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ONE-PARAMETER GENERALIZATION OF
DUAL-HYPERBOLIC JACOBSTHAL NUMBERS

Dorota Bród , Anetta Szynal-Liana, Iwona Włoch

Abstract. In this paper, we introduce one-parameter generalization of dual-
hyperbolic Jacobsthal numbers – dual-hyperbolic r-Jacobsthal numbers. We
present some properties of them, among others the Binet formula, Catalan,
Cassini, and d’Ocagne identities. Moreover, we give the generating function
and summation formula for these numbers. The presented results are a gener-
alization of the results for the dual-hyperbolic Jacobsthal numbers.

1. Introduction

A hyperbolic number is defined as h = x + yj, where x, y ∈ R and j is
a unipotent (hyperbolic) imaginary unit such that j2 = 1 and j 6= ±1. Hence,
the set of hyperbolic numbers is defined as

H = {h : h = x+ yj, x, y ∈ R, j2 = 1}.

The hyperbolic imaginary unit j was introduced by Cockle, [5, 6, 7, 8]. Hy-
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perbolic numbers are well studied in the literature, see [12]. The set of dual
numbers is defined in the following way

D = {d : d = u+ vε, u, v ∈ R, ε2 = 0, ε 6= 0}.

Dual numbers were introduced by Clifford, see [4]. Dual-hyperbolic numbers
are known generalizations of hyperbolic and dual numbers.

The set of dual-hyperbolic numbers, denoted by DH, is defined as follows

DH = {w : w = a1+a2j+(a3+a4j)ε = a1+a2j+a3ε+a4jε : a1, a2, a3, a4 ∈ R},

where the base elements (1, j, ε, jε) of dual-hyperbolic numbers correspond to
the following commutative multiplications

(1.1) j2 = 1, ε2 = (jε)2 = 0, ε(jε) = (jε)ε = 0, j(jε) = (jε)j = ε.

Let w1 = a1 + a2j + a3ε + a4jε, w2 = b1 + b2j + b3ε + b4jε be any two
dual-hyperbolic numbers. Then the equality, addition, subtraction and multi-
plication by scalar are defined in the natural way:

w1 = w2 only if a1 = b1, a2 = b2, a3 = b3, a4 = b4,

w1 + w2 = a1 + b1 + (a2 + b2)j + (a3 + b3)ε+ (a4 + b4)jε,

w1 − w2 = a1 − b1 + (a2 − b2)j + (a3 − b3)ε+ (a4 − b4)jε,

for k ∈ R, kw1 = ka1 + ka2j + ka3ε+ ka4jε.

By (1.1) we get

w1 · w2 = a1b1 + a2b2 + (a1b2 + a2b1)j + (a1b3 + a2b4 + a3b1 + a4b2)ε(1.2)

+ (a1b4 + a2b3 + a3b2 + a4b1)jε.

The dual-hyperbolic numbers form a commutative ring, a real vector space,
and an algebra. Many interesting properties of the dual-hyperbolic numbers
are given in [1].

Let Fn be the nth Fibonacci number defined recursively by Fn = Fn−1 +
Fn−2 for n ≥ 2 with the initial terms F0 = 0, F1 = 1. There are many numbers
defined by the linear recurrence relations and they are also named as numbers
of the Fibonacci type, for example, Lucas numbers, Pell numbers, Pell-Lucas
numbers, Jacobsthal numbers, Jacobsthal-Lucas numbers.
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The Jacobsthal sequence {Jn} is defined by the recurrence

Jn = Jn−1 + 2Jn−2 for n ≥ 2

with the initial conditions J0 = 0, J1 = 1. The first ten terms of the sequence
are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171. The Binet formula of this sequence has the
form

Jn =
2n − (−1)n

3
for n ≥ 0.

Many authors studied some generalizations of the recurrence of the Jacobsthal
sequence, see [9, 10]. In [2], a one-parameter generalization of the Jacobsthal
numbers was introduced. We recall this generalization.

Let n ≥ 0, r ≥ 0 be integers. The nth r-Jacobsthal number J(r, n) is
defined as follows

(1.3) J(r, n) = 2rJ(r, n− 1) + (2r + 4r)J(r, n− 2) for n ≥ 2

with J(r, 0) = 1, J(r, 1) = 1 + 2r+1. For r = 0, we have J(0, n) = Jn+2. By
(1.3) we obtain

(1.4)

J(r, 0) = 1,

J(r, 1) = 2 · 2r + 1,

J(r, 2) = 3 · 4r + 2 · 2r,
J(r, 3) = 5 · 8r + 5 · 4r + 2r,

J(r, 4) = 8 · 16r + 10 · 8r + 3 · 4r,
J(r, 5) = 13 · 32r + 20 · 16r + 9 · 8r + 4r.

In [2], it was proved that the r-Jacobsthal numbers can be used for the
counting of independent sets of special classes of graphs. We will recall some
properties of the r-Jacobsthal numbers.

Theorem 1.1 (Binet formula [2]). Let n ≥ 0, r ≥ 0 be integers. Then the
nth r-Jacobsthal number is given by

J(r, n) =

√
4 · 2r + 5 · 4r + 3 · 2r + 2

2
√
4 · 2r + 5 · 4r

λ1
n +

√
4 · 2r + 5 · 4r − 3 · 2r − 2

2
√
4 · 2r + 5 · 4r

λ2
n,

where

λ1 = 2r−1 +
1

2

√
4 · 2r + 5 · 4r, λ2 = 2r−1 − 1

2

√
4 · 2r + 5 · 4r.
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Theorem 1.2 ([2]). Let n ≥ 1, r ≥ 0 be integers. Then

n−1∑
l=0

J(r, l) =
J(r, n) + (2r + 4r)J(r, n− 1)− 2− 2r

4r + 2r+1 − 1
.

Theorem 1.3 (Cassini identity [2]). Let n ≥ 1, r ≥ 0 be integers. Then

J(r, n+ 1)J(r, n− 1)− J2(r, n) = (−1)n(2r + 1)2(2r + 4r)n−1.

Theorem 1.4 (Convolution identity [2]). Let n ≥ 1, m ≥ 2 , r ≥ 0 be
integers. Then

J(r,m+ n) = 2rJ(r,m− 1)J(r, n) + (4r + 8r)J(r,m− 2)J(r, n− 1).

Numbers of the Fibonacci type and their generalizations appear in many
subjects of mathematics. These numbers have applications also in the theory
of complex numbers and the theory of quaternions, see [16]. In [11], Horadam
defined the Fibonacci and Lucas quaternions. In [14, 15], the authors stud-
ied Jacobsthal and Pell quaternions. In [3], the dual-hyperbolic Fibonacci
and Lucas numbers were introduced. In [13], the authors investigated dual-
hyperbolic Jacobsthal and Jacobsthal-Lucas numbers. Based on these ideas,
we define and study dual-hyperbolic r-Jacobsthal numbers.

2. Dual-hyperbolic r-Jacobsthal numbers

For integers n ≥ 0, r ≥ 0, we define the nth dual-hyperbolic r-Jacobsthal
number DHJ(r, n) by the following relation

(2.1) DHJ(r, n) = J(r, n) + J(r, n+ 1)j + J(r, n+ 2)ε+ J(r, n+ 3)jε,

where J(r, n) is the nth r-Jacobsthal number.
By (1.4) and (2.1), we obtain

DHJ(r, 0) = 1 + (2r+1 + 1)j + (3 · 4r + 2r+1)ε+ (5 · 8r + 5 · 4r + 2r)jε,

DHJ(r, 1) = 2r+1 + 1 + (3 · 4r + 2r+1)j + (5 · 8r + 5 · 4r + 2r)ε

+ (8 · 16r + 10 · 8r + 3 · 4r)jε,(2.2)

DHJ(r, 2) = 3 · 4r + 2r+1 + (5 · 8r + 5 · 4r + 2r)j

+ (8 · 16r + 10 · 8r + 3 · 4r)ε+ (13 · 32r + 20 · 16r + 9 · 8r + 4r)jε.



228 Dorota Bród, Anetta Szynal-Liana, Iwona Włoch

Using the fact that J(0, n) = Jn+2, we obtain DHJ(0, n) = DHJn+2, where
DHJn is the nth dual-hyperbolic Jacobsthal number introduced in [13].

In the set C, the complex conjugate of x + yi is (x + yi)∗ = x − yi. In
DH, for a dual-hyperbolic number w = a1 + a2j + a3ε + a4jε, there are five
different conjugations (see [1, 3]).

The hyperbolic conjugation of DHJ(r, n) has the form

DHJ(r, n)∗1 = J(r, n)− J(r, n+ 1)j + J(r, n+ 2)ε− J(r, n+ 3)jε,

the dual conjugation of DHJ(r, n) has the form

DHJ(r, n)∗2 = J(r, n) + J(r, n+ 1)j − J(r, n+ 2)ε− J(r, n+ 3)jε,

the coupled conjugation of DHJ(r, n) has the form

DHJ(r, n)∗3 = J(r, n)− J(r, n+ 1)j − J(r, n+ 2)ε+ J(r, n+ 3)jε,

the dual-hyperbolic conjugation of DHJ(r, n) has the form

DHJ(r, n)∗4 = J(r, n)− J(r, n+ 1)j − 1 +
J(r, n+ 2) + J(r, n+ 3)j

J(r, n) + J(r, n+ 1)j
ε

and the anti-dual conjugation of DHJ(r, n) has the form

DHJ(r, n)∗5 = J(r, n+ 2) + J(r, n+ 3)j − J(r, n)ε+ J(r, n+ 1)jε.

In C, the modulus of x+ yi is |x+ yi| =
√

(x+ yi)(x+ yi)∗ =
√
x2 + y2.

In DH, there are five different moduli. Now we give the values of the squares
of these modules:(

NDHJ(r,n)∗1
)2

= DHJ(r, n) · DHJ(r, n)∗1

= J2(r, n)− J2(r, n+ 1) + 2[J(r, n)J(r, n+ 2)

− J(r, n+ 1)J(r, n+ 3)]ε,(
NDHJ(r,n)∗2

)2
= DHJ(r, n) · DHJ(r, n)∗2

= J2(r, n) + J2(r, n+ 1) + 2J(r, n)J(r, n+ 1)j,(
NDHJ(r,n)∗3

)2
= DHJ(r, n) · DHJ(r, n)∗3

= J2(r, n)− J2(r, n+ 1) + 2[J(r, n)J(r, n+ 3)

− J(r, n+ 1)J(r, n+ 2)]jε,
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NDHJ(r,n)∗4

)2
= DHJ(r, n) · DHJ(r, n)∗4

= J2(r, n)− J2(r, n+ 1)− DHJ(r, n)

+ [J(r, n)J(r, n+ 2)− J(r, n+ 1)J(r, n+ 3)

+ J(r, n+ 2)]ε+ [J(r, n)J(r, n+ 3)

− J(r, n+ 1)J(r, n+ 2) + J(r, n+ 3)]jε,(
NDHJ(r,n)∗5

)2
= DHJ(r, n) · DHJ(r, n)∗5

= J(r, n)J(r, n+ 2) + J(r, n+ 1)J(r, n+ 3)

+ [J(r, n)J(r, n+ 3) + J(r, n+ 1)J(r, n+ 2)]j

+ [−J2(r, n) + J2(r, n+ 1) + J2(r, n+ 2) + J2(r, n+ 3)]ε

+ 2J(r, n+ 2)J(r, n+ 3)jε.

By the definition of the dual-hyperbolic r-Jacobsthal numbers, we get the
following recurrence relations.

Proposition 2.1. Let n ≥ 2, r ≥ 0 be integers. Then

DHJ(r, n) = 2rDHJ(r, n− 1) + (2r + 4r)DHJ(r, n− 2)

where DHJ(r, 0), DHJ(r, 1) are given by (2.2).

Theorem 2.2. Let n ≥ 0, r ≥ 0 be integers. Then

DHJ(r, n)− jDHJ(r, n+ 1)− εDHJ(r, n+ 2)− jεDHJ(r, n+ 3)

= J(r, n)− J(r, n+ 2)− 2(J(r, n+ 3)j + J(r, n+ 4))ε.

Proof. By simple calculations, we get

DHJ(r, n)− jDHJ(r, n+ 1)− εDHJ(r, n+ 2)− jεDHJ(r, n+ 3)

= J(r, n) + J(r, n+ 1)j + J(r, n+ 2)ε+ J(r, n+ 3)jε

− j (J(r, n+ 1) + J(r, n+ 2)j + J(r, n+ 3)ε+ J(r, n+ 4)jε)

− ε (J(r, n+ 2) + J(r, n+ 3)j + J(r, n+ 4)ε+ J(r, n+ 5)jε)

− jε (J(r, n+ 3) + J(r, n+ 4)j + J(r, n+ 5)ε+ J(r, n+ 6)jε)
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= J(r, n) + J(r, n+ 1)j + J(r, n+ 2)ε+ J(r, n+ 3)jε

− J(r, n+ 1)j − J(r, n+ 2)− J(r, n+ 3)jε− J(r, n+ 4)ε

− J(r, n+ 2)ε− J(r, n+ 3)jε− J(r, n+ 3)jε− J(r, n+ 4)ε

= J(r, n)− J(r, n+ 2)− 2(J(r, n+ 3)j + J(r, n+ 4))ε. �

Now, we will present the Binet formula for the dual-hyperbolic r-Jacobsthal
numbers.

Theorem 2.3 (Binet formula for dual-hyperbolic r-Jacobsthal numbers).
Let n ≥ 0, r ≥ 0 be integers. Then

(2.3) DHJ(r, n) = C1αα
n + C2ββ

n,

where

α = 2r−1 +
1

2

√
4 · 2r + 5 · 4r, β = 2r−1 − 1

2

√
4 · 2r + 5 · 4r,

α = 1 + αj + α2ε+ α3jε, β = 1 + βj + β2ε+ β3jε,

C1 =

√
4 · 2r + 5 · 4r + 3 · 2r + 2

2
√
4 · 2r + 5 · 4r

, C2 =

√
4 · 2r + 5 · 4r − 3 · 2r − 2

2
√
4 · 2r + 5 · 4r

.

Proof. By the Binet formula for the r-Jacobsthal numbers, we obtain

DHJ(r, n) = J(r, n) + J(r, n+ 1)j + J(r, n+ 2)ε+ J(r, n+ 3)jε

= C1α
n + C2β

n + (C1α
n+1 + C2β

n+1)j

+ (C1α
n+2 + C2β

n+2)ε+ (C1α
n+3 + C2β

n+3)jε

= C1α
n
(
1 + αj + α2ε+ α3jε

)
+ C2β

n
(
1 + βj + β2ε+ β3jε

)
= C1αα

n + C2ββ
n. �

Corollary 2.4. (Binet formula for dual-hyperbolic Jacobsthal numbers)
Let n ≥ 0 be an integer. Then

DHJn =
1

3

[
2n(1 + 2j + 4ε+ 8jε)− (−1)n(1− j + ε− jε)

]
.
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Proof. By formula (2.3), for r = 0, we have C1 = 4
3 , C2 = −1

3 , α = 2,
β = −1, and

DHJ(0, n) =
4

3
· 2n(1 + 2j + 4ε+ 8jε)− 1

3
(−1)n(1− j + ε− jε)

=
1

3
· 2n+2(1 + 2j + 4ε+ 8jε)− 1

3
(−1)n+2(1− j + ε− jε)

= DHJn+2. �

The Binet formula (2.3) can be used for proving some identities for the
dual-hyperbolic r-Jacobsthal numbers. We will need the following lemma.

Lemma 2.5. Let

α = 2r−1 +
1

2

√
4 · 2r + 5 · 4r, β = 2r−1 − 1

2

√
4 · 2r + 5 · 4r,

α = 1 + αj + α2ε+ α3jε, β = 1 + βj + β2ε+ β3jε.

Then

αβ = βα = 1− 4r − 2r + 2rj + (4r + 2r+1 − 5 · 8r − 3 · 16r)ε(2.4)

+ (3 · 8r + 2 · 4r)jε.

Proof. By simple calculations, we get

αβ = 1 + αβ + (α+ β)j + (α2 + β2)(1 + αβ)ε

+ (α3 + β3 + αβ(α+ β))jε.

Using the equalities

α+ β = 2r,

α− β =
√
4 · 2r + 5 · 4r,

αβ = −(4r + 2r),

α2 + β2 = (α+ β)2 − 2αβ = 3 · 4r + 2r+1,

α3 + β3 = (α+ β)3 − 3αβ(α+ β) = 4 · 8r + 3 · 4r,

we get the result. �
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3. Some identities for the dual-hyperbolic r-Jacobsthal numbers

In this section, we give some identities such as Catalan, Cassini, and
d’Ocagne identities for the dual-hyperbolic r-Jacobsthal numbers.

Theorem 3.1 (Catalan identity for dual-hyperbolic r-Jacobsthal num-
bers). Let n ≥ 0, m ≥ 0, r ≥ 0 be integers such that n ≥ m. Then

(DHJ(r, n))2 − DHJ(r, n−m) · DHJ(r, n+m)

= −(−4r − 2r)n(1 + 2r)2

4 · 2r + 5 · 4r
αβ

(
2−

(α
β

)m
−
(β
α

)m)
,

where αβ is given by (2.4).

Proof. By formula (2.3), we get

(DHJ(r, n))2 − DHJ(r, n−m) · DHJ(r, n+m)

= (C1αα
n + C2ββ

n)(C1αα
n + C2ββ

n)

− (C1αα
n−m + C2ββ

n−m)(C1αα
n+m + C2ββ

n+m)

= 2C1C2αβ(αβ)
n − C1C2αβα

n+mβn−m − C1C2αβα
n−mβn+m

= C1C2αβ(αβ)
n

(
2−

(α
β

)m
−
(β
α

)m)
.

Using the fact that αβ = −(4r + 2r), we obtain

(DHJ(r, n))2 − DHJ(r, n−m) · DHJ(r, n+m)

= C1C2(−4r − 2r)nαβ

(
2− (

α

β
)m − (

β

α
)m
)
,

where

C1C2 = − (1 + 2r)2

4 · 2r + 5 · 4r

and αβ is given by (2.4). �
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For m = 1, we obtain Cassini identity for the dual-hyperbolic r-Jacobsthal
numbers.

Corollary 3.2 (Cassini identity for dual-hyperbolic r-Jacobsthal num-
bers). Let n ≥ 1, r ≥ 0 be integers. Then

(DHJ(r, n))2 − DHJ(r, n− 1) · DHJ(r, n+ 1) = (−4r − 2r)n−1(1 + 2r)2αβ.

Proof. By simple calculations we have

(DHJ(r, n))2 − DHJ(r, n− 1) · DHJ(r, n+ 1)

= −C1C2αβ(αβ)
n−1(α− β)2.

Using the fact that α − β =
√
4 · 2r + 5 · 4r, αβ = −(4r + 2r), and C1C2 =

− (1+2r)2

4·2r+5·4r , we get the result. �

In particular, by Theorem 3.1, we obtain the following formulas for the
dual-hyperbolic Jacobsthal numbers.

Corollary 3.3 (Catalan identity for dual-hyperbolic Jacobsthal num-
bers). Let n ≥ 0, m ≥ 0 be integers such that n ≥ m. Then

(DHJn)2−DHJn−m ·DHJn+m =
4

9
(−2)n−m ((−2)m − 1))

2
(−1+j−5ε+5jε).

Corollary 3.4 (Cassini identity for dual-hyperbolic Jacobsthal num-
bers). Let n ≥ 1 be an integer. Then

(DHJn)2 − DHJn−1 · DHJn+1 = 4(−2)n−1(−1 + j − 5ε+ 5jε).

Theorem 3.5 (d’Ocagne identity for dual-hyperbolic r-Jacobsthal num-
bers). Let n ≥ 0, m ≥ 0, r ≥ 0 be integers such that n ≥ m. Then

DHJ(r, n) · DHJ(r,m+ 1)− DHJ(r, n+ 1) · DHJ(r,m)

=
(1 + 2r)2

√
4 · 2r + 5 · 4r

4 · 2r + 5 · 4r
(−4r − 2r)mαβ

(
αn−m − βn−m

)
,

where αβ is given by (2.4).
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Proof. By formula (2.3), we get

DHJ(r, n) · DHJ(r,m+ 1)− DHJ(r, n+ 1) · DHJ(r,m)

= (C1αα
n + C2ββ

n)(C1αα
m+1 + C2ββ

m+1)

− (C1αα
n+1 + C2ββ

n+1)(C1αα
m + C2ββ

m)

= C1C2αβ
(
αm+1βn + αnβm+1 − αmβn+1 − αn+1βm

)
= C1C2αβ(αβ)

m(αβn−m + αn−mβ − βn−m+1 − αn−m+1)

= C1C2(β − α)(αβ)mαβ
(
αn−m − βn−m

)
=

(1 + 2r)2
√
4 · 2r + 5 · 4r

4 · 2r + 5 · 4r
(−4r − 2r)mαβ

(
αn−m − βn−m

)
. �

Corollary 3.6 (d’Ocagne identity for dual-hyperbolic Jacobsthal num-
bers). Let n ≥ 0, m ≥ 0 be integers such that n ≥ m. Then

DHJn · DHJm+1 − DHJn+1 · DHJm

=
4

3
(−2)m

(
2n−m − (−1)n−m

)
(−1 + j − 5ε+ 5jε).

The next theorem gives the convolution identity for the dual-hyperbolic
r-Jacobsthal numbers.

Theorem 3.7. Let m ≥ 2, n ≥ 1, r ≥ 0 be integers. Then

2DHJ(r,m+ n) = 2rDHJ(r,m− 1) · DHJ(r, n)

+ (4r + 8r)DHJ(r,m− 2) · DHJ(r, n− 1) + J(r,m+ n)

− J(r,m+ n+ 2)− 2J(r,m+ n+ 4)ε− 2J(r,m+ n+ 3)jε.

Proof. By simple calculations, using (1.2), we have

DHJ(r,m− 1) · DHJ(r, n)

= J(r,m− 1)J(r, n) + J(r,m− 1)J(r, n+ 1)j

+ J(r,m− 1)J(r, n+ 2)ε+ J(r,m− 1)J(r, n+ 3)jε

+ J(r,m)J(r, n)j + J(r,m)J(r, n+ 1) + J(r,m)J(r, n+ 2)jε

+ J(r,m)J(r, n+ 3)ε+ J(r,m+ 1)J(r, n)ε+ J(r,m+ 1)J(r, n+ 1)jε

+ J(r,m+ 2)J(r, n)jε+ J(r,m+ 2)J(r, n+ 1)ε.
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Moreover,

DHJ(r,m− 2) · DHJ(r, n− 1)

= J(r,m− 2)J(r, n− 1) + J(r,m− 2)J(r, n)j

+ J(r,m− 2)J(r, n+ 1)ε+ J(r,m− 2)J(r, n+ 2)jε

+ J(r,m− 1)J(r, n− 1)j + J(r,m− 1)J(r, n)

+ J(r,m− 1)J(r, n+ 1)jε+ J(r,m− 1)J(r, n+ 2)ε

+ J(r,m)J(r, n− 1)ε+ J(r,m)J(r, n)jε

+ J(r,m+ 1)J(r, n− 1)jε+ J(r,m+ 1)J(r, n)ε.

Let A = 2r, B = 4r + 8r. Then

A · DHJ(r,m− 1) · DHJ(r, n) +B · DHJ(r,m− 2) · DHJ(r, n− 1)

= AJ(r,m− 1)J(r, n) +B J(r,m− 2)J(r, n− 1)

+ [AJ(r,m− 1)J(r, n+ 1) +B J(r,m− 2)J(r, n)

+AJ(r,m)J(r, n) +B J(r,m− 1)J(r, n− 1)]j

+ [AJ(r,m− 1)J(r, n+ 2) +B J(r,m− 2)J(r, n+ 1)

+AJ(r,m+ 1)J(r, n) +B J(r,m)J(r, n− 1)]ε

+ [AJ(r,m− 1)J(r, n+ 3) +B J(r,m− 2)J(r, n+ 2)

+AJ(r,m)J(r, n+ 2) +B J(r,m− 1)J(r, n+ 1)]jε

+AJ(r,m)J(r, n+ 1) +B J(r,m− 1)J(r, n)

+ [AJ(r,m)J(r, n+ 3) +B J(r,m− 1)J(r, n+ 2)

+AJ(r,m+ 2)J(r, n+ 1) +B J(r,m+ 1)J(r, n)]ε

+ [AJ(r,m+ 1)J(r, n+ 1) +B J(r,m)J(r, n)

+AJ(r,m+ 2)J(r, n) +B J(r,m+ 1)J(r, n− 1)]jε.

Using Theorem 1.4, we get

2rDHJ(r,m− 1) · DHJ(r, n) + (4r + 8r)DHJ(r,m− 2) · DHJ(r, n− 1)

= J(r,m+ n) + 2[J(r,m+ n+ 1)j + J(r,m+ n+ 2)ε
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+ J(r,m+ n+ 3)jε] + J(r,m+ n+ 2)

+ 2J(r,m+ n+ 4)ε+ 2J(r,m+ n+ 3)jε

= 2DHJ(r,m+ n)− J(r,m+ n) + J(r,m+ n+ 2)

+ 2J(r,m+ n+ 4)ε+ 2J(r,m+ n+ 3)jε.

Hence we get the result. �

Now, we give a summation formula for the dual-hyperbolic r-Jacobsthal
numbers.

Theorem 3.8. Let n ≥ 1, r ≥ 0 be integers. Then

n∑
l=0

DHJ(r, l) =
1

4r + 2r+1 − 1
[DHJ(r, n+ 1) + (2r + 4r)DHJ(r, n)

− (1 + j + ε+ jε)(2 + 2r)]

− j − (2 + 2r+1)ε− (2r+2 + 3 · 4r + 2)jε.

Proof. Using Theorem 1.2, we get

n∑
l=0

DHJ(r, l) =
n∑

l=0

(J(r, l) + J(r, l + 1)j + J(r, l + 2)ε+ J(r, l + 3)jε)

=

n∑
l=0

J(r, l) +

n∑
l=0

J(r, l + 1)j

+

n∑
l=0

J(r, l + 2)ε+

n∑
l=0

J(r, l + 3)jε

=
1

4r + 2r+1 − 1
[J(r, n+ 1) + (2r + 4r)J(r, n)− 2− 2r

+ (J(r, n+ 2) + (2r + 4r)J(r, n+ 1)− 2− 2r)j

+ (J(r, n+ 3) + (2r + 4r)J(r, n+ 2)− 2− 2r)ε

+ (J(r, n+ 4) + (2r + 4r)J(r, n+ 3)− 2− 2r)jε]− J(r, 0)j

− (J(r, 0) + J(r, 1))ε− (J(r, 0) + J(r, 1) + J(r, 2))jε.
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By simple calculations, we obtain

n∑
l=0

DHJ(r, l) =
1

4r + 2r+1 − 1
[J(r, n+ 1) + J(r, n+ 2)j

+ J(r, n+ 3)ε+ J(r, n+ 4)jε

+ (2r + 4r)(J(r, n) + J(r, n+ 1)j + J(r, n+ 2)ε+ J(r, n+ 3)jε)

− (2 + 2r)(1 + j + ε+ jε)]− j − (2r+1 + 2)ε− (2r+2 + 3 · 4r + 2)jε

=
DHJ(r, n+ 1) + (2r + 4r)DHJ(r, n)− (1 + j + ε+ jε)(2 + 2r)

4r + 2r+1 − 1

− j − (2 + 2r+1)ε− (2r+2 + 3 · 4r + 2)jε. �

At the end, we give the generating function for the dual-hyperbolic r-
Jacobsthal numbers. We recall the result for the r-Jacobsthal sequence.

Theorem 3.9 ([2]). The generating function of the sequence of r-Jacobsthal
numbers has the following form

f(t) =
1 + (1 + 2r)t

1− 2rt− (2r + 4r)t2
.

Theorem 3.10. The generating function for the dual-hyperbolic r-Jacobsthal
numbers has the following form

g(t) =
DHJ(r, 0) + (DHJ(r, 1)− 2rDHJ(r, 0))t

1− 2rt− (2r + 4r)t2
.

Proof. Let

g(t) = DHJ(r, 0) + DHJ(r, 1)t+ DHJ(r, 2)t2 + · · ·+ DHJ(r, n)tn + · · ·

be the generating function of the dual-hyperbolic r-Jacobsthal numbers. Then

2rtg(t) = 2rDHJ(r, 0)t+ 2rDHJ(r, 1)t2 + 2rDHJ(r, 2)t3

+ · · ·+ 2rDHJ(r, n− 1)tn + · · · ,

(2r + 4r)t2g(t) = (2r + 4r)DHJ(r, 0)t2 + (2r + 4r)DHJ(r, 1)t3

+ (2r + 4r)DHJ(r, 2)t4 + · · ·

+ (2r + 4r)DHJ(r, n− 2)tn + · · · .
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By Proposition 2.1, we get

g(t)− 2rtg(t)− (2r + 4r)t2g(t)

= DHJ(r, 0) + (DHJ(r, 1)− 2rDHJ(r, 0))t

+ (DHJ(r, 2)− 2rDHJ(r, 1)− (2r + 4r)DHJ(r, 0))t2 + · · ·

= DHJ(r, 0) + (DHJ(r, 1)− 2rDHJ(r, 0))t.

Thus

g(t) =
DHJ(r, 0) + (DHJ(r, 1)− 2rDHJ(r, 0))t

1− 2rt− (2r + 4r)t2
.

Using equality (2.2), we obtain

DHJ(r, 0) = 1 + (2r+1 + 1)j + (3 · 4r + 2r+1)ε

+ (5 · 8r + 5 · 4r + 2r)jε,

DHJ(r, 1)− 2rDHJ(r, 0) = 2r + 1 + (4r + 2r)j + (2 · 8r + 3 · 4r + 2r)ε

+ (3 · 16r + 5 · 8r + 2 · 4r)jε. �
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