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'CATEGORIES OF UNIVERSAL ALGEBRAS IN WHICH
DIRECT PRODUCTS ARE TENSOR PRODUCTS -

JOSEF 'SLAPAL \

Abstract. In categories of commutative universal algebras of given types
we discover full subcategories in which (lu'ect prodiicts coincide with tensor
products. o

A concrete category K of structured sets and structure—compatlble maps,
i.e. a category K with a faithful (=forgetful) functor | | : I — Set, will be
called a construct. Given two objects A and B of a construct K (we write
A, B € K), by Hom(A, B) we denote the set of all morphisms from A into B
in K. The usual symbols x and ® will be used for denotation of the carte-
sian product and the tensor product, respectively, in a construct. We shall
need the following known result (see e.g. [1]): Let K be a semifinally com-
plete construct with a unit object. If for arbitrary objects A, B € K there
exists a subobject [4, B] of the cartesian product Bl such that A4, B]| =
Hom(A B), then for any object A € K the functor A ®—: K — K is a'left
adjoint to the functor [A, —] (and vice versa). :

By a type we mean a family 7 = (n); A € 2) where Q is a set and n,,
is a cardinal for each A € Q. A universal algebra (briefly an algebm) of
type 7 = (nx; A € Q) is a pair 4 = (X, (p>‘, A € 2)) where X is a set
— the so called underlying set of A - and p), is an ny-ary operation on. X

e py i X™ — X, for each A € Q. An algebra (X, (pa; A € ) of type
T =(ny; A€ Q) is called

zdempotént if for any A €  and any z € X from z; = z for each i € nA
it follows that py(z;; i € ny) = 2,

diagonal (c.f. [9)) if there holds

PA(PA(®ij; J € ma); i € ma) = pa(zii; i € my)
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whenever A € Q and z;; € X for all ] € ny,
commutative (see [7]) if the identity

Pa(Pu(zij; J € ny); 1 € na) = pu(pa(zij; i € ny); j €ny)

holds for all A,z € Q and all z;; € X, i € n,, JEny,.

Given a type 7, by Alg, we denote the category of all idempotent, diagonal
and commutative a.lgeb:as of type T with homomorphlsms as morphisms.
Clearly, for arbitrary type 7, Alg, is a semifinally complete construct where
|A] is the underlying set of A for any algebra A € Alg,. It is also clear that
Alg;, is closed with respect to cartesian (i.e. direct) products of objects. The
idempotency implies that every algebra A € Alg, with card|A| = 1 is a unit
object of Alg,. By [7], from the commutativity it follows that for any two
algebras A, B € Alg, there exists a subalgebra [A, B] of the direct ‘product
BlAl such that |[A, B]| = Hom (A, B). Thus, A® - is a left adjoint to the
functor [4, ~] : Alg, — Alg.,- for any type 7 and any algebra A € Alg, (see
also (2], [8]). Using this fact we prove

' THEOREM. For any type T and any algebras A,B € Alg, there holds
AxB=A®B. :

PROOF. Let 7 = (ny; A € Q) be an arbitrary type. According to the
previous considerations it is sufficient to show that Ax - is a left adjoint to
[A, =] for each A € Alg,. In other words, we are to prove that for any two
algebras A, B € Alg, there is a homomorphism f € Hom(B, [4, A x B]) such
that for any algebra C € Alg, and any homomorphism g € Hom(B, [A4,C]))
there exists a Wnique homomorphism g* € Hom(A x B, C) with the property
that g(y) = g* o f(y) for each y € |B|.

On that account, let A = (X, (px; A € Q)), B (Y (g2; A € Q)) and
let f: Y = (X x Y)X be the map given by f(y)(z) = (z,y). Denote
AXB =(XxY, (ra; A €Q)), [4, AxB] (Hom(A,Ax B), (s); A€ Q)),
a.nd let A€ Qand y; € Y for each ¢ € ny. Then we have -

F(ar(ws; © € na)(2) =(z, ga(vi; i€my)) = (p,\(z; i€ m), (s i € ma))
=ra((z,4); 1 € ma) = rA(f(1:)(2); i € ma)-
=sa(f(v); i € nma)(z)

for any z € X. Hence f € Hom(B, [A, A x B].

Next, let C = (Z,(tx; A € Q)) € Alg, be an algebra and let g €
Hom(B, [A, C]) be a homomorphism. For any (z,y) € X xY put g*(z, y) =
9(y)(z). Then we have defined a map g*: X XY — Z. Let (zi,y:) € X XY
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for each i € ny and denote [4,C] = ( Hom(4,C), (4x; A € §2)). There holds

g* (ra((z:, 3); 1 € ny)) =g*(pa(zi; ¢ € na), ar(yi; © € ma))
| =g(qa(yi; © € n2))(pa(zi; © € ny))
=ur(g(y:); i € na)(Palzi; ¢ € my))
=t (9(y:) (pr(zi; © € my)); 5 € my)
=tA(tr(9(y;)(2i); i€ na);J € ma)
=tx(g(y:)(zi); 1 € ma)
=tr(9"(zi, 43); © € na).

We have shown that g* € Hom(A x B,C).
As the equality g(y) = g* o f(y) for any y € Y and the uniqueness of g*
are obvious, the proof is complete. a

REMARK. (a) A finitely productive construct K having the property that
for any its object A the functor A X — : K — K has a right adjoint is called
cartesian closed — see [4]. Thus, we have proved that Alg, is cartesian closed
for any type T.

(b) Given a natural number n, by an n-ary algebra we understand a
set with one n-ary operation on it. For n-ary algebras the commutativity
(more often called the mediality) results from the diagonality. The diagonal
and idempotent n-ary algebras are studied in [9]. The medial groupoids are
fully dealt with in [6]. One can easily prove the following criterion for the
diagonality of n—ary algebras: An n-ary algebra (X, p) is diagonal iff

P(zlla T229 00 1$nn) =P(P(z111 L1290 1zln)1 T22900. 1xnn)
=p(a:u,p(x21, L2230 ,zgn),233, co ,Z,m) — ...

=p(xlla T22y000 1zn—1,n—11p(¢nl, Tn2y.e.. ’xnn))

holds for any z;; € X, 1,5 = 1,2,.. . ,n. Consequently, a groupoid (X,:)is
diagonal iff it is a semigroup with zyz = zz for each z,y, z € X. For example,
any rectangular band (see [3]) is a diagonal (and idempotent) groupoid and
hence an object of Alg, for 7 = (2).

A criterion for the diagonality of algebras of arbitrary types is given in [10].
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