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Prace Naukowe Uniwersytetu $laskiego nr 1444

ON A FUNCTIONAL EQUATION

ANDRZEJ SMAJDOR

Abstract. The functional equation

oz +y) + ¥(z) + ¥(y) = ¥(z +y) + o(z) + ©(y)

is studied for set-valued functions.

All topological spaces are assumed to satisfy Hausdorff separation axiom.
Throughout the paper the symbols Q and N denotes the sets of all rational
numbers and positive integers, respectively.

Let X be a linear space over the field Q and § be a Q-convez cone with
zeroin X,ie. ifz € Sand A € [0,00)NQ, then Az €S and if z,y € S, then
z+yes.

Recall that 0 € core U, where U C X, if for every z € X thereis ¢ > 0
such that Az € U for all A € QN (—¢,¢).

Let U C X be a Q-convex set such that 0 € core U. By ¢(Y) we denote
the family of all non-empty compact subsets of a real topological vector space
Y and by cc(Y') we denote the family of all convex members of c(Y).

Consider a set-valued function (abbreviated to s.v. function in the sequel)
F:UnS — ¢(Y) such that

) P(24Y) - HeltFw)

for all z,y € UN S. These functions will be called Jensen ones. tt is known
that values F(z) of F belong to the family cc(Y) (see [2, Remark 3,1]).
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Let ”~” denote the R3dstrém’s equivalence relation between pairs of
members of cc(Y) defined by the formula

(A,B)~(C,D)& A+ D = B +C.

For any pair (A4, B), [A, B] denotes its equivalence class. All equivalence
 classes form a real linear space Y with addition defined by the rule

[A,B]+[C,D)=[A+C,B+ D,
and scalar multiplication
A[A, B] = [AA, AB]

for A > 0 and

A[A, B] = [-AB, -)A] b

for A < 0, (cf. [3]). |
Now,let F:UNS — ¢(Y) be a solution of Jensen equation (1) and let

(2) Jo(z) = [F(), F(0)]

forz € UNS. Then
9)=[r(=49) o] - (223200 )

=3(F(=)+ F(0),2F(O)] = 1[F(@), FO)] = Lfo(2)

for z € UN S. Hence, one has

le-+) =2t (32) =2 [ (%) FO)| =2 [F(””—);f&”-)mm)]
=[F(z) + F(y), F(0) + F(0)]
=[F(z), F(0)] + [F(y), F(0)] = fo(z) + fo(y)

forallz,ye UNSsuchthatz+ye UnNS. Similarly as in [1] the function

fo can be extended to an additive function f on the whole S. The function
f 15 — Y has to have a representation

(3) f(2) = [p(2), ¥(2)]
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“ where ¢ : § — cc(Y), % : § — cc(Y). The additivity of f yields

O o(z +y) + B(z) + (y) = Bz + ) + o(z) + 9(y)

for all z,y € S. The main goal of the note is to study equation (4).
We will need the following lemmas.
LEMMA 1 ([3, Lemma 1]). Assume that A, B,C are subsets of Y such

that A+ C C B+ C. If B is closed and convex and C is bounded and
non-empty, then A C B.

/ .
LEMMA 2. There exists a base E C S of the linear subspace § — §.of X
over Q.

PRrooF. The linear subspace S — S of X over Q has a base

Azi—yi: i€},
where z;,y; € S, i € I. Therefore
Ling({z;: i€ lI}U{y;: i€l})=5-65.
There exists a minimal set
Ec{z;: iel}u{y;: iel}
for which
LingE =5 - §.
a

LEMMA 3. Let D C X be a Q-convex set containing the origin. If
F,G,H : D — cc(Y) are s.v. functions such that

AP F(z +y) = G(z)+ H(y)
for aII z,y € D for which x +y € D, then F,G and H are Jensen s.v.
functions on D.

The proof of the above lemma runs like that of Lemma 4 in [4] ( there X
is a real linear space and D is convex in X).

Suppose that functions ¢ : § — cc(Y) and ¢ : § — cc(Y) fulfil equatlon
(4). Puttmg z =y = 0in (4) we obtain

P(0) +#(0) + $(0) = $(0) + ¢(0) + $(0)
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Lemma 1 allows us to get :
 #(0) = 4(0).

Using Lemma 1, we get by induction the equality

'(,a(:cl toot )+ Y(@)+ ..+ v(zy)

5

) =U(@1+ ¥ 20) 4 001) + .+ plz)

for all T1y...,Tn € 5. Setting 2y =2y = ... =2, = z for z € § we have
(6) o(nz) + np(z) = $(nz) + np(z)

for each n € N. Replacing z in (6) by £ we obtain
e(z) + ny (S) = P(z) + np (f—l) ,
whence
1 [z 1 z
(7) 2P@+9(2) = v@+e(2).
Similarly, setting mz, m € N, instead of z in (7), we get
1 1
w#me) 49 (T2) = Joma) +o (Te).
In view of (6) this implies that
1
# (7e) +7¥ma) + Zo(z) |
1 ‘ 1
=9 (Ge) + oma) + Z9e) = v (Za) + Lpima) + my(z)]
1 1
b (22) + Hotmer o=  (22)  mer s Pt
hence by Lemma 1
(8) e (7e) + v =0 (22) + Do),

On a.ccount of Lemma 2, there exists a base E C § of subspace S — S over
Q. Write :

n o
So={z:/\;e¢: e;€ E, A;eQn[0,00) for i=1,2,..,n, neN}

i=1
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and define n n
@(y) = ) Nip(ei), d(y) = Y Mivp(es)
i=1 i=1

whenever n
y= E Aie; € So.
i=1

It is clear that ¢,% : Sp — cc(Y) are additive. Each z € § \ {0} can be
represented in the form

C). T=y-z

where
n n

(10) y= Z/\iei € So, z= Eﬂiei € So
=1 =1

with A;,p; > 0and A;j-p; =0fori=1,...,n. This representation is unique.
In view of (5) and (10) we have

o)+ 3 ¥ ) = (1) + Y lher),

i=1

whence

P(y)+ Y p(Nie) + B(1) =p(v) + O le(hies) + Ait(ei)]
i=1 =1

=9(y) + ) b(hie:) + 3(y)
i=1 ’
by (8). Now, Lemma, 1 yields
(11) | W)+ 8(y) = e(y) + d(y).

Similar consideration leads to

(12) @(2) + P(z) = ¥(2) + @(2).

Conditions (4) and(9) imply the equality

(13) e(¥) + () + ¥(2) = P(y) + v(z) + ¢(2).
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Now adding (11), (12) and (13) we obtain

V() +E(Y) + o(2) + B(2) + o(y) + P(z) + ¥(2)
=o(y) + P(y) + ¥(2) + 3(2) + P(y) + (x) + ©(2)

whence, again by Lemma 1, the equality

(14) B(z) + Gy) + B(2) = e(z) + P(y) + &(2)

holds.

Conversely, suppose that S C Sis a subcone (over Q) of S, p,¥: 5 —
cc(Y),5 C So — So and 3,9 : Sop — cc(Y) are additive such that (14) is
fulfilled. Takingz =y—2€ C, z=3— %€ C for y,2,7,% € So, by (14)
we get _

o(z +2)+ Py + ) + @z + 2) =p(z + &) + $(y + §) + #(= + 2),

P(z) + @(y) + P(2) =(2) + P(y) + $(2),
P(Z) + P(F) + ¥(2) =p(Z) + ¥() + §(2).

Adding up those equalities and using Lemma 1 we obtain
o(z +2) + P(2) + ¥(2) = P(z + Z) + o(z) + ¢(F).

0O
Above considerations allow us to establish the following result.

THEOREM 1. Let § be a Q-convex cone containing the origin in a linear
space X over Q and let Y. be a real topological vector space Y. S.v. functions
@, : S — cc(Y) fulfil equation (4) if and only if there exists a subcone (over
Q) So of § and additive s.v.functions @ : 'Sy — cc(Y) and ¢ : Co — cc(Y)
such that § C So — So and (14) holds whenever x = y— z € S, y,z € Sp.

Theorem 1 can be used to prove the following one.

THEOREM 2. A s.v. function F : SN U — c(Y) fulfils the Jensen
functional equation if and only if all values of F' are conwex and there exist
a subcone Sy of S and additive s.v. functions @,v¥ : Sg — cc(Y') such that

SCSO—Soand

(15) F(z) + #(z) + 9(y) = F(0) + 3(y) + 9(=)

whenever y,z€ So andz=y—2€ S5NU.
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PROOF. Suppose that F : Sn U — c(Y) fulfils(1). F must be convex-
-valued. Relations (2) and (3) yield

(16) C F(@) + 9(@) = F0) + ¢(z)

for x € SN U, where p,¢ : § — cc(Y) fulfils (4). Accoding to Theorem |
" there exists a subcone Sg of § with § C Sp — So and additive s.v. mappings
@1 2 §o — ce(Y) for which (14) holds. By (16) and (14) and Lemma 1 we
have

F(z) + $(2) + $(y) = F(0) + 3(y) + 9(2),

which means that (15) holds.

Conversely, suppose that F : SN U — cc(Y). There exists a subcone Sp
of § and additive s.v. mappings @, : So — cc(Y) for which (15) holds for
Y,z € Sp whenever z = y — 2z € §n U. Consequently

F(z) +@(2) + ¥(y) = F(0) + @(y) + 9(2),
F(z) + @(2) + $(5) = F(0) + $(7) + ¥(3),

and

2F(0)+¢(y+y)+z&(z+f)=2F(‘”’;’E) + @z +2)+ Py +)

whenever 2,%,y,5 € So, = y— 2, £ = § — 2. The last equality has been
obtained setting in (15) '

T+ T y+y z+4+z
2’ 2 9

instead of z, y, z, respectively. Now, it suffices to add the last three equalities
and apply Lemma 1. Obtained in this way the expression

F(z) + F(z) = 2F(x;£)

for 2,z € S completes the proof. O

COROLLARY ([2, Theorem 5.6]). A s.v. function F : S — c(Y) fulfils the
Jensen functional equation if and only if there exists an additive set-valued
function A:S — cc(Y) such that

F(z) = F(0) + A(z)-

forz € S.
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PROOF. Assume that F : § — c(Y)is a Jensen s.v. function. Let So, P, 9
be such as in Theorem 2 for U = X. Then (15) holds whenever y,z € S,

andz=y—-z¢€8. Let n be an arbitrary positive integer. Replacing y by
ny, z by nz and 2 = y - z by nz = ny — nz in (15) we obtain

~F(nz) + $(2) + $(s) = S F(0) + 3(s) + (2).

where the limit is in the Hausdorff metric sense. The s.v. function A is
additive and convex compact valued. Moreover,

B(y) + P(2) = A(z) + (=) + B(y)-
Adding up this equality and (15) and using Lemma 1 we obtain
F(z) = F(0) + A(z).

The converse implication is obvious. O

Now we proceed to prove a characterization of a s.v. solution of the
Pexider equation.

THEOREM 3. S.v. functions F,G,H : SNU — ce(Y) fulfil the Pexider
functional equation

() F(o +39) = G(z) + H(y)
if and only if
(18) F(0) = G(0) + H(0)

and there exists a subcone Sg of § with § C Sp — So and additive s.v.
functions @, : Sg¢ — cc(Y) such that

(19) F(z) + @(2) + 9(y) = F(0) + $(y) + $(2),

(20) G(2) + @(2) + P(y) = G(0) + §(y) + ¥(2),
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(21) () + &(z) + ¥(y) = H(0) + $(y) + (=),

whenever z,y € So andz =y—-z€ SNU.

ProOF. Suppose that F,G,H : SN U — cc(Y) are solutions of (17). By
Lemma 3 these functions have to fulfil equation (1). Now, Theorem 2 states

that there exist a subcone Sg of S and additive s.v.” functions 95,1% r S0 —
cc(Y) such that (19) holds. Condition (18) is obvious. To prove (20) put
y = 0in (17). The equality ’

F(z)=G(z) + H(O),
conditions (18) and (19) imply that

G(z) + H(0) + 3(2) + B(y) = G(0) + H(0) + $(y) + %(2).

Now (20) for y, z € Sp follows from Lemma 1. Equality (21) can be ohtained
in the same way.

Conversely, assume that F,G,H : SNU — cc(Y) fulfil (18) and additive
s.v. functions @, : So — cc(Y) fulfil (19), (20) and (21), where S is a
subcone of §. Then we have

F(z +2)+ @(z +2) + Py + §) =F(0) + ¢y + 7) + P(= + 2),
G(0) + @(y) + P(2) =G(z) + @(2) + P(y),
H(0) + ¢(3) + $(2) =H(2) + &(2) + (),
whenever y,%,2z,2 € Spandz =y—ze SNU, 2 =9—%2¢€ SNU with
z+2zeU. To get
Flz +z)=G(z)+ H(%)

for z,z € SNU with 2+ 2 € U it is enough to add up the last three
equalmes and to apply Lemma 1. . . O

K. Nikodem’s theorem ([2, Theorem 5. 7]) on the form of solutions of
(17) can be derived from Theorem 3 (only on a Q-convex cone) by similar
considerations as in the proof of the Corollary.

15 ~ Annales...
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