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SETS OF R E G U L A R SYSTEMS 
OF DIVISORS OF A GENERALIZED INTEGER 

ŠTEFAN PORUBSKÝ 
Dedicated to the memory of Professor Ivan Korec 

Abstract. The notion of a regular system of divisors of a number underlying 
a Narkiewicz's idea of the generalization of the familiar Dirichlet and unitary 
convolution of arithmetical functions is used to extend some combinatorial 
results about systems of subsets of divisors of a generalized integer. 

In 1963 W . Narkiewicz [Narkl963] introduced a class of binary operations 
on arithmetical functions generalizing the known Dirichlet and unitary co
nvolution. The generalization was based on the idea to associate with every 
positive integer n not the whole set of all divisors or the set of all unitary 
divisors of n, resp., but only a subset of the set of all divisors of n which 
fulfils certain properties. In the original setting these properties were then 
determined by the properties imposed on the resulting convolution. In what 
follows we shall not concern more about the original convolution backgro
und. The idea is capable of further extension to the so called arithmetical 
semigroups. Here (cf. [Knop75]), an a r i thmet ica l semigroup is a com
mutative semigroup (G,.) with identity element 1 = 1Q and with at most 
countable set P of generators (called primes of G) such that every element 
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a ^ I'm G can be uniquely (up to the order of the factors) represented in 
the form 

where the pi are distinct elements of P, the ot{ are positive integers, and 
r may be arbitrary. Further, it is supposed that there exists a real-valued 
norm | • | defined on G such that 

(i) |1| = 1, |p |> l f o r p e P , 
(ii) \mn\ = \m\\n\ for all m, n € G, 

(iii) the set {n € G : \n\ ^ x} is finite for all real numbers x. 
However, in what follows we shall not need those properties of G which 

follow from the existence of the norm mapping | • |. Mainly because most of. 
our reasoning employs the divisibility relation induced by the multiplication 
in G and in this situation each element of G has only a finite number of 
divisors what in the argumentation replaces requirement (iii). Neither, we 
shall use any consequence of the restriction on the cardinality of the set P 
of generators of G in the above definition. Note, that dealing with algebraic 
and combinatorial properties of G without reference to properties of the 
norm map, the generalized results are not routine consequences of the fact 
that G is isomorphic algebraically to the set of positive integers N if P has 
infinitely many elements, or else to a subsemigroup of N if P is finite. 

The unique factorization in G enables us to define terms like d iv isor in 
the expected way. We say that an element b, divides a € G, in symbols b\a, 
if a = be for some c £ G. Let 

D(n) = {d e G : d\n} 

denote the set of all divisors of n e G. 
Let A be a mapping from the given arithmetical semigroup G into the set 

of subsets of G such that A(n) is a subset of the set D(n) for every n 6 N . 
The elements of A{n) will be called A - d i v i s o r s of n. The system 

(1) {A{n) : n€N} 

will be called regular sys tem of divisors (or more precisely, regular 
sys tem o f A - d i v i s o r s , if a confusion with the ordinary divisors is possible) 
provided: 

(a) d e A(n) =$> n/d e A(n) 
(b) if (m, n) — 1 then A(mn) = A(m) • A(n), where A • B = {ab : a e 

A,b € B} 
(c) {1, n} C A(n) for all n 
(d) the statement "d £ A(m), m € A(n)" is equivalent to "d € A(n), m/d e 

A{n/d)n 
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(e) if p is a prime, then A(pk) = {l,pv,p2v,... ,prv = pk} with some 
v e N , and moreover pv e A(p2v), p2v e A{p3v),... , p^-V* e A(pk) 

These conditions as stated here are not independent. The most known 
example of regular systems of divisors besides D(n) is the set of un i t a ry 
divisors 

U(n) = {d£G : d\n, (rf, n/d) = 1} . 

Here, (a, b) denotes the greatest common divisor. The system {D(n) : n 6 G} 
is connected with the well-known Dirichlet and the system {U(n) : n £ G} 
with the so called unitary convolution, resp. That there are infinitely many 
regular systems of divisors follows from Theorem II of [Narkl963] which can 
be easily extended to the case of a general G. A way how to construct regular 
systems of divisors (generally different, though not always) from the given 
one is described in the next result (originally also formulated only for the 
case G = N): 

LEMMA 1 [Ramal978, Theorem 3.1]. Let (1) be a regular system of 
divisors on G and k a fixed positive integer. For each n £ G define 

(2) Ak{n) = {d : dke A{nk)}. 

Then the family {Ak(n) : n e N} forms again a regular system of divisors 
on G. 

Note (cf. [Ramal978, Remark 3.2]) that the converse of Lemma 1 is not 
true in general. System Ak may be regular without being that of A regular 
one. 

In the rest of the paper we shall suppose that the regular system of 
A-divisors in an arithmetical semigroup G is fixed though arbitrary. 

THEOREM 1. Let G be an arithmetical semigroup and (1) a regular 
systems of divisors. If F = {Di,Ds} C A(N), N G G, such that 

(3) X € A[Dt) X £ F , (or equivalently X e F A(X) C F) 

then there exists a permutation a of {1 ,2 , . . . , s} such that 

Die A {D7^y), 

where D = N/D denotes the "divisor complement with respect to N". 
Note that (a) implies D € A(N) for every D € A(N). Theorem 1 imme

diately extends the following result proved by M . Herzog and J . Schonheim: 
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COROLLARY 1 [ H E S C 1 9 7 2 ] [THEOREM 1] . If F = {DU...,DS} is a 
family of divisors of a natural integer N satisfying 

X\Di^XeF ( « = l , 2 , . . . , s ) 

then there exists a permutation a of { 1 , 2 , . . . , s} such that 

Di\D^i) for i = 1,2,...,s. 

The proof of Theorem 1 will parallel the ideas used in [HeScl972]. 
Let N = Pi'.. .p"' be the standard decomposition of N G G into distinct 

primes. We shall process by induction on n. If n = 1, then (cf. (e)) 

FcA(p?) = {l,pl...,plv = p?}. 

If D G F then (3) implies A(D) C F and we get using (d) that 

F = {l,rt,...,p?=p?} 

for some r ^ a. 
If Di_= pf for some i = 0 , 1 , . . . , r, then D~ = N/D{ = p[a~i)v and (a) 

gives Di G A(N) = A{plv). Then we claim that 

i »->• (r — i) 

generates the required permutation. This means that 

(4) A = ? r e^(E~). 

To prove the last relation observe firstly that D r _ ; = y+C"-'")^ witłi 
a - r ^ 0. Further, since pv £ A{p2v) and p2v G A(p 3 , ; ) , (d) imphes 
pv e A(p3v). Similarly, pv G A{p3v) and p 3 " G A(p4v) yield G A ( p 4 v ) . 
Thus by induction 

(5) pv£A(pkv) f o r* = 1,2,3, . . . 

Property (e) gives p i v G A{piv+V). Similarly p(i+1)v G A{pli+1>+V). On the 
other hand, also pv G A ( p ( ' + 2 ) v ) due to (5). Property (d) in turn implies that 
piv G A(p(i+2)v). Along similar lines piv G A(p^+3^v) and we can continue 
in increasing the exponent until we reach the exponent iv + (a - r)v, i.e. 
piv e A{jtv+la-r)v), and (4) foUows. 
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Suppose that the Theorem is true for positive integers N with less than 
n distinct prime factors in its standard decomposition. 

Let p be a prime dividing (with respect to the ordinary division) some 
element of F and let a be the exponent of p in the standard decomposition 
of JV. If a power pb of p belongs to A{d) for some d € A(N), then (d), or (b) 
and (c), shows that pb 6 A(N). It follows from (b) that 

A{N) = A{pa)-A{N')) N' = N/pa, 

and consequently pb C A ( p a ) . Property (e) implies that 

A(pa) = {l,p",p2\...,p™} 

with suitable a, v such that av = a. Therefore, if a power pb A-divides an 
A-divisor of N, then 

p e A{p ) = {i,p ,P ,..-,P =P ) 

and v\b. If p*, t ^ a, is the highest power of p dividing (or, what is the same 
A-dividing) any of the elements of F , then t = vr for some r such that 
1 ^ r ^ a, and the set of A-divisors of elements of F which are powers of p 
is of the form 

{ i , p " , p 2 V . . , p - = p ( } . 

Let 
r 

be a partition of F into subfamilies Fj, j — 0 , 1 , . . . , r, where each Fj contains 
those D 6 F for which the standard g.c.d. (D,p*) = p" J , and 

F'j = {d : d = D/p^,D€Fj},j = 0,l,..;r. 

Denote by Sj the cardinality of Fj, or what is the same, the cardinality of 
F j for j = 0 , l , . . . , r . 

Clearly, F j C A(N'), (j = 0,1,...,r), where N' = N/pa. We intend to 
apply the induction hypothesis on each of the sets 

F j , j = 0,l,...,r. 

Let j , j = 0 , 1 , . . . , r, be fixed. Let D G F j , then D € A(AT'), but also pa 6 
A(pa), as (c) shows. Consequently, paD e A(JV), and N/\paD) e A(JV), 
even N/(paD) = i V ' / D e A(AT'). Denote by ~ the modification of the 
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above obliteration operation of taking the divisor complement but now with 
respect to N' = N/pa instead of with respect to N, that is 

D = N/(paD). 

Moreover, if X G A(D) and D G F j , then fvX G Fj and X G F j . 
This altogether shows that the assumptions of the Theorem are satisfied 

if we replace F , N, D by F j , N/pQ, D (for every j = 0 , 1 , . . . , r) . Since N' = 
N/pa has only n — 1 different prime factors, we can apply the induction 
hypothesis to obtain a permutation TJ of [1 , . . . , Sj] for which 

(6) dv G A (d^T)) , 1 ^ v ^ Sj 

for every j = 0 , 1 , . . . , t. 
Observe that the sets F j , j = 0 , 1 , . . . , r can be endowed with a certain 

multilateral structural dependence. To see this let 0 ^ h < k ^ r and d G F'k. 
Then 

d- — - D 1 

pvk p{k—h)v phv 

and (3) implies that D/p<-k~Vv G F f c , d G F'h, i.e. F'h D F£. Hence s 0 ^ s h ^ 
Sk ^ s r t and we can order the elements of the sets F j for j = 0 , 1 , . . . , r in 
such a way that if Fo = {di , t^ , • • • > dS o} then 

F j = { e M 2 , . . . , d S ) } j = 0 , l , . . . , r . 

We saw that the elements of Fj are of the form p^vd„, v = 1,... , Sj. If we 
denote Dj,„ = p^vdv, then 

(7) F = {Dj,v : j = 0 , . . . , r , v = 1,..., S j } . 

Given a permutation o-/ for € = 0 , 1 , . . . , r of [1,2, . . . , Sj] , define a permu
tation r of the index set of (7) by 

"U. *0 = i , • / ^ 
if j < r /2 and 1 ^ Sj 

ifj^r/2 and 1 ^ v ^ S j . 

The proof will be finished if we show that with ot = rt for £ = 0 , . . . , r we 
have 

(8) £>T ( j ) l / ) e F 

and 

(9) !>,•,„€ A ( 5 ^ ) . 
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To prove this we shall treat the cases given above separately: 
(i) j < r/2 and 1 < v < sf If j < r/2 then j <r-j. The definition of TJ 

gives that 
D r ( l » =P3VdTi(u)-

Since the power of p in both, Dj,u and -D T(.j» is the same, Dj,v, as well as 
DT(jiU) belong to the same F j . On the other hand 

7 J 7 - T - -JL- - N - J-* d7\ 

Here we have, j < r - j ^ a - j, which implies p>v G A(p(-a~j^v). This 
together with (6) implies (9), as required. 

(ii) j > r /2 and 1 ^ v < sf. In this case j > r - j and thus Sj ^ s r _ j , 
and 

Since F j C F'r_j, the above description of the structure of F " s implies that 
r r _ j can be contracted to F j , and consequently £ T ( j , i / ) € Fj._j. Moreover 
(6) remains true. Further, 

Now, a-r+j ^ j, and tTauspjv G A ( p ( a _ r + J ) , ; ) , and the proof is finished. • 
If N is a square-free number then the result of Corollary 1 extends the 

following result on sets of subsets (the reader is referred for more details in 
this connection to [BrScl996]): 

COROLLARY 2. Let A and M be sets, Ac M. Denote A = M \ A. If 
F = {Ai, A 2 , A s } is a family of subsets of M satisfying 

XcAi=>XeF (t = 1 , 2 , . . . , « ) , 

then there exists a permutation a of { 1 , 2 , . . . , s] such that 

A<,(i)DAi (i = 1,2, 
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