Ri)) 
1 t=i 

and the sum vanishes modulo p by (4). Let the congruence hold for all 
i = 1,..., m - 1. Then for m 

Yl+m{Pl, • • •, Pl+m) — Yl+m(Rl, • • •, Rl+m) 

^ m+l-1 

~ ~i + m S {Pi+m-iYi(Pi,..., Pi) - Ri+m-iYi(Ri,..., Ri)) 
:=0 

1 m 

-7— > Yi(Ri, . . ., Ri)(Pl+m-i - Rl+m-i) 
!=0 

1 ' _ 1 

- 7 - y] {Pl+m-iYi{Pl,...,Pi) - Rl+m-iYi(Rl,...,Ri)) 
t=m+l 

1 m—1 

- T — V ) i ? m - i (Vi+i(Ą - • • Ri+i)) (mod p). 
! = 0 

6 - Annales.., 
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The second sum vanishes modulo p and, applying induction, the third sum 
can be rewritten in the following form 

m-1 i , ^ x 

Rm-iY ( " 7 X 7 ) Yi-j(Ri,..-,Ri-j)[Pi+j - Ri+j) = 

m—1 j m—i—1 

= ~ j " ^ ^ * ' ~~ ^ m - i - j ^ j ( - R i , . . ., Rj) = 
i=0 ' " j = 0 

TO —1 

m — e E m — i 
l + i Ym-i{Ri, Rm-i)(Pl+i - Rl+i) (mod p). 

i=0 

And together with the first sum this gives the congruence we promised to 
prove 

Yi+m(Pi,. . . , Pl+m) - Yi+m{Ri, Rl+m) = - — (Pj+m - Pt( + m ) -
I "j- 77% 

~ T+^i ] C Ym-i{Ri, Rm-i)(Pi+i - Ri+i) \1 + l + * J = 

= ~ 7 7 - 7 ^ - 1 (-Ri, • • •, Rm-i){Pi+i - Ri+i) (modp). 
%=o 

Then we have 

(6) 
Ym(Pi,..., Pm) — Ym[Ri,..., Rm) = 

m ^ 
~pYl J17-Ym-i(Ri, • -^Rm-iXP+i - Ri+i) (mod p2) 

i=l 

for m = 1 , 1 . 
Similarly we shall prove (5) by induction. For m = 1 by (6) 

Pi-Ri = - (^(Pi) - Yi(Ri)) = Pjjj(Pi+i - Ri+i) (mod p2). 

Using (i) of Lemma 1, we have for any m = 1 , 1 

(7) Ym(Pi,..., Pm) — Ym(Ri,..., Rm) = 

TO —1 1 1 m _ 1 

~(Pm -Rm)--Yl {Pm-iYi(PU . . , ? { ) - P T O - . F , ^ , . . . , Ą ) ) . 
t=l 
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By means of the induction hypothesis and (6), each element in the sum can 
be written in the following form 

Pm-iYi{Pl, • • • i Pi) — Rm-iYi(Rl, • • •, Ri) 

=Yi{Plt Pi){Pm-i - Rm-i) + Rm-i {Yi(PU ...,Pi)~ Yi{RU . . ., Ri)) 

=Yi(Pi, . . . , Pi)Pl + m _ i { P l + m - i - Rl+m-i) 

J _ 1 

-PRm-i}2 j—jYi.jiRu Ri-j){Pi+j - Ri+j) (modp2). 

We can now sum the previous congruence 

m —1 

P 53 T^Ym-i{Pu . ..,Pm-i){Pi+i - Ri+i) 
1=1 

m—1 « ^ 

- p ^ Rm-i J ] —Yi-j{Ri,Ri-j){Pi+j - Ri+j) 
t=i j=i 3 

m—1 / • -\ 
= p 53 ym_,-(i2i, • • •, i? r o - i ) (F / + i - + J^j) 

m — 1 j 

= pm53 7-j-rym-i(flii---iflm-i)(A+t- - (modp2). 
t=l 

Now substituting to (7) and using (6) we get the congruence (5). • 

P R O O F OF T H E T H E O R E M 1. We start with the notation introduced in 
[5] and the Theorem 1 of [5]. 

Define the numbers Ti , T2,..., T2i-i as follows 

T, = i ( l - Q 2 ) (modp), 

where N{ = (p - 1) + m = - 1 and /*,• = E ^ 1 ( 7 ) ^ for 
t = 1 , — 1. 

6* 
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T H E O R E M 1 OF [5]. Let I, p be primes, p = 1 (mod /) and let 
K C Q(CP + Cp-1); [K : Q] = / > 2. Suppose that 2 is not the l-th power 
modulo p. Let S be a unit of K such that [UK ' (<5)] = / , (f,p) = 1. Let 

8 — xofio + xiPi H 1- a?i_i/3/_i. 

Let the integers ai , a j , . . . , a>t-i form a solution of the congruence 

£ ^X° + X l + ^ +xi-i^ $ ( a i 5 i , . . . , a / 5 j , a i 5 / + i , . . . , a / _ i 5 2 j _ i ) = 

= (2 + 2Py#*(fTu / r 2 ) . . . , / r 2 / _ ! ) (mod p 2 ) , 

where oi\ = gcti + <72a2 H 1- and e — ± 1 . 

Then 

a i « 2 • • • = hxfl~2 (mod p2). 

Based on the definition of the mapping * we can rewrite the congruence 
of the Theorem 1 of [5] to I congruences. Assuming the congruence in the 
first component we get 

(xq + xi Ą h z i - i \ a ' 
e{ -i ) 

hence 

*(ai5i , . . . ,a ; _i5 2 i - i ) 

Define the numbers Vi, Vi, ... , Vj_i as follows 

where iVj = (p - 1) + n; = - 1 for i = 1,2,. . . , /- 1. 
By the Lemma 1 we have 

YrifTi,fTi) = YAfVi,fVi-x, /T<) (mod p) 
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and 

#(/r!,..., / r 2 ,_ ! ) = #(/Vi, . . . , fVt-ufTt, 0,..., 0) (mod p2). 

Now we can apply the Lemma 2 and get for m = 1 , 1 

(9) a m 5 m = fVm (mod p), 

(10) amSm = / V M + P T - — a m S l + m (modp2). 
I + m 

In the case (i), the congruences (9) and (10) imply 

amSm = fVm (1 + Pf,mS'\m

c ) (mod p2) \ (/ + m p m / 

and multiplying these congruences for m = 1 , 1 we obtain 

a i • • •a i _ 1 5 1 • • -5,-! = Z ' " 1 ^ • • • 1̂ + P X -(jf^ĘJ ( M O D P 2 ) 

and using the congruence from the Theorem 1 of [5] we get 

(11) ^ • • • • 4 - I ( i - P E ( ^ ) ^ , - v , _ 1 N r t 

Let jBjfc ^ 0 (mod p) for i = 1 , 1 . We can substitute Vi, . . . , Vj_i 
from (8) and simplify the right hand side of (11) modulo p 2 . We have 

,1^ T/ i / - 1 2 f c (l-2 f c )2 2 A (l-2 2 f c )---2( i - 1 ) f c (l-2( / - 1 ) f c ) 
(12) Vi • Vj_i = W(2ife)!...((/-l)ib)! X 

( / j_i C ^ i . _ j_ /_ i 

Let a e Z, a = 2fe (mod p), a' = 1 (mod p2). Let 2k = a + xp (mod p2), 
x G Z. Hence 

2fc' = 2 p _ 1 = l + pQ 2 = l + lal-lxp (modp2). 

It gives x = sS> (modp) and consequently 2k = a(l+ ^ipj (modp2), 

2k% = a* (l + 7pQ2) (mod p2). And now we have 

2 « ( l - 2<*) = a' ( l + ipQ 2 ) (1 - a*) ( l - \ ^ v Q ^ j = 

= a ' ( l - a ' ) ( l + i p Q 2 i ^ ) (modp2). 
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Since a1 = 1 (mod p2), the following congruence holds 

a • a2 • • • o ' _ 1 ( l - a)(l - a2) • • • (1 - a'"1) = / (mod p2). 

We obtain 

2*(i - 2fc) •. . ^ ' - ^ ( l - 2('"1)fc) = l(l + ^ Q 2 P ^ i ^ ^ j (mod p2). 

Now we express product k\(2k)\• • •((/ - l)&)! modulo p 2 . For each 
i = 1,..., ^ we have 

(<*)!((/ - *)*)! = (P - 1)!(1 = -(1 - PWP){1 + pAik) (mod p 2) 

and together 

*!•••((/-l)fc)! = ( - l ) ^ ( l - ^ p W „ ) ^ l + pj>ifcj (modp2). 

Substituting to (12) we have 

V ' - V " S ( T ) ^ ( i + ^ g < \ ^ ) ( i - » | > • -

( / i-1 £mzL _ 1 (-1 \\ 

Furthermore 

f " 1

 = 1 / ^ ( l - ^ + ' l * ) ikB0+i)k \ 
p p V 1 - 2 i fc (/ + i)kBik ) " 

= - f . , l I p - 1 + Q 2 - — - T - (modp), p V (/ + i)Bik J 1 - a* 

because 

2p-i(i-2('+') f c) _ ( l + p Q 2 ) ( l - ( l + p Q 2 y jl + jpQi)) 

X - 2 i k " (1 - «0 ( l - tóltfa) 

= I + P Q 2 - — — (modpJ). 
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This gives 

V, • • • V,_! = (^j ^ 1̂ - p X Aik j Z?fc • • • fl(,_1)fc x 

x ( ^ ? ( - 5 S ( f e - ' ) + g " " ) ) ^ 
Finally, using congruence 

i - i i - i (-1 ¥ 

53iA n < = 53iA f c i_! = 53 i A ik + l{l-l) = l^2 Aik + l(ł - 1) (mod p) 
!=1 t=l »=1 t=l 

we get congruence (2). 
In the case (ii), for any m G / the congruence (10) gives 

( Sm mSi+m\ _ ,Vm , . 
r r — = f— ( m o d p) 

p l + m ) p 

and by multiplication of these congruences for i e J together with congru­
ences (9) for i ^ / we get 

a , . . . a , . , n * • n (f - s n«• n 7 (-»«* 

and the substitution of Vi gives the required congruence. • 

Applications 

T H E QUINTIC C A S E . In [6] Emma Lehmer exhibits a family of polyno­
mials Fn(X) € Z[X] for n € Z. The polynomials are given by 

Fn(X) = XS + n2X4- (2n3 + 6n2 + lOn + 10)X3+ 

+ (n4 + 5n3 + l l n 2 + 15n + 5)X 2 + (n3 + 4n2 + lOn + 10)X + 1. 

Let p = ra4 + 5n3 + 15ra2 + 25n + 25 be a prime number. It is proved in 
[6] that the following translation 70 of Gaussian period (30 is a root of the 
polynomial Fn(X) 
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Note that the polynomials Fn(X) have no root modulo 2 and it implies that 
2 is not a quintic residue modulo p. So we can use the Theorem 1. 

Schoof and Washington in [8] proved that the conjugates of the unit 70 
are fundamental units. 

Set 6 = 70. Suppose that (f )=l , hence S = pQ - ^ = ^{Po + Pi + 

Pi + ft + PA) + Po = ^ A) + ̂ Pi + ^ 2 + ^P3 + • Therefore 
x0 - + 1, xi = x2 = x3 = Xi = which imply 

xo + xxg + x2g2 + x3g3 + xAgA _ 1 2 

= —r- (mod p ). 
x0 + xi + x2 + x3 + xt nl 

Similarly if (f) = -1 then 

x0 + xig + x2g2 + x3g3 + x4g* _ 1 2 

_ — - (mod p ). 
XQ + xi + x2 + x3 + Xi n2 

Thus we have determined numbers di, d2, d3, di. 
The class numbers KK modulo p2 for all prime conductors of given type 

less than 109, computed by means of the congruence (2), are given in the 
following table. The first 26 values (p < 107) of the '•'Me correspond to 
calculations in [8]. 

n P hn mod p2 

1,-2 11 1 
-3 31 1 

1 71 1 
-4 101 1 

2 191 11 
-6 631 11 

4 941 16 24 

-9 3931 256 = 28 

7 5051 1451 
8 7841 421 

-11 9551 541 
-18 80251 37631 — l l 2 •311 

16 90281 19301 
-21 154291 108691 = 11- 41 • 241 
-22 187751 76901 = 11 • 6991 

23 349211 186091 71- 2621 
26 555671 721151 = 661 • 1091 
27 641491 1566401 

-31 788231 1217821 = 11 • 110711 
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-32 899321 798256 = 24•49891 
-36 1464901 4628591 = 11 • 420781 
-37 1640531 1636721 
-42 2766691 20599841 = 31 • 664511 

41 3196631 8088176 = 24 •505511 
51 7468771 28850896 = 24 • 521 • 3461 

-54 7758151 37142851 = 101 • 367751 

56 10761041 148819696 24 • 1151 • 8081 
-61 12765251 66431941 
-62 13640831 70642451 = 11 •6422041 

66 20479231 182277211 61 •2988151 
67 21723971 1127756881 = 181-1091-5711 
68 23024621 627986096 = 24 • 31 • 1266101 
73 30425111 335434451 = 11 • 30494041 
77 37526591 3233114891 
78 39481051 644240861 = 11 • 1721 • 34031 

-84 46927381 2068985771 
82 48071951 2210817521 = 11 • 881 • 228131 
84 52858621 3141700201 55931•56171 

-88 56676161 5912208301 
89 66388151 1132538941 = 41 • 27622901 

-99 91352671 3144379001 
99 101060611 3041883856 = 24 • l l 2 • 1571221 

-102 103090711 3626779141 
101 109367471 7522340051 = 592•2160971 
103 118176251 4099008881 = 11 • 3001 • 124171 

-108 129922621 20060176081 = 11 • 10631•171541 
106 132373991 7815148121 = l l 2 •4721•13681 

-109 134858531 6311175376 = 24 • 11•35858951 
107 137379251 15085381091 = l l 2 • 2141 • 58231 

-113 156021611 21628396061 = 151 • 281 • 509731 
114 176501551 11080371781 56311 • 196771 

-119 192317591 32915044096 = 28 • 11 • 31 • 377051 
118 202304771 10025116211 = 11 • 2441 • 373361 

-121 205717691 11420513591 
122 230839031 60390377311 = 11•5490034301 
128 279170201 24178878281 
129 287909191 
137 365417111 
139 387022451 

-143 403843751 
-147 451386751 

32215474121 
125121548101 
42590939281 

118398260816 
155312785456 

= 

l l 3 • 31 • 3032441 
11 • 3871903571 
24 • 11 • 31 • 217005 
24 •9707049091 
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T H E CUBIC C A S E . The smallest positive residue of hK/f modulo p2 for 
several prime conductors p and for all units S = x0f30 + xifii + x2/32, where 
-1000 < ii Ś 1000 (i = 0,1,2), is calculated in the following table. If this 
value is bigger than p then the corresponding unit is not strong Minkowski 
unit. 

Prime p = 163. 
unit hK/f unit hK/f 

(1,2,0) 17714 (515,648,307) 22633 
(3,4,4) 4 (547,693,705) 22774 
(4,5,5) 4 (587,596,461) 20438 

(53,54,42) 1 (640,651,505) 14761 
(53,55,44) 22774 (693,705,547) 22774 
(57,58,45) 17714 (750,763,592) 22774 
(62,63,49) 1 (812,826,641) 14761 
(63,65,49) 22774 (875,891,690) 20438 

(102,118,109) 17713 (993,1000,792) 18179 
(352,485,478) 18179 

(993,1000,792) 

Prime p — 607. 
unit hji/f 

(0,2,1) 332312 
(7.8.8) 4 
(8.9.9) 4 

(178,202,201) 201479 
(180,203,201) 162682 

unit 
(185,210,209) 
(193.219.218) 
(193.221.219) 
(401,422,394) 

hK/f 
19343 
34870 
49147 

216134 

Prime p = 751. 
unit hj(/f 

(-53,38,12) 483967 
(406,458,419) 381320 

unit 
(407,459,420) 

hic/f 
307785 

-157 588589571 152530304861 = 11 • 61- 331•686761 
158 643301291 92380627811 = 28351 • 3258461 
159 659610571 150913029641 = l l 2 •41 • 661•46021 

-163 684652511 785372557471 = 41- 19155428231 
161 693157511 207156367681 — 66841 • 3099241 

-164 701739461 124240930231 = 11- 41- 275478781 
162 710402911 421336924016 = 2 4- 26333557751 

-168 773305201 936192896591 = 131 • 1381 • 5174881 
-172 850210301 170865966736 = 2 4- 11251 • 949171 

176 987240521 362885296531 = 41- 331 • 26739761 
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Prime p = 1879. 
unit hx/f 

(-104,85,22) 2353762 

Prime p = 1951. 
unit h>x/f unit ^i</f 

(-5,4,4) 2537602 (77,80,74) 4 
(76, 79,73) 4 
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