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Prace Naukowe Uniwersytetu S'lqskiego nr 1444

A FUNCTIONAL EQUATION ARISING FROM
AN ASYMPTOTIC FORMULA FOR ITERATES

DETLEF GRONAU AND MACIEJ SABLIK

Abstract. We consider the real solutions of the functional equation

(+) ¢ (2) = —p(mz), p(0) =0,
m

where m € N and ™ denotes the m-th iterate of the unknown function Q.
We will handle this functional equation for a fixed m, but also for all naturals
m, and give a representation of all C'?-solutions (even weaker, see Theorem
2.1) of (#), but also treat the case of other solutions of this equation. In the
introduction we will show the origin of this equation. ’

1.Introduction. Suppose the function f: D — R, where D is an open
real interval containing 0 and f(0) = 0. Suppose further, that for 2 of a
neighbourhood U of zero, lim,_,o, nf*(z/n) exists uniformly on U. We
denote this limit function with ¢(z), hence

p(z) = llim nf*(z/n) with  ©(0) = 0.
For arbitrary natural & we have
1 kz 1
. kng,, I I ,phn [ M - _ .
lim nf*(z/n) = X 11121;0 nk f (kn) ktp(kz'),

n—00

for at least all z with kz € U. From this we get the asymptotic formula for
the kn-th iterates of the function f:

Pt = potke) +o (1)

n

for n — oc and z with kz € U.
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~ In the paper [5] it is shown that if f is of class C* and f'(0) = 1, then
“such an asymptotic formula for f exists (cf. also [4] and [1] - [3]).

Now we will derive a functional equation, characterizing the function ¢.

For naturals k& and m and sufficiently small @ we conclude from f(*+™)(z) =

fEmo fmn(z):
n flktmn (f—l) =nfkn (nf"m (%) %) .

Taking the limit for n — oo we get, due to the continuity of f, uniformity
of convergence, and lim,_,o nf™"(z/n) = Lo(mz) the following functional
equation. ' '

(1.1)

1 1 k
et m)e) = 1o (;;mm)) L e0)=0.

LEMMA 1.1. The functional equation (1.1), for all k,m € N, is equivalent
to:

m 1
(1.2) " (z) = -n—l-eo(mz), ¢(0) = 0,
for all m € N.

PROOF. (1.1) — (1.2): For m = k = 1 equation (1.1) yields

£0(2-2) = (2).

‘We proceed by induction. If (1.2) holds for m then from (1.1) with & = 1
follows

e+ ) = ¢ (Sema)) = vo(e) = ¢ (@)
(1.2) = (1.1):

1

m ((k+m)z) = ‘Pk+m(m) = (pk op™(z) = %(p (%(p(mx)) .
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REMARK 1.1. From the proof of the above lemma one can see that the
following three functional equations are equivalent.
(i) (1.1) for all £, m € N,
(ii) (1.1) with & = 1 and for all m € N,
(iii) (1.2) for all m € N.

We shall confine ourselves to the study of equation (1.2). We shall adopt
the following definition. Let ¢ : D C R — R be a function and let U C R be
a set. We say that ¢ is a solution of (1.2) on U if

(2) 0€ U C XDANL (¢) 7 (D)
(b) (1.2) holds for every z € U.
Condition (a) is equivalent to say that

(a’) 0 € U and with z € U also z,¢(z),...,¢™ (z) € D and mz € D.

In the sequel we shall use the following lemmas.

LEMMA 1.2, If o : D — R is a solution of (1.2) in a set U for a fixed m
then, for every natural k, the k—th iterate * : D) = ﬂf;é (L,oj)—1 (D)—R
is a solution of (1.2) on any set V such that '

k-1

0eVC ﬂ (Lpsm)—] (U)

s=0

Proor. Fix a j € {0,...,k — 1} and take 2 € V. We have ¢/™(z) € U
whence m?™(z) € D. On the other hand ¢*™(z) € U for every s €
{0,...,j — 1} whence using (1.2) we get by an easy induction

D 5> me'™(z) = me™ (cp(j‘l)"‘(z)) =g (mcp(j'l)m(z)) =...= <pj(m:v‘).

It follows that mz € (goj)_] (D) and consequently, V C L ﬂf___é (qu)—1 (D)
1
= oDy,
Now fix an ¢ € {0,...,m -1} and a j € {0,... ,k — 1}. Then ki +j €
{0,... ,km—1} and we can write ki+j = ms+r for some s € {0,... , k— 1}

and r € {0,... ,m — 1}. For every z € V we have

P () = P (2) = ¢ (9™(2)) € ¢T(U) € D.
Hence it follows that

k-1 m-—1

v!_fjl @ (A @ @) = N 6 0

i= =0
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which proves that V satisfies («). To show (b) it is enough to prove by simple
induction that for every 2 € V )

cm c—1)m m c—1)m 1 1 :
() = gEIM (o (2)) = D (W(m)) == Lhma).

m

g

LEMMA 1.3. Let ¢ : D — R be a solution of (1.2) for a fixed integer
m greater than 1 on U. Then for every k € N the function Lp’”k D =
k L\ -
ﬂ;’;o_l (¢7) ! (D) — R satisfies

. k 1 :
(1.3) " (x) = mcp(m"m), #(0)=0

for every = € Wi (U) = N5Z, - ﬂ'”k”_l_] (em) 1 (U).

5=0 ms 1 15=0
ProoOF, For k = 1 we have W;(U) = U and (1.3)is simply (1.2). Suppose
that the assertion holds for a £ € N and let x € Wiy (U). Then for every
j € {0,...,m**" — 1} we have j = pm +r where p € {0,... ,m* — 1} and
r € {0,...,m = 1}. Thus for every j € {0,... ,m*+! — 1}

¢’(z) = ¢ (¢"™(2)) € ¥"(U) C D,

whence (,o"‘k“(w) is well defipned for 2 € Wiy (U). Further we have by
Lemma 1.2 (with k replaced by m*) and induction

¢ L\ T 1 X 1 .
SOmk+1 (1) — (Pm" () = —99"#(171,.1') = ——0 (1nk+].’l.‘) .
m mk+

The following lemma will be given without the obvious proof.

LEMMA 1.4. If ¢ : D — R is a solution of (1.2) on U then

o™ (l) = —l—sa(y)

m m

for every y € mU.

2. Twice differentiable solutions of the functional equation

21 99"‘(-7:)=1l;99(m), ©(0) = 0.
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ProPoOSITION 2.1. Let ¢ : D — R be a solution of (2.1) for a fixed m > 2
on a set U containing a neighbourhood of 0. If ¢ is differentiable at 0 then

#'(0) € {0,1} in the case where m is even and ¢'(0) € {0, 1,~1} in the case
where m is odd. If ¢'(0) = 0 and U is an interval then

@(z)=0 forall z € mU.

Proor. From ¢™(z) = Lo(maz) follows

#(0)" = ¢/(0),
hence ¢'(0) = 0 or '(0) is a (m—1)—th real unit root. Let now be supposed
¢'(0) = 0. Then there exists an interval V such that 0 € V C U and

(V) € V. Hence ¢" is defined in V forall n € N. Fix an ¢ € (0,1). There
exists a 6 > 0 such that

lo(z)| < elz|, z € (-6,6)nD.
An easy induction shows that
(22) p"@) =le ("' (@) <ele™ ' (z) <e™fz|, =z €(=6,6)NnD.

Since V C U, ¢ satisfies (2.1)in V. Fix ay € V \ {0} and choose k € N so
that Y € (=6,6)N V. V is an interval containing 0 and therefore

LV ely  foral seqo,... k1)
mE=*ms -~ ms

Yy _
mk

whence - € Wi(V) (¢f. Lemma 1.3). It follows from Lemma 1.3 and (2.2)

that
k

¢(y) L ( y ) m*
i | =} e —_— < .
” = ” © ok 3 <é¢

Since ¢ € (0,1) was chosen arbitrarily we get e(y) =0,y € V. Now let
z € UnmV. Then z = mz for some z € V and hence ¢(z) = @(mz) =
me™(z) = 0. By induction ¢ vanishes in U N m™V, n € N, whence ¢
vanishes in U = Unen, UNm™V. From (2.1) we infer that ¢ vanishes in
mU -as well. ' ‘ O

The most important class of solutions of our considered functional equa-
tion is given in the following.

. 12 - Annales...
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THEOREM 2.1. Let ¢ : D — R be a real solution of equation (2.1) for a
fixed natural m > 1 on an open interval U containing 0. Suppose that ¢ is
continuous on U and two times differentiable at 0. If ©'(0) = 1 then .

with b= L&¥

T
(2.3) plz) = 1-b-2 U 2da?

(0),
for x € W, where

mU N (—oo,b'l) if b>0,
W={¢ mU , if b=0,
mU N (b"'],oo) if b<0.

Conversely, the function ¢ : R\ {b7'} - R gi;fe'n ‘I)y’('2.3) is a solution of
(2.1)) on R\ {m~ 171, (m - 1)"16"1,...,b7} for all m € N.

PRrooF. The last statement is obvious. Let us prove the first part of the
assertion.

i) For a fixed p € R consider the function ¢, : R\ {p~'} — R defined by

pp(z) = 1—pa
and note that ¢, has the expansion
o . .
ep(x)=a+pat+piat 4. =) pilad

in the interval (=p~ 4L p™).
We know that the m—th iterate of ¢, has the form

T
¢ (@)= —-pmz’
From this one can see that each ¢, is a solution of (2.1) on R\{m~'p~1,p}

and —5&(0) = 2 p. Moreover, observe that ¢, is strictly mcreasmg in each
component of R\ {p~} (or in R, if p = 0). " :

ii) Suppose now ¢ to be a solution of (2.1) on U which is: contmuous
twice differentiable at 0 and ¢'(0) = 1. For this ¢ we get the Taylor formula

o(z) = z + bx® + o(2?), z — 0,
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which holds for every 2 € D. Choose arbitrary a,c € R so that ¢ < b < c.

Since -
M:C—b'*'o(l)a z — 0,

:L_‘)
and
(P—(i)—;f—a(l)- =b-a+o(l),z -0,
we have
(2.4) ®a(y) < o(y) < @c(y)

for every y # 0 from an open interval V C U, containing 0. We shall continue
the proof in the case where b > 0 because in the remaining ones the argument -
is very similar. We can assume that 0 < a < ¢ and we will show that (2.4)
holds in mU N (—o0, ¢~ 1) (except for y = 0). Indeed, put

z =sup{z >0: (2.4)holds for every y € (0,2)}

and suppose that z < supmU N (—o0,c™!). By continuity of ¢,, ¢ and ¢,
we get

(2.5) al) = p(z)  or  p(a) = gu(2).
Note that we have

Plzfm)= ——— <z

j=0,...,m—1,
nm—cjz J m

-

because z < ¢~'. By the definition of z and because of monotonicity of
¥a, e we infer that

oo~ ](:L/m) ™" 1(:1:/m) < T Yz /m).
Hence by (2.4), (2.1) and the monotonicity of ¢, and ., we get

wa(z) = mey(x/m) <mep, (v ’""](a:/hi)) < hup"‘ 7:/7;L') =p(z)
<me, (™" 1(ac/m)) < mel(z/m) = p.(z)

whnch contradicts (2. 5) and proves that (2.4) holds oh mU N (0 ch).
Now put

v.=inf{w <0: (2.4) holds for every y € (w,0)}

12"
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and suppose that v > inf mU. Then we infer that (2.4) does not hold for
y = v. We have v < p4(v) and

¥ < waly) < @y) < we(y) <0

for every y € mU N (v,0). Hence and by monotonicity of ¢q, ¢, we have

v < @a(v) = meg(v/m) < me™(v/m) = p(v) < m(v/m) = pc(v)
which means that (2.4) holds for y = v as well, contrary to our supposition.
Finally, fix an 2 € mU N (—o00,b™1). Then, if ¢ > b is close enough to b,
we get € mU N (—o0,c™!) and hence
Pa(z) < p(2) < pe(z)
for every ¢ < b and every ¢ > b, close enough to b. Letting « — b,c — b we

see that ¢(z) = p(z) which ends the proof. O

The above result has a local character but we cannot expect a global
statement as is shown by the following.
EXAMPLE 2.1. The function ¢ : R\ {1} — R given by

x

p(z)=4 1-2
0 if z>1,

if z<1,

is a C* solution of (2.1) on R\ {1;271,...,m™!} for every natural m > 1.

To complete in some sense the results on two times differentiable solutions
of (2.1) we can state the following.

THEOREM 2.2. Let ¢ : D — R be a real solution of equation (2.1) for a
fixed odd natural m > 1 on an open interval U containing 0. Suppose further
that  is continuous on U and two times differentiable at 0. If ¢'(0) = —1
then

(2.7) p(z)= -z  forall zeml.

The function ¢ given by (2.7) is a solution of (2.1) on R for all odd m € N.

PROOF. According to Lemma 1.2, ¢? is a solution of (2.1) on V = Un

(™)1 (U), ¢? is twice differentiable at 0 and (?)'(0) = 1. Thus in view
of Theorem 2.1

(2.8) P (z) = T:?-E; =z + bz? 4 o(z?), =z —0,
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for some b € R. On the other hand we have for some ¢ € R
o(z) = ~2 + ax’ + o(2?), = — 0,
whence
(2.9) P (z) =z + o(2?), = —0.

Comparing (2.8) and (2.9) we get b = 0, or ¢* = z for 2 € V. Since m is
odd and ¢ satisfies (2.1) on V we have

1
o(z) = ¢™(z) = Ecp(m:v), eV,
whence
. - Yy
(2.10) p(y) = me (m)

for y € mV. We may assume that V is an interval whence 2 emV,neN.
Hence we get from (2.10) by induction

ely) . m* 1y
y = 799 (m), Y€ 771V\{0}, n € N.

Letting n — oo we obtain

whence ¢(y) = -y, y € V, follows. Similarly as in the proof of Proposition
2.1 we argue to get p(z) = —z for all z € U. From (2.1) we infer that
p(z) = —z for all z € mU. 0O

3. Other solutions of the functional equation
o m 1
(3.1) (2) = —p(mz), $(0)=0.

We shall be concerned now with some other solutions of (3 ). It turns
out that in lower classes of regularity there exist solutions different from
those obtained in Section 2. We are going to describe some of them. Let
us start with an easy example of a C'! solution of (3.1) which is not twice
differentiable at 0. First let us state a result without proof.
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LEMMA 3.1. Let Dy C Ry = [0,00) and D_ € R_ = (~00,0] and
suppose that o4 : Dy — Ry and o_ : D_ — R_ are solutions of (3.1) on
U, and U_, respectively. Then o : D =D, UD_ — R, defined by

p4(z) il z€ Dy,
pla) = o il e
w-_(x) if 2€ D_,

is a solution of (3.1) on U = Uy U U_.

EXAMPLE 3.1. Fix numbers b < 0 < c arbitrarily and define o : R — R

by
T

e(z) = l—xbm

} —c2

if a ZIO,

if 2<0.

Obviously, ¢4 = |, and ¢_ = @|g_ are solutions of (3.1) for every m € N
in R, and R_, respectively. Moreover, ¢ is of class C'! in R,¢'(0) = 1, but”

"

o (0) = 2b # 2¢ = _(0).
By Lemma 3.1, ¢ is a solution of (3.1) in R.

In the sequel we present a description of a family of C'! solutions of (3.1)
which are not twice differentiable at 0.
Let ¢ : [0, 00) — [0,00) and denote by Fixp the set of fixed points of .

LEMMA 3.2. If ¢ is a continuous, nondecreasing solution of (3.1) on [0,00)
for some m > 1 then for every z € Fixp and every k € Z also m*z € Fixep.

Proor. If z, € Fixe then we have for k € N (cf. Lemma 1.3)
p(mFz,) = m"'cp"‘k(mo) = mFz,.

Suppose now that z, € Fixp and £ ¢ Fixp. Then z, > 0. Put

y1 := sup Fixp N [0, iL—o)

m

and .
, := inf Fi n(l, )
y2 = inf Fixe metle

Then y;,y: € Fixp by continuity of ¢ and

T,
0< < —<yp .
m
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Since ¢ has no fixed points in (y1,y2) and ¢ is nondecreasing, we have either

(3.2) n<p)y<z<y for z€(y1,4)
or

(3.3) n<a<e)<y  for 2z € (y1,%)
Assume that (3.2) holds. Then

(3.4) Jlim o"™(2) = gy

for every x € (y1,%2). On the other hand (cf. Lemma 1.2)

mr :_1“_0_>__ r"l(_x_a):i r( a"_o):_:z'_
L4 (m [‘P ] m 771‘P m m m

for every 7 € N, which yields a contradiction to (3.4). Similarly we proceed

if (3.3) holds. The lemma is proved because by induction 24 € Fixyp for

every k € N. O

CoroLLARrY. Under the assumptions of Lemma 3.2, if ¢ satisfies

1
m ) — .
#"(@) = gt
and :
eP(z) = ]-)w(m)

for two different primes m,p and all z € [0,00), and Fixp \ {0} # 0 then
= id[o,oo). '
PROOF. Suppose that 0 < , € Fixep. From the preceding lemma we infer
that
m*pTz, € Fixp »
for every r,k € Z. Since the set {m*p"z,: k € Z,r € Z} is dense in (0,00)
we obtain our assertion by continuity of ¢. O

PRroPOSITION 3.1. Let ¢ : [0,00) — [0, 00) be a nondecreasing continuous
solution of (3.1) and suppose that ¢(z,) = z, for some z, > 0. Denote
I, = (2o, mz,). The functions {y : k € Z} defined by

(3.5) Pr(z) = m_kcp(mk:c), z €l,,
have the following properties
(1) "pk(lo) = Io’ ke Z’
(i) ¥(zo) = 2, and Yp(mz,) = ma,, k € Z,
(iii) Y = Yuq1. k € Z,
(iv) ¥y are continuous, k € Z,
(v) % are nondecreasing, k € Z.
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ProoF. It follows from Lemma 3.2 that o(ma,) = mz, and thus ¢(/,) =
I, because ¢ is continuous and nondecreasing. From (3.5) we directly get
(i), (ii), (iv) and (v). From (3.1) we infer

P(z) = m~Fe™(mbe) = m~ D o(mF ) = Prpa(a)
foral ke Zand z € I,. O

ProproOSITION 3.2. Fix an z, > 0 and denote I, = [zo, mz,), [k =
m*I,, k € Z. Suppose that { : k € Z} is a family of mappings de-
fined on I, and satisfying conditions (i)-(iv) from Proposition 3.1. Then v,
can be uniquely extended to a continuous solution ¢ : [0,00) — [0,00) of
(3.1) such that Pi(z) = m~*p(m*z) for z € I,

Proor. Define ¢ : [0, 00) — [0,00) by
mkgbk(m""a;) if zely, ke,
3.6 =
(3.6) #lz) { 0 if z=0.

From (ii) and (iv) it follows that

lim o(z)=m*

z—mkz,+

lim  Yr(m~Fz) = mFz, = o(mfz,), keZ,
z—mbFr,+

and similarly
lim o(z) = (m**2,), ke Z,
z—smkr+lg,—
which proves continuity of ¢ in (0,00). Now, fix ¢ > 0 and let p € —N be
such that mP+¥lz, < e. Choose = € (0 mPz,] arbitrarily. Then z € I for
some k < p. From (i) we get :

0 < mhz, < p(z) = m"'d)k(m'kx) < mFmz, < mPHz, < e

This shows that ¢ is continuous at 0. To show that (3.1) holds let x €
(0,00).Then z € Iy for some k € Z and ¢(z) € I, whence

o™ (z) =mFYP(m~Fz) = mEpp(mFz)

=mbm~ D otk = m~p(mz).

The uniqueness of extension is obvious. a

REMARK 3.1. Note that in general a function %, : I, — [, may have
several extensions to a solution of (3.1). Indeed, if ¥, is a homeomorphism
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then we can define ¢4 to be m*-th iterate of v,. Then (i)-(iv) are satisfied,
but t,’s are not uniquely determined for k& < 0 because in general there are
many homeomorphic iterative roots of a homeomorphism of an interval.

REMARK 3.2. Observe that if we assume that v, are nondecreasing (in-
creasing) then so will be . It follows from the formula (3.6) and the inclusion

e(Iy) C Iy.

Now we are going to show that there exist solutions of equation (3.1)
which are of class C! but differ from those occurring in Theorem 2.1.

ProrosITION 3.3. Under the assumptions of Proposition 3.2, if moreover
(vi) 9y are of class C! in Intl, and

. ! . — . 1 — .
Jm (@)= lim  gi(z) =1

(vii) limg__o ¥}(2) = 1, uniformly in z € (zo, ma,);

then 1, can be uniquely extended to a solution ¢ of (3.1) in [0,00) such that
Yr(z) = m~*p(m*(z)), z € 1,, ¢ is of class C" in [0, 00) and ¢'(0) = 1.

Proor. By Proposition 3.2, ¢ given by (3.6) is the unique continuous
extension of ¥, such that yi(z) = m~%p(mb(z)), z € I,. It is enough to
check regularity properties of . Obviously, @is of class C' in D := UkeZ
Intf; and

¢'(z) = Yi(m™*z)

for z € Intly and k € Z. Thus by the mean value theorem

p(z) = mhz, _ pla) = p(mbz,)
3.7) r—-mkz, = z-—mhz, (£

for every z € IntI}, where £ is a point in (m*z,,z). Now, letting £ — mbz,+
we see that m~%¢ — z,+ and we get from (3.7), (3.6) and (vi)

o'(m*z,+) =1,

and, in a similar way,
Ao k41
o' (m**tz,—) =1,

Since k was arbitrary, we infer that ¢ is differentiable in (0, 00) and

vp(m™*z) if ze€ (mFz,,m**z,), ke Z,

(3.8) ¢'(z) = { 1 if z€(0,00)\D.
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From (vi) we see that ¢ is of class C'! in (0, ).

To show that ¢ is differentiable at 0, fix an ¢ > 0 and choose p < 0 so
that (cf. (vii))

(3.9) sup | ¥i(y) — 1 |< ¢,
3

yel,

for all k < p. Let us take z € (0, m?*'2,). We have

#l2)

T

- 1[ 1)~ 1]

for a £ € (0,2). If £ = mFz, for some k < p then m‘% € (z,,mz,) and we
get in view of (3.8) and (3.9): \

22 1] < 9 - 1l v - 1 1<

Thus we have proved that ¢ is right differentiable at 0 and ¢'(0+4) = 1. Using
(3.8) and (3.9) again we see that ¢ is right continuous at 0. This concludes
the proof. . o

The following example shows that there exist functions satisfying condi-
tions (i)-(vii).

ExaMPLE 3.2. Fix m €¢ NNm > 1, put z, = 1,1, = [i,m] and define
Yr: I, — 1y, k € Z, by

N ! (af2) + 7nk) il z € (1,m),
ile) = { z if 2 € {l,m},

where a : (1,m) — (—o00,00) is given by

7r-(:v—-l).

= cot
a(z) = co o—

Then the family {¢; : k € Z} satisfies (i)-(vii). O
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