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O N A P P R O X I M A T E S O L U T I O N S 

O F A N I T E R A T I V E F U N C T I O N A L E Q U A T I O N 

K A R O L B A R O N AND A L I C E S I M O N 

Abstract. We consider approximate solutions of the functional equation (1) 
in the class of functions which satisfy on compact sets the condition (2) with 
an increasing, subadditive, continuous at zero and vanishing at zero function 
7:[0,+oo) — [O.+oo). 

Continuing the study of approximate solutions of iterative functional 
equations (see [J; Sections 7.4 and 7.9.8]) we consider here approximate 
solutions of the functional equation 

( 1 ) <p(x) = h(x,<p{f(*)}) 

in the class of functions which satisfy on compact sets the condition 

(2) Mx)-<p{x')\\<i(e(x,x')) 
.'V. 

with an increasing, subadditive, continuous at zero and vanishing at zero 
function 7 : [0, +00) —• [0, +00). 

In what follows (X,Q) is a metric space and Y is the Banach space l<x,(T) 
of all bounded functions x : T —> R, defined on a non-void set T , with the 
supremum norm. 

We start with the following form of E . J . McShane theorem [2; Theorem 
2]-

P R O P O S I T I O N . Let 7 : [0,+oo) —> [0,+00) be an increasing and subaddi
tive function vanishing at zero. If U is a subset of X and ip :(/—*• Y satisfies 
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the condition (2) for all x,x' £ U then there exists an extension <P : X — Y 
of (f such that 

In fact the Proposition holds for more general spaces than the space / ^ ( 7 ) 
(see [4; Theorem 13.14]) . However for the space /<x)(T) the proof is both 
very simple and constructive. Indeed, it is easy to observe that it is enough 
to consider the case of real-valued functions and then we have an explicit 
McShane's formula of the extension: 

$(x) = sup{<^(«) — 7(p(.T,u)) : u € U) 

(cf. also [4; Theorem 13.16]) . 

R E M A R K . Let us observe that if in the Proposition the function <p is 
bounded by a constant c: 

then we can get an extension $ : X -* Y of <p which satisfies (3 ) and is 
bounded by c as well. In fact, if an extension # obtained from the Proposition 
has the form $(x) = {$t(x))leT for every x G A ' , then we can define a new 
extension # : X —»• Y of <p by the formula 

Passing now to approximate solutions of (1) fix a family V of self-mappings 
of [0, +oo) which are increasing, subadditive, continuous at zero and vanish
ing at zero. We assume also that T fulfils the following condition: 

(4 ) if 7i and 72 belong to T then 71 + 72 and 71 0 72 belong to T. 

E X A M P L E S . If r = {t -* Lt, t e [0,+oo) | L e [0,+oo)} then ( 4 ) 
holds. The above assumed conditions are also fulfilled by the family of all 
increasing, concave and bounded functions 7 : [0,+00) —• [0, +00) such that 

\\^{X)-^{X')\\<1(Q{X,X')) for all x,x'eX. 

< c for every u e U, 

which is bounded by c and satisfies 

< ||#(a;) - < 7(e(s,*')) f°r all x,x'eX. 

7 (0 < Lt6 for every t e [0, +00), 
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with some L € [0, +00) and 6 € (0,1] (depending on 7). In fact, it is well 
known (see e.g. [3; pp. 22-23]) that every concave function vanishing at 
zero is subadditive. 

We say that a function / : X —• X is T-Lipschitzian on compacts iff for 
every compact set C C X there exists a 7 € T such that 

p(/(x) , f{x')) < -T(Q(X, X')) for all x, x' e C. 

Similarly, if A C X, then we say that a function y>: A —• Y is T -Lipschitzian 
on compacts iff for every compact set C C 4 there exists a 7 € T such 
that inequality (2) holds for all x , x ' € C. Finally, we say that a function 
h : X x Y —• Y is T-Lipschitzian on compacts iff for every compact set 

. A' C X x y there are 71,72 € T such that 

\\h(x,y)-h(x',y')\\ < 7i(<?(*,*')) + 72(||» - »'||) for all (x,y),(x',y') <= A'. 

Let us observe that any function which is T-Lipschitzian on compacts is 
necessarily continuous. 

Our theorem reads. 

T H E O R E M . Assume that: 
(i) functions f : X —> X and h : X X Y —> Y are T-Lipschitzian on 

compacts; 
(ii) a point (Ę,n) C. X x Y is given such that h(C,n) = n and 

(5) lim fn(x) = £ for every x € X\ 
n—>oo 

(iii) every neighbourhood of£ contains a neighbourhood U of'£ such that 
f(U) C U; 

(iv) if0 is a function defined on a neighbourhood of C, taking values in 
Y, satisfying <fio(0 = V> T-Lipschitzian on compacts and such that 

\\(Mx) - Hx,<po[f(*)])) ~ (M*') ~ h(x',<po[f(x'))))\\ < l(9(x,x')) 

holds with a 7 6 T for all x, x' from a neighbourhood of f. 
Then: for every e > 0, there exists a function <p : X -* Y equal to <po on 

a neighbourhood of £, T-Lipschitzian on compacts and such that 

(6) ||(p(x) - h(x,<p[f(x)})) - (y>(x') - h(x'Mf(x')}))\\ < !{QM) 

for all x, x' € X, and 

(7 ) \\<p(x) - h(x,<p[f(x)])\\ < e for every x^X. 

Annates. 
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P R O O F . We can choose a neighbourhood U of f such that the function 
Xo : U —• Y given by the formula 

Xo(x) = <p0(x) - h(x,<p0[f(x)]) 

is well defined and 

| |Xo(*) -Xo(* ' ) l l<7(0(* ,* ' ) ) for all x,x'£ U. 

Since 

there exists a neighbourhood Uo C U of £ such that 

||Xo(z)|| < e for every x e U0 

and f(Uo) C UQ. Applying now the Proposition and the Remark we get an 
extension x : X —> Y of xo such that 

(8 ) \\X{X)-X{X')\\<I{Q{X,X')) for all x,x'€ X,' 

(9) , HxWH < £ for every i c l . 

Consider ho : X x V —> y defined by the formula 

M z , j / ) = x(*) + Kxiv)-

It is clear that ho is T-Lipschitzian on compacts, ho(C,i]) = '*(£'?/) = and 
for every i € (/o we have 

ho(x,<Pti[f(x)]) = Xo(x) + h(x,<p0[Ąx)]) = <p0{x). 

To extend <po\u0 *° a solution <£> : X —»• V of the equation 

(10) v(*) = M * , v l / ( * ) D 

define the sequence (Un : n G N) of open subsets of X by the formula 

Un = rHUn-l). 

We have 

(11) f(Un) C f/„-i C tf„ for every n G N 
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and, due to (5), 

oo 

(12) X={JUn. 
n=0 

In particular, we may define the sequence (tpn : n G N) of functions by the 
formula 

<pn(x) = ll0(x, <Pn-\[f(*)]) fOTXeUn. 

It is easy to see that <pn is an extension of <pn-i for every n C N . This and 
(12) allow us to define the function <p : X —• Y by the formula 

<p(x) = <pn(x) for x € Un and n G N . 

Of course <p coincides with y>o on UQ and it is a solution of equation (10). 
Hence 

<p{x) - h(x,<p[f{x)]) = <p(x) + x(x) - h0(x,<p[f(x)}) = x(x) 

for every x € X, which jointly with (8) and (9) gives (6) and (7) respectively. 
Finally, since each of <pn, n 6 N U {0}, is T-Lipschitzian on compacts and 
(cf. (11) and (12)) every compact subset of X is contained in a set Un, the 
function (p is also T-Lipschitzian on compacts. This ends the proof of the 
theorem. • 

E X A M P L E . If ip : [0, oo) —• K is a solution of the functional equation 

(13) <p{x) = <p (j^) + J* 

then 

* X ) = ĄIT^) + % \JTTTX 

for every n € N and x € [0,oo), which shows that ip is discontinuous at zero. 
In other words, (13) has no continuous (at zero) solution <p : [0,+oo) —• R . 
However, it follows from the Theorem that given e > 0 there exists a function 
(f : [0, +oo) -> R such that: 

1. for every c € (0,+oo) there exist positive real numbers L and 6 < 1 
such that 

\<p(x) - <p{y)\ < L\x - y\6 for all x, y € [0, c]; 

2. <p vanishes on a (right-sided) neighbourhood of zero; 

6' 
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3. for every x,y € [0,+oo) the following inequality holds 

V^j - (v>(y) - <p ( - v ^ ) 

<mm{^\x - y\,e}; 

in particular, 

(fi(x) y/x\ < e for every x € [0,-f-oo). 
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