KATARZYNA JAKOWSKA-SUWALSKA

ON DEPENDENCE OF LIPSCHITZIAN SOLUTION
OF NON-LINEAR FUNCTIONAL EQUATION
ON AN ARBITRARY FUNCTION

Abstract. We shall deal with the existence and dependence on an arbitra-
ry function of solutions of the functional equation

() <pUR)) = 9(x, tp(x))

in she class of functions fulfilling a Lipschitz condition.

Let f, g be given real valued functions of real variables defined
(resp.) in an interval I, and a region | X R, and let <p: | “mR be an un-
known function. The functions /, g are subjected to the following condi-
tions:

(i) / is continuous and strictly increasing in the interval | = [0, o],
0O<a<oo. Moreover 0< f(x) < x in (0, a].

(ii) g is defined in a region | X R.

Hypothesis (i) implies that f(0) —O,f(li)d h for every interval d I,
such that Oeli and lim fAx) —O0 for every xel (cf. [1], p. 20). Here

Sn denotes the n-th iteration of the function /. The symbol Lip(l) denotes
the set of all functions of real variable fulfilling a Lipschitz condition
in the interval 1. We adopt the following convention

k =l
JT a4= 0, k =0,1,...
i=k
Let It = (f+l@»>f(a)l for i> 0, 10= [/(a), a]; then Q It= (0, a].
LEMMA. Let g»i: I*-> J? be given functions such that
\<Pi(x)—"i(x)| x\ for x,xe li,i —0,1,...
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Suppose that vt® v< oo, i= 0,1 ,and the function F :(0,a] R gi-
ven by the formula F(x) = <pi(x), xe It, i ~ 0,1,... is correctly define<€
and continuous. Then

|LFO)—F(x)| » vix—x| for x, x e (0, a].

Moreover, if we put F(0): = lim F(x) then the latter condition holds:
for all x, x e [0, a]. r O+

THEOREM. If hypotheses (i), (ii) are fulfilled and there exist posi-
tive numbers I, k, s such that

) \g(x, y)—a(x, y) < k\x-x\+N\y-y\, x,xg 1, y,yeR,
3) [/-i(x)-/1-Ax)Ks|x-x]|, x,x e [0,/()],

and

@) Is< 1,

then for arbitrary function g0:>0-> R fulfilling the conditions
() Bf(a)) = g(a, $Xa)), e Lip (10

there exists exactly one function spbelonging to the class Lip(l) satisfying
equation (1) and fulfilling the condition <p{X) — 40 for xelo. Every Lip—
schizian solution ¢»of equation (1) satisfies the condition <p(0) = rj where
rj is the only solution of the equation j = gr(0, rj).

Proof. Let tooe Lip(10) be a function fulfilling the condition (5),
Hence there is a constant M > 0 such that

(6) \<PofX}—oE) < M\x—x| for x, x e 10
We define a sequence of functions {(pi), ieN, where
) cpix) = g{f~I{x), for xelt, i™1I.

Let <p(X): — (pi{X) for x e Ilt i » 0. The function " is a solution of equa-
tion (1) in (0,a] because
AV INe)} = <pkUK) = gfx, gk_i(x)) = g(x, cp(x).
x £ (0,a] k> 1
Now we shall prove that y is continuous in (0, a]. The function % is con-
tinuous in every interval (/i+1(a)>fl(a)) and we show that

©) A lim <K = vy (fi@).
i>1X-»j'(a)
For i = 1 we have
lim  cp(x) = |i21) @dx) = HXf(a)) = ofa, (@) = <p(f(@),
X -*i(a)+ x ->f(a)+
lim tpx) = lim <= lim g(f~Hx), <(_1(X)) =
X “m/(a)- x “m/(a)" X “m/(a)~

= g(a, 99(a) = p(f(a)).



Thus (8) holds for i = 1. Supposing that (8) is valid for i = n we have
toy the continuity of /-1, g that y is continuous at the point /n+l(a) In-
duction completes the proof of (8).

Induction leads to the following inequality

9) [M(X)—ip(X)| < |ks JTL1(l<)p+{lIs)im | |x —x| for x,xeli,i™0.

Indeed, for i = 0 and x, x e h we have by (6)
\p{x)-y(x) | = |<po(x)-<po(x)| < M [x-X]|.
Thus (9) holds for i =. 0. Suppose that (9) is valid for i = n. Hence, by (2),
i(3) and (7), we obtain for x, x € In+i
IM(x)—o>(X)| = [yn+i(x)—ehi(x)| =
= \9df~Hx )>Vn{f-Kx)))-g(j~\x), <p,.(I~K5))I <
< fes|x-x| + M (F-2(x ) - M(/-i(x))| <

n—%
ks+1s |ks J? (Is)p+(Is)" Afjj|x-x| = s JIT (Is)p+ (Is)n+lm ||x —X|,

and induction completes the proof of (9).

Put .
-+
Vi= ks V (Is)p+(Is)IM, for i~ O
P=0
sand
15 *M-

It follows from (4) that vt~ v, i™ 0, and from our lemma
|MX) —o?2(X)| * u|x—x| for x, x e (0, a].
Setting in (2) x = x = 0 we see that
A Iff(0,y)-fir(0,y)K%—y|.

Bv (i) we have s> 1 and I< 1 Applying Banach’ principle we obtain
the existence of exactly one point t)e R such that

VvV~ 90, y).

Define » = lim <p(X). For xe(0,a] we have <) = g(f~1Xx),
fif'Hx))) and XS+
lim Ux) = Ilim f~1(x), vif-~x = ¢(0, rjv).
lim Ux) = lim g(f~19 ) = 9(0, 1iv)
Therefore N — N\
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Now we shall prove that spdefined by the formula

[p(x), if xe(0, a]
(10) <p(x) =1 .
ifx=20

for given <o is the unique solution of equation (1). Suppose that ipi, v,
are solutions of (1) such that

~N(x), if x e tf(o), a]

(11) Vi) Vi(x), if xe(0,/(a)]
A, if x =0,
" yj3 and
(12 mix) : = gif-Hx), wtf-~x))), i = 1,2, xe (0,/(a)].

Letx€1j, j,=.1,2,... We have /-,<x) e lo and
Ne)—w™)l = IfffH®). MCRL@))—s(-1<a), %(_IM))I <

%'(fr*(‘%) WWK - < AVI(-7)-W/-j) -

It follows that y>i(x) = yjj(x) for x € I, and this completes the proof.

REFERENCES

[1] M. KUCZMA, Functional equations in a single variable, Monografie Mai 46,
PWN, Warszawa 1968.

(2] 3. MATKOWSKI, On Lipschitzian solution of a functional equation, Ann. Polon.
Math. 28 (1973), 135—139.



