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A CANTOR SET IN THE INTERSECTION OF SETS 
OF LARGE MEASURE 

I W O N A K R Z E M I Ń S K A 

Abstract . We present a proof of the following theorem. Let E„ C [0,1] be 
a sequence of measurable sets with measures fj(En) ^ 6 > 0. There is a 
subsequence whose intersection contains a Cantor set. 

The problem, how large can be the intersection of infinitely many sets 
taken from a given sequence of sets was treated by P. Erdos, H . Kestelman, 
C . A . Rogers (1963), and by M . Laczkovich (1977). The problem was started 
anew by M . J . Pelling in Amer. Math. Monthly 101 (1994), p. 275, Problem 
10373. The solution given in this paper1) is located in the classical theory 
of the Lebesgue integral, and seems to be more elementary than these ones 
mentioned above. So, the aim of this note is to present a proof of the following 

T H E O R E M 1. Let En C [0,1] be a sequence of measurable sets with me­
asures fi(En) ^ 8 > 0. There is a subsequence whose intersection contains a 
Cantor set. 

P R O O F . We may assume that for every n the sets En are closed. Consider 
the functions 

(i). / » ( * ) = M ( M n £ B ) , 
defined for n — 1,2,—, and x € [0,1]. Functions / „ are continuous monotone 
and fulfil Lipschitz's condition with a common constant equal to 1. 

By Ascoli-Arzela theorem, there exists a subsequence / n , convergent uni­
formly. For simplicity, let us suppose that fn is such a sequence. Let / be 
the limit of fn. 

The function / is absolutely continuous, satisfying the Lipschitz condition, 
i i 

thus / / ' = / ( l ) - / ( 0 ) ([3], p. 223), but / ( l ) - / ( 0 ) > 6, so we have / / ' > 8. 
o o 
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Thus there exist a > 0 and a closed set B C [0,1] with positive measure, 
such that 

(2) f'(x) > a, 

for x € B. 
We shall define by induction closed intervals Ij1...jk, jr € {0,1}, defining 

in a standard way a Cantor set, and a sequence ni < 7*2 "< . . . of integers 
such that 

(3) p(B n Eni n . . . n Enk n lh...h) > o, 

for every k and every interval 1^...^. 
To do this, take on the interval [0,1], using the Lebesgue density theorem, 

two disjoint closed intervals 1^, j\ G {0,1} such that 

(4) VL{Bf\Ih)>{\-fi)Vi{Iil)1 

where (5 > 0 is such that 

(5) (l-/3) + <*(l-/?)>l. 
From a known property of the derivative of monotone function, having in 

view the continuity of / , we get fi(f(ljj) ^ . / / ' ([3], p. 187). Hence, by 
' n 

(2), it follows that ^ ( / ( / j j ) > afi{B f~l J j J . Since fn converges to / , there 
exists an integer ni such that for both values 0 and 1 of j\ the inequality 
M / n i t o i ) ) > aiiiBnlh) holds. By (1), we have fi(Eni nIj1) > afi(Bnlh). 
From the last inequality and from (4) we get 

(6) M ( ^ n I n / i l > > o ( l - / 3 ) M ( / J - 1 ) , 

for both values of j\. Now, from (4), (6) and (5), we get n{BC\Eni n/,-,) > 0 
for both ji € {0,1}. Thus the inductive construction for k = 1 is finished. 
Suppose that for k ^ m there are defined intervals / ^ . . . i * a n < i integers n i < 
712 < . . . < nfc such that for any given k ^ m the inequalities /z(f3 (1 Eni n 
. . . D £ J N ( K n Ij!...jk) > 0 hold for all sequences j \ . . .jk, where j r € {0,1}. 
Repeating the reasoning from the first step of induction with B D Eni D 
...(1 Enm instead of B, and with Ijx...jm insteread of [0,1], we get an integer 
n m + i greater than n m , common for all intervals Ijy... jm+i and such that 
fi(B D Eni n . . . fl E n m + 1 n / J - 1 . . j m + 1 ) > 0 for each Ih .. . j m + i . Thus, the 
inductive construction is finished. 

By (3), we have Eni D . . .f\Enk n/jj . . . j t ^ 0 for all the sets defined above. 
It follows that each set Eni has points in each interval 1^...^. Therefore, 
the Cantor set defined by the intervals 1^...^ lies in the set of accumulation 
points of each Eni, thus, in view of compactness of the sets En, it is contained 
in each En, thus in the intersection Eni f~l En2 l~l..., which ends the proof. 

• 
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