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Abstract Let IT be a Musielak-Orlicz sequence space. Let X* and Xę be the modular spaces of 
multifunctions generated by I*. Let Kwj: R - » R for] - 0,1,2,..., w e W, where W is an abstract set 
of indices. Assuming certain singularity assumption on the nonlinear kernel Kwj and setting 

Tw(F)=(Tw(F)(f))Z.0 with (TJ*))(i) = { £ K W J ( / ( / ) ) : f(])eF(j)}, convergence theorems 
J-o 

TJF)^F in Xl and Tw(f) F in X , are obtained. 

1. Introduction. In [3] a general approximation theorem in modular space 
was obtained and applied to translation operators and linear integral operators 
in Musielak-Orlicz space If of periodic functions as well as in Musielak-Oflicz 
space I9 of sequences. The application in If was extended in [4] to some 
nonlinear integral operators and in [1] and [2] to some operators in the space 
X\ of multifunctions generated by If. In [6] an extension of the results of [3] 
to the case of approximation by some nonlinear operators in the Musie­
lak-Orlicz space /* of sequences was obtained. The aim of this note is to obtain 
an extension of the result of [6] to the case of approximation by some 
nonlinear operators in the spaces X^ and Xp generated by P. 

' Let N be the set of all nonnegative integers. Let f be the Musielak-Orlicz 
00 

sequence space generated by a modular p(x) = £ q>i(\x(i)\)\ x — (x(i)), with 
1=0 

^-functions q>t, Le. c>,:R+ -+ R + and it is a nondecreasing continuous function 
such that c>j(u) = 0 iff « = 0 and ę,(u) -* oo as u -+ co for every i e N . Let 

X = {F:N-> 2": F(i) is compact nonempty set for all ieN}. 

Let /(/OO) = min x, J(F)(i) = max x for all FeX and all i e N . Let 
~ *eF(i) xeF(J) 

X* = {FeX: F(i) = [a(i),fc(i)] for all i e N and a, bel9}. 
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Let W be an abstract nonempty set of indices and let "W be a filter of subsets 
of W 

DEFINITION 1. A function g: W-> R tends to zero with respect to 'W, 
written g (w) *»0, if for every e > 0 there is a set We "Wsuch that \g(w)\ < e for 
all weW. 

2. General Lemma. 
DEFINITION 2. A family T = (Tw)weW of operators Tw: X j -> X * will be 

called "W-bounded if there exist positive constants klt...,kB and a function 
g: W-* R + such that g{w) * 0 and for all F, G e X j there is a set WFtGe"W for 
which 

p( f l(/(Tw(F))-/(Tw(G)))) 

<*lP(afe2(/(iO-/(G)))+fc3p(afe4(/(F)-7(G)))+0(w), 

P(a(7(rw(F))-7(rw(G)))) 

<fe5p(flfc6(/(F)-/(G)))+fe7p(afc8(7(F)-7(G)))+g(w), 

for all we WFtG and every a > 0. 
DEFINITION 3. Let F w e X j for every we W and let F e X * . We write 

FW-^F if for every e > 0 and every a > 0 there is a We"W such that 
p(alf(FJ-f(F))) < B and p(atf(FJ-7(F))) < * for every weW. 

DEFINITION 4. Let S c X * . We denote 

S*.-r = { F e X j : F w ^ + F for some F w e S , we W}. 

L E M M A 1. Let S c Xj, and let T = (Tw)weW be -W-bounded. IfTw(F)j^> F 
for every FeS, then Tw(F)^jp>F for every FeS9tir. *' 

Proof. Let a, e > 0 be arbitrary and let F e S9>ir be given. Then there exist 
GeS and W^e-W such that: p(3ak2(f(F)-f(G))) < e/6klt p(3afc4(7(F)-
7(G)))<e/6fe3, p(3a(/(rw(G))-/(G)))<e/6, p(3a(J(Tw(G))-T(G)j) < B/6, 
p(3a(f(F)-f(G)))<B/6, p(3a(7(F)-7(G)))<e/6, g(w)<E/6 for every 
weit^, where we may assume kuk3^ 1. Let WFtG be chosen for (TJweW and 
F, G according to the definition of "W-boundedness. Then we have 

p(a{f(Tw(F))-f(F))) < p(3a(f(Tw(F))-f{Tw(G))) 
+p(Mf(UG))-f(G)))+p(3a(f(F)-f(G))) 

<fe1p(3afc2(/(F)-/(G))) + fe3p(3flfc4(7(F)-7(G))) 
+p(3fl(/(TJG))-/(G)))+p(3fl(/(F)-/(G)))+ 5(w). 

Taking W= Wt n WF,Gwe obtain p(a(/(Tw(F))-/(F))) < e for all weW. We 
prove analogously that there exists a We"W such that p(a(J(Tw(F))-7(F))) < e 
for every weW. Hence T W ( F ) ^ F because W0 = WnWeiT. 
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3. The application. Let now W = N and let the filter #" consist of all sets 
Wc W which are complements of finite sets. 

Let now c>, be convex for ieW. Let for every weWKWJ: R - * R for jeW, 
and let K w j (0) = 0 for all w,jeW We define for all FeXl

9 and ieW 

(TW(F)) (i) = { £ Kw,t.j(f(j))' fU)eFU), j = 0,1 i}, 
j=o 

(1) Tw(F) = ((Tw(F))(i))rL0-

We shall call K a semisingular kernel, if the following conditions are satisfied, 
where 

l g w > ) - K w > ) l . 
" S ? j iT^j • 

CD 
(i) L(w) = ( £ L W . , ) < ff < oo, 

i=0 

(ii) L w . , /L(w)*0 for y = 1,2,... 
If moreover (l/c)KW i 0(c) ^ 1 for every c 0, then K will be called a singular 
kernel. 

DEFINITION 5. The sequence {<pj}f= 0 is called % ̂ .-bounded if there exist 
constants klfk2>l and a double-sequence (eu) such that c[+J(u)^ 

CO 

k1q>i(k2u)+elj for u ̂  0, i,je W, where Ąj > 0, fii>0 = 0, = ejj -> 0 as 
j -* co, s = sup < oo. '=o 

THEOREM l.IfKisa semisingular kernel such that KWti(s) > KWtt(t) for all 
i, we W and s > t, q> — (q>i)?=o k T ^.-bounded, then Tw: X9 -» X9for every we W 
and the family T of operators defined by (1) is 'W-bounded. 

Proof. It is easy to see that 

f(Tw(F))(})= Ź Kw^j(f(F)(j)) 
j=o 

and 

7CW)( i )= Ź KWtl-j(J(F)(j)). 
j=0 

Tw(F)(i) is convex because KWti is continuous for all w,ieW. Let c > 0 be 
arbitrary. Then for F,Ge X9 we have (see the proof of Theorem 1 in [6]) 

p(c(f(Tw(F))-f(Tw(G))))ś t 9i{c £ Kj\ĄF)(i-j)-f{G)(i-j)\) 
i = 0 j=0 

śkMck2a(f(F)-f(G))))+g(w), 
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p{c(J(Tw(F))-hUG)))) < klP(ck2<r(7(F)-J(G)))+5(w), 

1 0 0 

where 0(w) = £ ^ £ Lw.j ej °- So rw:JfJ-*Jf* and T is iST-bounded. 

Now, given a kernel K and a number c # 0, let us denote 

= (0,0 0,KWil(c),KWt2(c),...). 
7+T8me» 

Moreover, let us write 

ek = (dik)f=0 with 5iJk = 1 for i = k, 5ik = 0 for i # fe, 

Ek = (Altk)r=Q with J ł t = [0,1] for i = k, AUk = 0 for i # fc. 

L E M M A 2. If F = c0e0+c0E0+ ... +cneH+Cj,En, then for every b>0 

p (W" >+1)" M / ( -/(F))) 

< | I p(bxi(dj))+\ t tpjib^oty-dj]) 

and 
p(b2-l(n+l)-l(7(TJF))-J(F))) 

<lt P(bxi(dj))+l t VjiblK^idJ-dj]), 

where 

{ Cj+Cj for C] < 0, fcj for Cj ̂  0, 

dj — i 
Cj for Cj > 0, L^"*"^ •^ , r -./ > ®~ 

Proof. It is easily seen that 

/(rw(F))(i)-/(F)(i) = 

r i 

£ Kw4-j(dj)-dt for i < n, 

n 
^ KWti-j(dj) for i > n, 

and 

7(rw(F))(i)-7(iO(0 = 

r ' 
L Kw.i-Mj)-dt for i < n, 

£ Kw,i-j(ij) for i > n. 
V/=o 

So the proof is quite analogous to that of Lemma in [6] and we omit it. 
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We easy obtain (see [5, 8.13 and 8.14]) the following 
L E M M A 3. Let <p = (<pj)F=0 satisfy the condition («52). Let FeX9 and 

F = (F(i))r=o. Let Fw be such that Fw(i) = F{f)for i = 0,1,... ,w, Fw(i) = Ofor 
i>w for every weW, then F w ^ » F. 

THEOREM ZLet(p = (c>|)i=o satisfy the condition (5j)- Let K be a singular 
kernel such that p(bxj

w) ^Ofor every;'eN and all b>0. Let the assumptions of 
Theorem 1 hold. Then TW(F)-^*F for every FeX9. 

Proof. Let S = {c 0e 0+c 0JE 0+ ... +cBen+cltEH: neN}. From the assump­
tions and from Lemma 2 we easily obtain that T W ( F ) ^ » F for every FeS. 
From the assumptions and from Lemma 3, S ł > i r = X9, so, from Lemma 1 and 
Theorem 1, T W ( F ) ^ F for every FeX9. 

4. A generalization of General lemma. Let 

X9 = {FeX: f{F)J(F)eV>). 

R E M A R K 1. IfF,GeX9 and aeR,then F+GeX9. 
Proof. Let F,GeX9 and aeR. If F(i) and G(i) are compact, then 

F(})+G(i) and aF(i) are compact f(F+G)(}) = f(F)(i)+f(G)(i) and 
7(F+G)(i)=7(F)(i)+/(G)(0 for every i e N , so F+GeX9. If a = 0, then 
aF e X9. If a > 0, then f(aF) (i) = af(F) (i), J(aF) (i) = a/(F) (i). If a < 0, then 
/(aF)(i) = aJ(F){i), 7(«Jr)(») = «/(F)(i). So aFeX9. 

Let 

<f (i4, B) = max {max min |x—y\, max min |x—y\} 
xeA yeB yeB xeA 

for all compact nonempty A,BcR. 
For all F,GeX9 we define the function D(F,G) by the formula 

D(F,G)(i) = d(F(i),G(i)) for every i e N . 

Now, we introduce the function O by the formula 

0(i) = O for every i e N . 
REMARK 2. If F,GeXp, then D{F,G)el*. 
Proof. Let F,GeX9. We have for every a>0 

p(aD(F, G)) <p(a(D(F, 0)+D(G, O))) < p(2aD(F, 0))+p(2aD(G, O)) 

< p(4a/(F))+p(4a7(F))+p(4a/;(G))+p(4fl7(G)). 
So D(F,G)e/*. 

DEFINITION 2'. A family T = (TJW6ir of operators Tw: X9 -*• X9 will be 
called {d,-W)~ bounded if there exist positive constants kt, k2 and a function 
g: W-> R + such that g{w) * 0 and for F,GeX9 there is a set V?r,Ge"W for 
which 
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p(aD(Tw{F), TW(G))) < klP{ak2D(F, G))+g(w) for all neWF,G, a > 0. 

DEFINITION 3'. Let F w e X , for every we Wand let FeX9. We write 
Fw d<f i r> F if for every e > 0 and every a > 0 there is a W e i F such that 
p(oD(Fw >F)) < e for every we W. 

DEFINITION A'. Let S c X„. We denote 

S*,,p,ir= F»~i^JrF for s o m e ^ e S , weW}. 

L E M M A l ' . Let ScX9 and let T = (TJweW be (d, "Wybounded. If 
T^I^Jr** f°r FeS> t h e n TvWi^T* F for FeS'.*.-r-

Proof. Let a,e>0 be arbitrary and let FeSit93ir be given. Then 
there exist GeS and Wxe"W such that p(3afe2D(Tw(F),F)) < e/6kt, 
p(3aD(Tw(G),G))<e/6, p(3aD(F,G))<e/6, g(w)<e/6 for every weWt, 
where we may assume kŁ > 1. Let WF%G be chosen for T and F , G according to 
the definition of (d, iF)-boundedness. We have 

p(aD(Tw(F), F)) < p(3aD(Tw(F), Tw(G)))+p(3aD(Tw(G), G))+p(3aD(F, G)) 

< klP(3ak2D(F,G))+g(w)+p(3aD(F,G))+p(3aD(Tw(G),G)). 

Taking W=W1nWF)G we obtain p(aD(Tw(F),F)) < e for all we W 

5. The application. Let q>, W, "W be such that as in section 3. Let for every 
we WKWJ: R -* R foryeN and let KWiJ(0) = 0 for all w,je W. We define for all 
FeX9 and all compact nonempty A aR the operators KWti, Tw by the formulas 

(2) Kw,i(A) = {Kw,i(xY- xeA} for all w.ieW; 

(3) (TW(F)) (») = £ Kw,t-j(F(/)), TW(F) = ((TW(F)) (»))?=„ 

for all i , weWC 
We shall call K d-semisingular kernel, if the following conditions are 

satisfied: 
00 

(i) L(w) = ( £ L W i i )<f f < co, 
(ii) L w , ; /L(w)«0 for; =1,2,... 

where 

K,i = sup . . . m 

for all we W and i e N , with compact nonempty A,B c R. 
If moreover d(K„i0(A),A) ^ 0 for every compact nonempty AczR, then 
will be called the d-singular kernel. 
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THEOREM l ' . Let K be a d-semisingular kernel. Let ę = (<)»,)£ 0 be 
x+-bounded. IfKWil(s) > K.Wii(t)for all w, ie Wand s>t, then Tw: X, -» X9for 
every we W and the family T given by (3) is {d,H^)-bounded. 

Proof. It is easy to see that Tw: I* -* I9 for every we W(see [6, Theorem 1]). 
K^,, is continuous for all w.ieWso we easily obtain that Tw: Xv -* X9 for 
every we Now, we prove that T is (d, ̂ -bounded. Let a > 0 be arbitrary. 
Then for F , GeX,, we have (see also [6, the proof of Theorem 1]) 

p(aD(Tw(F),Tw(G))) = £ * , ( « ! ( £ *W.I-J(*(/)). £ *W.I-J(G(/)))) 

i=0 7=0 7=0 

< t 9>iWI *P*.t-j(FW), Kw,t-j(G(j))))) 
i=0 7=0 

= I *i(«(£ d (^ j (F( i - ; ) ) , ^ (G( i - ; ) ) ) ) ) 
i=o 7=0 

< i < ? , ( « ( £ i+jim-hGii-m) 
i=o 7=0 

< t L S I LwjęJ(aL(w)d(F(i-J), G(i-j))) 

= lh t L~.J I <Pi+J(aL(w)d(F(i),G(i))) 
Ł Wj=o <=o 

< ^ ^ ^ ^ © ( F . G ^ + f f t w ) , 

where 

Now, let us write Ek = {Aiik)?=0 with Ai<k = A f c for i = k, keN, where 
v4t c k and .4t is compact nonempty for every k e N and Aiik = 0 for z* ¥= k. 
Moreover, let us write for every compact nonempty A c R 

(4) xi(A) = (0,0,... ,0, KWtl(A), Kw,2 (A),...). 
v v ' 

7+1 times 

L E M M A 2'. IfF = E0+Ei + ... +E„, then for every b > 0 the inequality 

p(b-Hfi+l)-lD(Tw(F),F)) 

<| t P{bD(xi(Ajj),0))+l £ ęj(bd(Kw,0(Ajj),Aj,j)) 
z 7 = 0 z 7 = 0 

holds. 

Proof. For any a > 0 we have (see also [6, the proof of Lemma]) 
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p(aD(Tw(F),F)) 

j=0 j=0 l=B+l j=0 

1=1 j=o 

+ <p0(adKw,0(,4o,oMo,o))+ £ <pMi*(X».i-Mjj)><>))} 
i=n+l j=0 

<ltl <Pl+j{2a{n+l)d(KwMjj),0)} 
*-j = 0 1 = 1 

+̂  t c» ł{2a(n+l)i(Kw > 0(il ł l^i4 ł > l)}. 

We obtain the assertion after writing b = 2a(n+l). 
L E M M A 3'. Let (ft - (c>j)i=o saris/y tne condition (52). Let FeX9 and 

F = (F(i))S=0- Let Fw be such that Fw(i) = F(i)for i = 0,1,.. . ,w and Fw(i) = 0 
./or i > w for every weW, then Fw F. 

Proof. We have for every a > 0 

p(aD(Fw,F)) = £ c,((ad(F (0,0)) 
i=w+ 1 

= £ c, ((amax(|/(F)(i)|,|7(F)(0l))*O. 
i = w+ 1 

THEOREM l'. Let the assumptions of Lemmas 2', i' and Theorem l' hold. 
Let K be the d-singular kernel. If for every compact and nonempty A c 8 
p{bD{x{,{A),0))ZQ for all b>0 and every ; gN , then TW(F) d y ^> F /or 
e»ery FeX9. 

Proof. Let S = { £ „ + £ ! + . . . + £ , : neN}. From the assumptions 
TJF) —.—^* F for every FeS and S*,,,.^ = X _ so we obtain the assertion from 
Theorem l ' . 

REMARK 3. / / 7^: X * -» X9 and the assumptions of Theorem 2' hold, then 
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