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NOWHERE DENSE CHOICES AND it-WEIGHT

Abstract. The paper is devoted to inequalities between n0(X) and 7d(X) where
AoW = min{n({/): U open and non-empty subset of X},
— revery open and dense subset of X containes an element from

From these definitions nd(X) < n0(X) for every space X. In the paper we construct a space X
for which ni(X)=col and n0(X) = 2*°.

We shall define two cardinal functions nd and n0. We shall give conditions
which ensure that nd(X) = nQ(X) and give a consistent example of a space X such
that nd(X)<n0(X).

Recall that for a topological space X, n(X) denotes that least cardinal of
a 7t-base for X, i.e.:

min{|3S\: for each non-empty open U~*X, there is fie J such that fis [/'}.
For a space X we denote by #O(X) the cardinal:

min{7t(C/): U is a non-empty open subset of X'}.

And we denote by nd(X) the cardinal

min{|*|: for each dense open UsX, there is Be 38 such that BsU},
where such families 39 are called 7d-bases for X. All other terminology used in this
article can be found in one of the standard textbooks [1], [3] or [5]. Furthermore
we shall assume that all topological spaces under consideration are regular.

Motivation for the two new definitions comes from the following question.

QUESTION. Given a collection °U of non-empty open subsets of a space X,
can | pick a point x(U) e Ufor each Ue °tl such that {x(U): Ue is nowhere
denset

Note that x :°U-* X can be considered as a choice function. The question
asks for a choice function with nowhere dense image, hence the first half of our
title. Now suppose that is a 7t-base for an open subset G£ X. Clearly, the image
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any choice function on Al is dense in G, giving a negative answer to the question
and the second half of our title.

A moment’s thought will convince the reader that the question has a "NO”
answer iff U is a 7d-base for X. Therefore the question has a "YES” answer for
all collections °ll such that |~ |<x iff nd(X)>x. The argument in the previous
paragraph then shows that nd(X) ~n0(X).

These considerations were first made by M. van de Vel. E. K. van Douwen
observed that if 3d(X) = to, so does n0(X) and communicated the general problem
of the relationship between nd and nO to us.

We first draw some easy conclusions.

THEOREM 1 For each space X we have
(a) #(X)<rcO(X),

(b) NnO(X) < 2"dP%&
(c) nO(X)<nd(X)-nx(X).

Proof, (a) is above. To prove (b), let si be a Adbase of X of cardinality nd(X).
For each Aesi pick X(A)e A. Then X(A):Ae si must be dense in some open
set U. Since X is regular we must have

no(X) < n(U) ~ 2dV) S 2ndX).

Let us continue and prove (c). For each Ae si, pick a local 7r-base 36(A) for
X(X) such that \38(A)\ < nx(X). It is now easy to check that U {33(A):Ae si}
forms a rc-base for U and verifies (c).

We shall see that for many types of spaces we actually have nd equal to nO.
We begin with the following useful lemma.

LEMMA 2. Suppose nO(X) = x, si is afamily of <x non-empty open subsets
of X and 38 is afamily of ~ x non-empty open subsets of X. Then there is afamily
€ of I non-empty open sets precisely refining 38 such that no A e si is covered by
finitely many members of ¢. Furthermore  can be chosen as a subfamily of any
given n-base for X.

Proof. Enumerate 33 as {Ba:a < /}. We construct # = {Cx:a < A} by recur-
sively constructing Cx for a < Awith the inductive hypothesis at /?< Athat for each
a < j8, Cxis a non-empty open subset of Bx such that no A e si is covered by finitely
many members of {Ca:a < /?}.

At stage p note that n(Bp) > x, and

[{-4\ U Ca:Aesi and Fe[j8]<} < x..

aeF
Hence there is some open GczBp such that for all Ae si and for all Fe [ft]*“

(A\ U Ca\G * 0.

aeF

Now pick a non-empty open C in our given n-base such that £ G. This completes
the induction and the proof.
The next lemma reduces the problem to considerations involving 7t-weight.
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LEMMA 3. If X is a space, then X has an open subspace Y such that
nd(Y) 4 %d(X) < 70(X) 4 M(Y) = n(Y).

Proof. Let si be a 4dbase for X. It suffices to prove that there is an open
FE Z such that nO(Y) =n(Y) and {YnA'.Ae.j/} is a T7idbase for Y.

Suppose not. Consider a maximal pairwise disjoint family of open sets %
such that for all Ue°U, nO(U) = n(U). For each Ue °ll, pick G(U), an open dense
subset of U such that for all A e si, if UnAyt 0 then (UnA)\G(U)j” 0. Since

is dense in X, so is G—\J{G(JJ)\ Ue '¥) and no Aesi is contained in G,
contradicting that si is a 7dbase.

We can now state some theorems.

THEOREM A If X is a locally compact space, then nd(X) = nO(X).

Proof. By Lemma 3 we can assume ii0(X) = n(X) without loss of generality.
Let x = nO(X) > nd(X) = X and show a contradiction.

Let si be a collection of open sets, of size X such that for each dense open
V A X there is some Aesi such that A is compact and AsV. Let & be a 7il-base
for X of size x. By Lemma 2, we can choose ~ as in the statement of the lemma.
Since ft refines $S, \JW is dense, hence there is a compact Ac-\J<£ which contradicts
the other property of €.

THEOREM 5. nd(X) = n0(X) if either (i) X is locally connected, or (ii) X is
a linearly ordered topological space.

Proof. We first show that in each case (i) and (ii) there is a 7l-base °U for X
such that \{U e°U and mf isa pairwise disjoint subcollection of  such that
then there is some V e'f such that US V. For case (i) this is immediate. For case
(ii), let &J be the collection: {{P) :p is isolated}u {(a, b):a has no immediate
successor and b has no immediate predecessor}.

We now use this property of °Uto complete the proof that nd(X) = nQ(X).
Let si s W be a subcollection of size <nO(X). For each open V there is some
U(V) e such that no element of si is contained in U(V). Let "V be a maximal
pairwise disjoint subcollection of {U{V):V is open in X}; U ir is dense, showing
that si is not a 7dbase for X.

It is not true that nd(X) = nO(X) for every X, but we only have consistent
counterexamples. These use the following lemma.

LEMMA 6. 1 fX isanon-separable Lusin space ofcardinality ¢ , then nd(X) ” col.

Proof. Enumerate X as {xx:aecox}. Since every nowhere dense subset of X
is countable, the following collection forms a 7d-base:

{Z\cI({" :j&ea}) :aewj.

In [6], there is constructed a dense Lusin subspace Y of 2* under the assumption
BACH plus cot <x< 2“'. For this space we have nO(Y) =x and nd(Y) = col.

We shall show that the inequality nO(X) ~ 2ndm is sharp by showing that it
is relatively consistent that 2“' is ""anything reasonable” and there is a space X
with nd(X) = aii and nQO(X) = 2"1 This is accomplished by Lemma 6 and the
following theorem.
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THEOREM 7. CON (ZFC plus 2“' = x) implies CON (ZFC plus 2®1= %plus
there is a dense Lusin subspace of 2* of cardinality a>i).
Proof. We can suppose that we have

7j="ZFC plus CH plus 2®1=

We shall construct a generic extension of V in order to prove the theorem.
We first describe a partial order SP in the model V. Using CH, let X be a dense
Baire (for example, countably compact) subspace of 2* of size £BX Enumerate X
as {xa:aeo”}. Let H(x) be the collection of all finite partial functions from x
into 2. For each ee H(x), denote by [e] the set {fe 2*: e£/} which is an elementary
open subset of 2*. Let 3> denote the set

{E£>e[H(x)]<m: U {[e] : eeD} is dense in 2*}.
Finally, let & be the set
{<Y,ry :ye[l]4f and Te\2)y @

with the ordering <YIf "Vx ~ <Y2, " 2) iffY2£ YIt "K2E£T*i and for eachD e f 2,
ri\taCuU{W :«el/)}.

Let <Sbe ~-generic over V. We claim that V[@] [.” 2®*= x and there is a dense
Lusin subspace of 2* of size cot”.

Let X* = U {Y :for some "V, <Y, "Vy e &}. Observe that P is countably closed
and hence V[&] contains no new countable subsets of V. Since V |- CH and P is
2®-centered, all cardinals are preserved. We know that |X*|= col by considering
the following dense sets:

{<y, fy :for some a > /?,x"e Y}, /Jea”.

It remains to show that X* is a dense Lusin subspace of 2*. X* is dense in 2*
because the following sets are dense in P:

{<y.f>;yn [~ 0}, eetf(x).

Note that for each D e the set {<Y, 'V'y:D e tT} is dense. We will show
that this implies that every dense open subset of X* is co-countable. Let U be a dense
open subset of 2*. Let £ be a maximal pairwise disjoint collection of elementary
open subsets of U. \E\ » coand hence D = {e:[s]e E} e Forsome <Y), <Y, {£>}>e"
and since elements of <8 are compatible we have that X *\U ~ Y and is hence
countable.

We note that this proof can be generalized to obtain the following corollary.

COROLLARY 8. CON (ZFC plus 2(*+) = x) implies CON (ZFC plus there
is a space X with nd(X) = X+ and nO(X) = x).

We also note that this theorem gives a consistant example of an Z-space of
weight 2®1 where 2®1 is arbitrarily large. See [2], [4] and [6].

Now we will show that the existance of a dense subspace X of 2(2a>) such that
nd(X) < n0(X) = 2®@1is denied by Martin’s Axiom and is hence independent of ZFC.
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Let X be a space and H be a collection of subsets of X. We denote by &(X, ")
the set
{<S,yr>:S6[J:]1<\{0} ,«e[*<*and SnU f = 0}

with the partial ordering ,thi> A (S2,"V2> iff S2£ St and V 2£ Ui
THEOREM 9. Assume MA. If x <2“ cncZ X is a dense subspace of 2*, ffon

Proof. We show that if A< x, then nd(X) > A Suppose not and derive a con-
tradiction by assuming that si is a 7#dbase of size A Without loss of generality
assume that each A e si is an elementary open set. Since A< x we can find Y e [*]“
such that the support of any A e si is disjoint from Y. Let '?/ be the collection of
all elementary open sets with support contained in Y.

Let us notice the following facts. is countable. If Aesi and 'f' e [<Y/]<
then either UN —2*or Xn (4\U"T)~ 0. If 4f £  such that foreach Ue\J°U,
Un[jW =0 then (Ji s a dense open subset of 2*

Now consider N). From the above facts, we have that &(X, <¥ is a- cen
tered and that for each As si, the set

{(s,yy-.sn(A\ur)? 0}
is dense in 3*(X, dl). Furthermore, for each TJeW the set

{<s,ry-.u 0}

is also dense in &(X, °U).

Let B8 £ 3?(X, &J) be a filter which meets each of the dense sets above; and
let G=U {KJ'f: for some S, <S, 'Vy e <& Then G is a dense open set contradicting
that si is a 7d-base for X.

Only MA for u-centered posets was used above. In the following theorem we
use only MA for a countable poset.

THEOREM 10. Assume MA. If X is separable then nd(X) = n0(X).

Proof. Since n(X) < 25(*)” ¢, it suffices to show that if nd(X) = A< c then
nO(X) = A We suppose n0O(X) =x>A. and derive a contradiction. By Lemma 3
we can assume that n(X) = x. We can also assume, without loss of generality, that
X is countable and has no isolated points.

Let si be a 7#d-base for X of cardinality A and let S3 be a 7t-base for X of car-
dinality x. Let ~ be the family obtained from Lemma 2. Let Q>be a complete pair-
wise disjoint subfamily of € such that \J2> is dense in X. Let U= {D\F:De
and Fe [*]<"}

Now consider @(X, %). This is countable, and each set {<5, y> e SP(X, Ql):Sn
n(A\WJir)*:0}, where Ae si, is dense in 3P(X, &). Also each set {<S, e
6 & (X, W):DcsXJ'V=£0}, where De3>, is also dense. MA allows us to find
a filter » £ ~(X, W) which meets each of the above dense sets.

Let G=\J{\J e 6 for some S}. Since 6 meets each of the first
type of dense set, no A e si is contained in G. Since ~ meets each of the second
type of dense set and X has no isolated points, G is a dense open subset of X. This
contradicts that si is a 7dbase for X.
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The result of van Douven that nd(X) = co implies nO(X) = oj can be gleaned
from the proof of this last theorem. If stf is a countable 7id-base for X, let Y be
a countable subset of X meeting each set in s§. Now follow the proof of Theorem 10
for the subspace Int(Y) of X. MA is not needed since only countable many dense
sets need to be met. However, van Douwen’s original proof is easier and more
straightforward.

We have one more result about ndand n0. It uses the following lemma, which
is of independent interest.

LEMMA 11. If X has no isolated points and c(X) = to, then either there is
a Suslin tree of open subsets of X or there is a countable collection of open subsets
of X such thatfor each Fe [X]<w, (J{Ceft:Cn F=0} is dense.

Proof. We build a tree of open subsets of X, by recursion on the levels of
the tree, starting with TO= {A'}. If level Ta has been defined and te Tx we define
the node of t, N(t), to be a maximal non-trivial collection of open subsets of t such
that for all U, VeN(t) UnV=0. Let Ta+t =\J{N(t): te Tx}

If lim(A) and we have Tx for all a <)., consider the tree (J{ra:a<A}. For
each branch b of this tree consider Int(n b). Let Tx= {Int(H b):b is a branch
of U{7;:«<”}\{0}-

Note that since c(X) = oo this recursion stops after at most col steps and that
the resulting tree T has no uncountable chains or antichains.

If T is not a Suslin tree, then \T\ = co. In this case, let = T. Since # is closed
under finite intersections, it only remains to prove that forany x e X(J {Ce :x e C}
is dense. To this end letp e X and show that p is in the closure of 3 {Ce”: xe C}.
However, this result is obtained by a straightforward consideration of the ways
in which p and x can “leave” the tree construction and is therefore left for the
reader (i.e. it is messy to write out).

Recall that the Novak number of a space X is

n(X) = min{j«: X can be covered by x nowhere dense sets}.

COROLLARY 12. If X has no isolated points, then n(X) ~ 2r(X\

Proof. This follows from the proof of the lemma since each element of T
and each branch of T determine a nowhere dense set, and their union is all of X.
The tree T has at most (c(A")+ elements and 2QX branches.

We use Lemma 11 in the following theorem.

THEOREM 13. Assume MA. If ¢(X) =co and n(X)<c, then nd(X) =jiO(X).

Proof. Suppose nd(X) <n0O(X). By Lemma 3 we can assume nO(X) = %(X).
Let » be a 7dbase for X of cardinality nd(X). By Lemma 2 there is a 71-base
such that no finite subcollection of# covers any element of si. Let™ be a maximal
pairwise disjoint subcollection of €, By Lemma 11 obtain a countable collection
E2 of open subsets of X such that for each Fe [X]<0> \J{Ce&2-Cr\F-0}
is dense.

Let °U—{ClnC 2: Cte fiSland C2e ~ 2}. Then U has the following properties:

(i) no finite subcollection of °U covers an element of s#;

(ii) for each Fe[X]<ta \J{Ue”: Ur\F—0} is dense.
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Now, consider &(X, °U). Since °U is countable, &(X, dlI') is tr-centered. By
property (i) for each A e si the set

{<5,ry:Sn(A\ur)*0}

is dense in 3?{X, °ll). Fix a 7t-base 39 of size < C. By property (ii), for each Be &

the set
{<S,IT): U~n5#0}

is dense in S?(X, <?). Let Bq &{X, <?) be a filter meeting each of the above dense

sets. Let
G={U™*":(S, © s~ for some 5}.

Then G is a dense open subset of X witnessing that s$ is not a ~-base for X.

We could have eliminated the hypothesis ”n(X) < C” from Theorem 13 if
we could have constructed °U in the proof such that it ’self-witnessed denseness”
as in the proofs of Theorems 9 and 10. We need an extension of Lemma 10, which,
in conclusion, we ask as a question.

QUESTION 14. Assume MA. Suppose X is a space with ¢c(X) =& and no
isolated points. Does there exist a countable family °It of open subsets of X with the
following two properties:

1. for each finite Fs X, {J{Ue<W: Un F# 0} is dense;

2. if Vs such thatfor each Ue°U, (U ~)n U~™0, then KJY isdense in X1
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