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S E C O N D - O R D E R D I F F E R E N T I A L S Y S T E M S 

A N D A R E G U L A R I Z A T I O N O P E R A T O R 

P A V E L C A L Á B E K * 

A b s t r a c t . Sufficient conditions for the existence of solutions to the bound­

ary value problems with a Caratheodory right side for the second order or­

dinary differential systems are established by means of a continuous approx­

imations. 

1. Introduction 

In this paper there are proved theorems of existence of a solution to the 
differential system 

(1 .1) * " = / ( * , * , * ' ) 

satisfying the boundary condition 

(1.2) V(x)=o, 

where V is a continuous operator of boundary conditions and o is a zero 
(2n times) 

point of the space R 2 n , o = ( 0 , 0 , ~ . . , 0 ) . 

M y results have been motivated by the fact that many methods used 
for ordinary differential systems haven't the same results when the function 
on the right side of (1 .1) is Caratheodory or continuous one. The problem 
(1 .1 ) , (1 .2) with the L°°-Caratheodory function, the most similar to the 
continuous one, has been approximated here by a sequence of problems with 
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a continuous right side. The existence of a solution to the problem (1 .1 ) , 

(1 .2) wi l l be proved as a consequence of the existence of solutions to the 
approximated problems. 

Let —oo < a < b < oo, I = [a,b], R = (—oo,oo), n,k natural numbers. 
R " denotes as usual Euclidean n-space and \x\ denotes the Euclidean norm. 
Qk _ ck([a,b],Rn) is the Banach space of functions u such that is 
continuous on J with the norm 

| H | f c = m a x { | H | , | K | | , | | u " | | , . . . , | | t i ( f c ) | | } , 

where 
||u|| = max{|u(t)|,tel}. 

Let Cn denote C ° . C™0 = C ° ° ( R , R n ) is the space of functions 4> such 
that for each k G {1 ,2 , . . . } there exists continuous on R function 4>^ and a 
support of function <j> is a bounded closed set, supp</> = {x G R; | ^ ( z ) | > 0 } . 
Finally let = L£°((a, 6), R n ) be as usually a space of measurable functions 
with a finite norm 

MeM tei-M 

where M. is a set of all measurable subsets of an interval I with a measure 
zero. 

D E F I N I T I O N 1 .1 . A function f : I x R 2 n -> Rn is a £°°-Caratheodory 
function provided: if / = f(t,u,p) 

(i) the map (u,p) f(t,u,p) is continuous for almost every i € / , 
(ii) the map t \-t f(t,u,p) is measurable for all {u,p) G R n x l " , 

(iii) for each bounded subset B C R" x R n the function sup{|/(<, u,p)l, (u,p) G 
B}GL°°(I). 

D E F I N I T I O N 1.2. A function i u : I x R - » R i s a Caratheodory function 
provided: if w = w(t, 6) 

(i) the map 6 i-» w(t, S) is continuous for almost every t € I , 
(ii) the map t (->• w(t, S) is measurable for all 6 € R, 

(iii) for each bounded subset B C R the function sup{|«>(ź, S)\, 5 E B} is 
Lebesgue integrable function on interval / . 

L E M M A 1 .1 . Let f : I x R 2 n ->• R n be a L°°-Caratheodory function and 
B a bounded subset ofW1 x R " . 

Then there exists a constant K G R and a set M G M such that 

\f(t,u,p)\ <K fortel-M, (u,p) G B. 
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P R O O F . It is a trivial consequence of the definition L°° and the definition 
1.1. • 

In the whole paper assume f : I x K 2 n -> Rn is the L°°-Caratheodory 
function and V : C* -> K 2 n is a continuous operator. 

If / is continuous, by a solutions to the equation (1.1) we mean a classi­
cal solution with a continuous 2nd derivative, while i f / is a Caratheodory 
function, a solution wil l mean a function x which has an absolutely continu­
ous I s* derivative such that x fulfills the equality x"(t) = f(t,x(t),x'(t)) for 
almost every t G I. 

By xy in W1 we mean a scalar product of two vectors from M N . 

2. Regularization operator 

Let (j> be in C™0 such that 

(f>(t) > 0 V* G R , supp</> = [-1,1], J <f>(t) dt = 1. 

For an example of such function see [3] page 26. 
Instead of problem (1.1), (1.2) we wil l consider the equation 

(2.1£) X" = fe(t,X,x') 

with the boundary condition (1.2), where e is a positive real number and for 
V(u,p) G Rn x Rn 

or equivalently 

fe(t,u,p) = ^ j (f)^-—-^ f{r],u,p)dT] 

ff(t, u,p) = j ^ f(i - er), u,p)<f>(r}) dr), 

, - t u x / /(«.«»P) te[a,b] 
w h e r e / ( * , « , p ) = | 0 

L E M M A 2.1. Let B be a bounded subset M N x W1 and $ = max{<£(i);t G 
[—1,1]}. Then the function fe(t,u,p) is continuous on I x B and for every 
e > 0, t G J and (u,p) G B 
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P R O O F . Continuity of fe follows from the theorem on continuous depen­
dence of the integral on a parameter. 

Boundeness of fe follows from the inequalities bellow where we use lemma 
1.1. 

!/«(*,«,P)i = ł f 7(* - e»7,u,p)<t>(rj) dr,\ 

<\fcj ^ [f(t - e!7,u,pMt7) <fy < 2#v^* 

• 
D E F I N I T I O N 2.1. Let w : J x [0, oo) -» [0, oo) be a Carateodory function. 

We say w £ M(I x [0, oo); [0, oo)) if there wil l be satisfied this conditions: 
(i) For almost every t £ I and for every d\, 62 G K , d i < di 

w(t,di) < w(t,d2)-

(ii) For almost every t £ I w(t, 0) = 0. 

D E F I N I T I O N 2.2. Let B be a compact subset of R 2 n , T G R and 6 G [0,00). 

Let us denote by u»(r, S) a function 

U(T,6) = m a x { | 7 ( r , « , p ) - J(T,U',P% (u,p), (u',p') G B, 

\u-u'llp-p'\<S} 

and by u; e(r, 6) a function 

or equivalently 

CL), *(r>S) = J U(T- en,8)(j>{n)dn. 

L E M M A 2.2. Let B be a bounded closed subset of R n x R n . T i e n for 
every e > 0: 

(i) oj,ue G M ( 7 x [0,00); [0 ,00)). 

(ii) For every (u,p) G B, for every 5 > 0 and for almost every t £ I 

fe(t, u,p) f(t, u,p) for e -» 0, 
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wf(t, S) -> u(t, S) for e -> 0. 

(iiij For every (u,p) G B and for almost every t e ł 

\Mt,»,P)-Mt,u',p') ~ / ( * , « , * ) + f(t,u',p')\ 

<y/nuje(t, max{|u - u'\, \p -p'\}) 

+ u}(t,max{\u - u'\, \p - p'\}). 

(iv) For every (u,p) G B and for almost every t e ł 

f fA(T,u,p) -f(r,u,p)) dr 

J a 

converges uniformly to 0 for e —>• 0 on the set I x B. 

P R O O F . 

(i) Since / ( r , . , . ) is L°°-Caratheodory and B is a compact set then for al­
most every T G I 0 < w(r, 6) < 2K, U(T, .) is nondecreasing and continuous, 
iv(.,6) is measurable and 

l im (J(T, S) = 0. 
It means, that W(T, 0) = 0 for almost every t e l . Therefore we can see that 
u) e M(I x [0, oo); [0, oo)). 

From the theorem on continuous dependence of the integral on a parame­
ter there follows that o;e is for arbitrary e > 0 continuous function. Therefore 
a>e is Caratheodory function such that o; e(r,0) = 0 for almost every T e I. 
From inequalities for 5i < 62, r G J 

(2.2) 0 < w ( r , « J i ) <W{T,82) 

follows for almost every r\ G / 

0 < \<t> "fa> * i ) < 7* ( I T ^ ) "(v, h) 

and therefore 

(2.3) 0 < W e ( T , * i ) < W « ( T , « 2 ) . 

It means that ue G M ( 7 x [0,00); [0,00)) 

(ii) This statement is a consequence to [2] theorem 2.5.3 which assert that 
on our assumption there hold for every S > 0, (u,p) G B and i = 1,2,. . . , n 
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l im f \fei (r, u, p) - fi (r, u, p) \ dr = O, 

where fi, fei is i-th component of the function / , / £ respectively. 
(iii) Obviously for \u — u'\, \p — p'\ < 6 

\ft(t, u,p)-f((t, u',p')l = I J ^ cf>(n)(f(t - en, u,p) - f(t - en,u',p')) dn\ 

<V^ J i \f{t - en, u, v) - J(t - en, u', v')\<j>(n) dn 

<y/n J u;(t — en, 8)<f>(n) dn = ^/nut(t, 8) 

Now it is easy to see that statement (iii) of this lemma holds. 
(iv) Firstly we wil l prove that for every (t,u,p) € I x B and every e > 0 

there exists co > 0 and neighbourhood 0(t,u,P) of (t, u,p) in the set I x B 
such that for every 0 < e < e0 and for every (t',u',p') € 0(t ,«,p) 

| f (ft(T,u',p')-f(r,u',p'))drl<e. 

By (ii) and by Lebesgue dominated convergence theorem there exists ei > 
0 such that for every 0 < e < ei 

J \fe{r,u,p)-f{r,u,p)\dT <-Q=. 

Since u) G M(I x [0, oo); [0, oo)) there exists such 8 > 0 that 

[\{T,8)> 
J a 

e 
\dr <—. 

4n 

By (ii) and by Lebesgue dominated convergence theorem there exists e 2 > 
0 such that for every 0 < e < e 2 

/ we(r,<5)i 
J a 

Let us denote 0 ( t > u , p ) = {{t',u',p') elxB; | u - u ' | < S, | p - p * | < 6} and 
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to = min{ei,e 2 }. Now for every 0 < e < e0 and for every (t',u',p') £ 0(t,u,p) 

t' t' 
I f (h(r,u',p')- f(r,u',p')) dr\<\( (/«(r,u,p) - f(r,u,p)) dr\ 

J a J a 

+ I / (/«(r,ti,p) - fe(T,u',p') - f(r,u,p) + f(r,u',p')) dr\ 
J a 

rb rb 

<vW U*(T,U,P) - f(T,u,p)jdr + s/n I y/nujt{r,5) +u)(T,5)dr 
J a J a 

6 6 6 
< V n — = + n— + y/n— < e. 

2n 4n 

This means, that the system of the sets {0(t > u ,p)}( t u p ^ € l x B covers the 
compact set I x B and therefore there exists a finite subsystem which covers 
the set J x B and therefore the statement of the (iv) holds. • 

L E M M A 2 . 3 . Let B c M 2 n be a compact set. Let E be a set of e > 0 such 
that systems of functions {xt}ecE, {x't}t€E> a:e : I -» R n are equi-continuous 
and OeE. 

Then f* fe(T,xe(T),x'e(T)) — f(T,xe(T),x'e(r))dT converges uniformly to 
0 on the set I. 

P R O O F . This proof is a modification to the proof of lemma 3.1 in [5]. 
Let us denote for e € E 

a £ = s u p | | ^ fe(r,u,p) - f(T,u,p)dr\; a<s<t<b, (u,p) e B^j , 

ft = max j l £ Mr,xe(T),x'e(r)) - f(r,x€(T),x'e(T))drl;a < t < fcj . 

By (iv) of lemma 2.2 

We want to prove 

lim ae = 0. 
e->0 

l im ft = 0. 

Let e > 0 be an arbitrary real number. Then there exist by (i) of lemma 
2.2 such S > 0 that 
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and by (i), (ii) óf lemma 2.2 such e\ > 0 that for every e G E, e < ei 

r-6 

/

2e 
w£(T,<5)dr < — . 

Since {xe}ecE, { x e } e G B are equi-continuous there exists So > 0 such that 

|a;e(*) - xt(r)\ < S, \x'e(t) - x't(r)\ <S for i , r G I, \t - T | < <50,e G -E. 

Let fc be such integer that k < < k + 1. Let us denote i j = a + iSo, 
x^(t) = xe(ti) and x'e(t) = £ £ ( i i ) for U < t < U+i, where i = 0,1, 
Then 

\x£(t)-x;(t)l <s, 

\x'e(t)-xZ(t)l < 6, 

for i G 7 and e £ E and 

I T / e (r ,S7(r) ,<(r)) - / ( T , X 7 ( T ) , ^ ( T ) ) d r | < (* + l )a e 

for a < i < 6 and e < eo, c G E. 

Therefore by (iii) of lemma 3.5 we obtain 

I f\fe(r,xe(r),x'e(T)) - f(T,xe(r),x'e(r))) dr\ 
J a 

<yfcf lfe(r,xe(r),x'e(r)) - f(T,xe(r),x'e(r)) - /e(r,3g7(r),-<(r)) 
J a 

+ / ( T , 5 7 ( r ) , < ( T ) ) | d r 

+ I f (fc(r,x;(T),xZ(T)) - / ( T , x 7 ( r ) , < ( r ) ) ) d r | 

,6 
<Vn (y/nut(T, 6) + U(T, 6)) dr + {k + l)ae < e + (k + l)ae 

J a 

for t G I, e < ei, e £ E. 

Therefore & < e + (k + l ) a e for e < e\, e G 25. Since l i m ^ o ae — 0 and 
e is arbitrary then lime_>.o A = 0. • 

T H E O R E M 2.1. Let f : I x R2n -» W1 be the L°°-Caratheodory function. 
Denote by E the set of positive e such that for Ve G E there exists a solution 
xe to the problem (2.1e), (1.2). Suppose that 0 G E and that there exists a 
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compact subset B C R 2 n independent on e such that for Ve G E and Vt G / 
(xe(t),x'e(t))£B. 

Then there exist a sequence {ejt}, G E, -> 0 and a function x : I -» 
R n , (a(t),a;'(t)) G B Vt G / , such that (x e f c,a;' e f c) =4 (a;,a;') and x'£'fc -» x " 
pointwise and x is a solution to the problem (1.1), (1-2). 

P R O O F . A t first let us prove that by the conditions of Theorem 2.1 the 
set {xe}£cE is relatively compact in C£. Really, to be satisfied assumptions 
Arzela-Ascoli theorem, it is necessary to prove equi-continuity of the set 

Suppose ti,<2 € / and compute 

Jti 

- | n / ' 2 I-i ~ ̂ '^W'^O)!^)^*!-

Since the function / is L°°-Caratheodory then by the Lemma 1.1 there 
exist a constant K and a set M G M such that 

| / ( t ,u ,p)J < K for t G / - M, (u,p) G B. 

Since ^ is a continuous function there exist a constant $ such that <f>(t) < 
Now we have 

|/ 2 S-x~ ^'X'W'X'MM'Ddvdt 

" 1 / 2 / ^ * ^ ~ 2 j R : $ ' * 2 ~ * 1 " 

This means that the set {xe}ecE is relatively compact in C* . Therefore 
there exist sequence {cfc}, e* G i ? , —• 0 and function a:: / —> W1 such that 
x(t) G B, Vt G / , a;efc ->• a; in C£. 

Now, since x e f c is the solution to the equation (2.1e) for e = e*, we have 

(2.4) x'ek (t) = x'tk (a) + f f(k (r, xŁk (r), < (r)) d r , Vt G / . 
7 a 

Using lemma 2.3 we get 

x'(t) = x'(a) + f /(r, Z ( T ) , ^ ( T ) ) dr 
J a 
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which means, that a; is a solution to the equation (1 .1) . 
Since (xik,x'tk) =t (x,x'), V is a continuous operator V : C£ -» R 2 n and 

xtk is a solution to the problem (2 .1 E F C ) , (1 .2) , we see that 

V(xtk)=o, 

and therefore for e ^ - f O w e have 

V{x) = o. 

It means that a; is a solution to the problem (1 .1) , (1 .2) . • 

3. A n application 

As an example how to use theorem 2.1 we may consider the equation (1 .1 ) 
with four point boundary conditions 

(3 .1) a;(0) = x(c), x(d) = x{l), 

where 0 < c < d < 1. In [1] we proved the following result. 

T H E O R E M 3 . 1 . Let f : [0 ,1] x R 2 n -> R n be a continuous function and 
let us consider the problem (1-1), (3.1). Assume 

(i) there is a constant M > 0 such that uf(t,u,p) > 0 for W G [0 ,1] , 
Vu G W1, > M and Vp G K " , pu = 0 . 

(ii) Suppose there exist continuous positive functions Aj, Bj, j G { 1 , 2 , . . . , 
n} 

Aj : [0 ,1] x R " ^ " 1 -> R, Bj : [0,1] x R n + J - 1 R 

such that 

\fj U,p)\< Aj (t,U,p1,p2,..., Pj-1 )Pj + Bj (t, U, Pi, p2, • . . , Pj-1), 

where f = ( / i , / 2 , • • • , / « ) , u G R" , p G R n p = (pi,p2, • • • ,Pn) and for 
j = 1, Ai and B\ are independent of p functions. 

Then the problem (1.1), (3.1) has a solution. 

R E M A R K 3 . 1 . From the proof of this theorem and from the topological 
transversality theorem in [4] it follows, that the solution to the problem (1 .1 ) , 

(3 .1) is bounded by a constant M which is dependent only on M, Aj, Bj. 

Now we can extend the results of Theorem 3.1 onto the -L°°-Caratheodory 
case. 
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T H E O R E M 3.2. Let f : [0,1] x R 2 n ->• R n be a L°°-Caratheodory function 
and let us consider the problem (1.1), (3.1). Assume 

(i) there is a constant M > 0 such that uf(t, u,p) > 0 for aJmost every t 
in [0,1], Vu G R n , | u | > M and Vp G R" , pu — 0. 

(ii) Suppose there exist continuous positive functions Aj, Bj, j e { 1 , 2 , . . . , 
n} 

Aj : {0,1] x M n + J - 1 -> R, : [0,1] x R " + J ' - 1 -> R 

such that for almost every t G [0,1] 

^ -Ai(*»«iPi.P2i • • • ,Pj-i)Pj + Bj(t,u,p1,p2, • • • ,Pj-l), 

where f = (/i, / 2 , . . . , / „ ) , u G R n , p G R n p = (p i ,p 2 , • • • ,p») and for 
j = 1, Ai and B\ are independent of p functions. 

Then the problem (1.1), (3.1) has a solution. 

P R O O F . Let fe be an approximated function as in Part 2. Then 

1) for Ve G (0,1), for Vt G [0,1], Vu G R n , | u | > M and Vp G R n , pu = 0 

ft{t,u,p)u = 4> J^) / f a » « i P ) * ^ u 

= e / ^ ( ^ ) / ( 7 ? ' " ' P ) u d 7 ? - 0 

by assumption (i) of this theorem. 
2) Let ; € {1,2 , . . . ,n) , u£Rn,p£ R " , p = ( p ^ p a , . . . , p„ ) , 

A ( u ' P i ' P 2 , • • • ,Pj-i) = max { A , ( t , u , p i , p 2 , . -. ,Pj-i)} 

and 

Bj-(«,Pi,P2,---iPi-i) = ma* {Bj{t,u,p1,p2, • • • ,Pj-i)}-
t6[0,lj 

Since Ą,-, Bj are continuous functions then Aj, Bj are continuous too. 
Now we have 
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\fe,j{t,u,p)\ = | j Jó{t - en,u,p)<f>(n)dn\ < J |/_,-(t - en,u,p)\(f>(n) dn 

< y (-4i(«,pi ,P2, . . - ,Pi- i)pj 

+ Bj{u,PuP2, • • • ,Pj-i))(l>(n) dn 

< j ^ Aj(u,pi,p2, •.. ,pj_i)p^(»y) dn 

+ j ^Bj(u,p1,p2,...,pj-i)<t>(n)dn 

=Aj{u,pup2, • • . ,Pj-l)pj + Bj(u,p1,p2, • • • ,Pj-l). 

B y the theorem 3.1 and remark 3.1 there exists a solution to the approx­
imated problem (2.1€), (3.1) for every e and | | x e | | i < M . 

Now all assumptions theorem 2.1 are fullfiled end therefore there exists 
the solution to the problem (1.1), (3.1). • 
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