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MAREK PIETKA*
A NOTE ON THE INCREASE OF THE OPERATIONAL FUNCTION

exp(A £ ,AksF
\ k=

Abstract. The main result of the paper is the estimation of the operational function of the
exponential type which is the parametric one in the sense of the Mikusinski’s theory. The estimation
may be applied in studying the behaviour of solutions of partial differential equations.

Introduction. The exponential functions
(1) exprA Z f°r AgR,

where /4keR, 0 < pk< 1 and s denotes the differential operator, play an
important role in the theory of partial differential equations and some types of
convolution equations on the real halfline. If we know the behaviour of the
exponential function (1) at infinity we can indicate an uniqueness class of
solutions of the Cauchy problem for some differential equations. In accordance
with the notation of the operational calculus for the exponential function (1) we
also use an other symbol FPI>...iPm(A f)when A> 0 and coefficients Ak satisfy
some additional conditions. In this case the exponential function (1) can be
represented by means of the Laplace inversian integral
i oo
1 f el

explzt-X Y qAkzPk]dz.
ZKIl ] k=

—1 00
Using the theory ofcontour integrals we shall show the more general inequalities
to the inequality which was considered in [2], related to the exponential function
exp(—s*A).
Main theorems.
THEOREM 1 Let

i o0
n

I f m
(M = "~ exp[zf —A(]T Bjzpi+ £ Cfz«K]dz

z7a 3 j= 1 k=1
for t, X> 0, where I > p1> ... > pm>0and 1> ql > ... > gn> 0,pt > q1l
and pj gkforj = 1, ..., mandk = 1, ..., n; moreover, let Bj > 0Oand Ck < Ofor
ji=1 m and k = 1, ..., n, respectively. 1f0 < B1< 1, 66(0,1 —2 _PI) and

1°A-rl>0,"(1—e)]-1
2° A -rPl > 2[p5B1] -1,
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n
Ckcos[qk-

3 A-rl> [pifl-e)Biy 1 _
k:1eBlcos[p1 -

then the following inequality

0<Fpi....or...0"
i i

< (Ap~-pit 1 pil(l —e)Bi] Piexp{ —(1—pD)-[A(I— i£pi)

holds.
Proof. In the beginning we will give some elementary lemmas.

LEMMA 1 J/Ae(0, -) and pe(0,1) then

sin(peAmsin A] < sinl Am 1.
LEMMA 2. // pe(0,1) and A”* 2p 4 flien
< exp [—A(l—)] -
LEMMA 3. 1fpe(0,1), A>0,t> 0,qe(0,1),and Af p> 2-(qpH-1 flien
(at_pypd-p) > (2p_3)pcp).
LEMMA 4. If pe(0,1) then

1 1

. 1 \ (l-p>
[>p(1-p)]1-10 pSY oo

LEMMA 5. // Ae ~72,"2 ., pl,p2e(0,1), px> p2, and P(A) = cos(p2A)-
[cos(plA]_1 flien
max P(A) = cos | p2e cosl Pjm
M-f.f]
We shall denote by FPI>...,PmA t) the integrand of the integral
o7 exp zt—A

and as usual we shall take this branch ofthe complex function zpwhich takes real
values on the real axis. Let us consider the contour S consisting of segments
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= [x0+ Ki,x0—Ki], S2 - [x0—Ki, —Ki], S3 = [—Ki, Ki], S5= [Ki, Ki],
S6 = [Ki, x0+ Ki] where K,K,x0eR and K < K < x0 and of semicircum-
ference S4 of radius K lying on the right of the imaginary axis.

The integral of FPL......Pm (2,0 taken along Sis null. It is easy to show that
if K increases infinitely, the moduli of the integral of FPI.....Pmidl.......gn(X; t) taken
along S2 and S6tend to zero. It proves that we may transform the formula of
0, changing the path of integration from the in

to the path s3U AU S5 and the radius K may be chosen arbitrarily, as
convenient for estimation. When K increase infinitely, S3 transforms to
(—oo0,—Ki] and S5 to [Ki, 00).

is a real and positive function [3] when X > 0 and
t > 0, since itis the convolution of real and positive functions (see [1]). At first we
show the estimation of the modulus of the integral of FPi,...,Pmqi G, (A1)
along S4. Making the parametrization of the semicircumference S4:z(u) =
= Kexp (iu) we have

1
i\ = t—A (£ BkzPk+ £ CjzGij]dz ~
Wi\ =, o EXD [z &_1 z £ jz%jldz

i f m "
exp {Ktcos u—AJ[ £, BkK Pkcos(pku) + CjK,ycos("-«)]}d«.
k=1 =k
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It follows from the assumptions that, for k = 2, m, Bk > 0. Hence
on Qxp{Ktcosu-X[B1KPicos(plu)+ Y CjK9jcos(qju)]}du =
7=1
2
= ] Xt
ex cosu-
2n P
—ABj*cosOiM) [1+ Y, Pt mcos{qgju)cos *""JJdu.
7=1
It follows from the assumptions and Lemma 5 that, for j = 1, ..., ti and
n na
MG
227
cos (gju) cos 1(plu) < cos” ecos l(ptm
and then
K . .
JEXP]
7=1

o™ i)as APii)}dl
Let K > 1 Itfollows from the assumptions that, forj —1,..., n,K9% A < K4 PI.
sHence

expj Kt cos u—AB1KPicos (plu) 1. « 4 -5

-1 du.

ecos \gj'21) cos P2

Let us fix sg(0, 1—2 PI). If K > 1 and

K> eBlcos (pr~)J  ZiCicos(«+=")}IA



then

Bicosrpj-0J £ c7c0s(M M) < £

and hence

2

I X j* exp[Kf cosu—AB1K Ricos(pjuU~l—e)]d«.

i i
Let us choose K = X1-Pi(tw)~1~Pimthen

i i
on exp {Al- pi (wtPi)~i - pi [cos u—wBj(l —e)cos (pju)]} du.

T
2
Let us denote " wu) = cosu—wBt(l—e)cos(pl«); then Aw() = —sinu+
+ wBl(I —e)/* sin™u). If
-i
n
Ni(l-e)PisinlPi'2

then forue » 0] the function 4w(u) is positive and forue 0, s negative,

which follows from Lemma 1 Hence, if w satisfies the upper inequality, the
function Aw(u) has maximum at the point u —0 and Aw(0) = 1—wB1(\ —).
Then

2

on J exp{/U™pi(wtPl) i-pi[l —w B ~1—e)]}d« =

K i pi i
=y expfAi-pit i-piw i-pi[t —wWB1(1—e)]}.

Let for 0 < w” B1{I-s)p1sin(Pi'2

B(w) = w i-pi[l—wB1(1—€)];

then wO = [pjBt(d—e)]“1 is the point of minimum of the function B(w) and

B(w0) = -pJ-p~l-pJ-fB~l-e)]!-21.
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Putting wO we get the best estimation of 1JJ.

I-M < A% PisSi(l-e)]irrrirrexp{-(l-phpp"-

W A51(1—e)]i-pif*i-pi}.

If Ble(0,1] and ee(0,l —2~Pl) then [(1—£)Bt] < 1 and [(1 —s)Bli-pi <
<[(1-6)5,]-".

Hence

@ il <™MAPYTArTAr[BLUI-£)]_?Texp{-(I-pD-

And it is the half of the right side of the inequality in the theorem. Putting
wo = [Pi(l ~e)"i]~1 we get
i i
KO(X,t) = Al- pi(wOf)- i-pi.
If we shall take At fulfilling the inequalities 1° and 3° (the assumptions of the
theorem) then by simple calculatuon we obtain the following inequalities

Ko{X,t)> 1
@)

n

This implies that inequality (2) is true when the inequalities 1° and 3° hold.

Now we will find the estimation along the segment S5. Identical estimation we
can give for the segment S3. Let us parametrize the halfline [« oi, t), go) in the
form z(u) = iu. Hence

| f
\Ji\ = exp[zt-/t( X BkzPk+ £ C~z*¥)]dz <
AUl ) k=1 i=1

S5

BKtiPKCOS( Pk | ) + Cr Jcos~-" jdu.
KoOU)

It follows from the similar transformations given in the first part of the proofthat

\] exp’/\—lBLuPlcosApj -A -(1—£)~]d«.

KoU.I)
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Changing the variable y = X(1 —)6,uPl we have

00

ypi ~1mexp -ycos pt- dy.
I mO]
[A(I-£)Bi*:0a,l)P,]

If 0<Bt< 1 and se(0, [1-2-p9 and |I-f"1> 2(piBY)~1 then
A(l—e)BIKO(X t)p* > 2pj 4. It follows from Lemma 2 that

270pL

00

Znpi I exp [—>(1“ Pi)]dy =

= [2npl(1-p D] 1[A(I—£)Bj] piexp{-(I-pDpj-p. °
i

i p
wBt(l —e)ji-pif i-pi}.
It follows from Lemmas 3 and 4 that

\J2\ < é"Pi)1~Pit 1 _p,[B1(l-e)] Piexp{-(l-pl)pi-p.-

[ABAMl —e)]i-pit i-pi}.

In that way we get the half of the right side of the inequality (2). The similar
estimation we may get for the integral along the segment S3and it ends the proof.
THEOREM 2. Let

Pl Pl — 2] exp\zt —X(]T BjzPi+ YjQ ®'J]dz
j: 1 *el

for t, X> 0, where 1> p, > ... >pm>0and 1> qgx> ... >qgn> 0, pl> qt
and Pj¥~ gk for j = 1, m and k = 1 , n, respectively. If B, > 1, ee(0,
1—Bj-1), and

1° X-t~p' > 2pf5,

2° X T1>[pjB"Il-e)]-1,

1-~P1

oo 7\ Ipi«a

3 A-rl>[pl(l-e)B1-1|- eBtcoslptm )L Qeos Ut

then the following inequality

< [PIA(1—£)Bjli-pir i-pi-exp{—(1—pjpj-pi [A(1—e)Bli-pit i-pi}

holds.
The proof of Theorem 2 is quite similar to the proof of Theorem 1
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