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NUMERIC FEM’S SOLUTION FOR SPACE-TIME
DIFFUSION PARTIAL DIFFERENTIAL EQUATIONS
WITH CAPUTO-FABRIZION AND RIEMANN-LIOUVILLE
FRACTIONAL ORDER’S DERIVATIVES

MALIKA BOUTIBA, SELMA BAGHLI-BENDIMERAD 2, MICHAL FECKAN

Abstract. In this paper, we use the finite element method to solve the frac-
tional space-time diffusion equation over finite fields. This equation is obtained
from the standard diffusion equation by replacing the first temporal derivative
with the new fractional derivative recently introduced by Caputo and Fab-
rizion and the second spatial derivative with the Riemann—Liouville fractional
derivative. The existence and uniqueness of the numerical solution and the
result of error estimation are given. Numerical examples are used to support
the theoretical results.

1. Introduction

In this paper, we consider the space-time fractional diffusion equation of

the form

(1.1)
SEDgu(z, t) =5 DY Pu(s,t) + f(2.1), (2,1) € [0,T] x [0,1] = @ x I,
'U,(LII',O) = UO(JJ), T €,
u(0,t) = u(1,t) =0, tel
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where §F D¢u(z,t) presents the Caputo Fabrizio fractional derivative of or-
der 0 < a < 1 with respect to the time variable and **D1*Pu(z,t) is the
Riemann—Liouville fractional derivative where 0 < 8 < 1 with respect to the
space. f: 2 x I — R and ug: Q — R are given functions.

Fraction theory is of great interest to researchers because of its practical
applications in various scientific and engineering fields such as physics, chem-
istry, economics, electrodynamics, and biology. Although fractional calculus
dates back three centuries, its study is being developed and researched, in-
troducing many definitions of fractional integrals and derivatives, and various
numerical methods for solving fractional partial differential equations [3]-[5],
7, 8], [11] and [12].

However, the reference to numerical and analytical methods for fractional
space-time derivatives of partial differential equations is not as good as that
for partial differential equations with only fractional derivatives. In [10], Meer-
schaert and Tadjeran gave a finite-difference approximation to solve the spa-
tial fractional diffuse advection equation using the Riemann—Liouville frac-
tion derivation. Hejazi et al. in [4] proposed a finite volume method to solve
the fractional space-time derivatives on both sides of the diffusion advection
equation. Li and Xu in [§] proposed a finite-difference spectral approximation
method for the time-fractional derivation of the diffusion equation. A numer-
ical approximation is given for nonlinear fractional differential equations by
Li et al. in [6].

Recently, Caputo and Fabrizio introduced a new definition of nonsingular
kernel fractional derivatives, which assumes two different representations for
temporal and spatial variables (see [2]).

The purpose of this paper is to propose a finite element method for solv-
ing the space-time fractional reaction-diffusion equation. The existence and
uniqueness of the solution and the resulting error estimate are given here. This
work is organized as follows. In Section [2] prior knowledge about fractional
derivatives and fractional derivative spaces is introduced. Semi-discretization
is given in Section [3] Error estimates for the finite element scheme are ob-
tained in Section [l To demonstrate the validity of the theoretical results,
numerical examples are given in Section

2. Fractional derivatives and fractional spaces

2.1. Fractional derivatives

In this subsection, we introduce some definitions of fractional derivatives
that will be used later in this paper.
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First, we recall the usual fractional Caputo derivative of order «, given by:

1 t
C na a, /!

D = — 1
o Difu(x,t) gl >/a(t s) ' (z,s)ds, 0<a<l, a>0

where I'(z) = f0+oo 2" le~®dx is Euler’s gamma function.
By replacing the kernel function (¢ — s)~“ with the new kernel function

t—s 1
11—« I'(l—a)

ization function, so M (0) = M (1) = 1, Caputo and Fabrizio gave the following
new definition of fractional time derivatives.

exp [—oz and the coefficients with (a) where M («) is a normal-

DEFINITION 2.1 (2]). Let uw € H'(a,b), b > a, a € (0,1). Then the new
fractional Caputo derivative is defined as follows

Do, t) = i”La) /at exp {_O‘(t;s)} (@, 5)ds.

—« 1

If the function u ¢ H'(a,b), then the fractional derivative can be defined as

Diu(z,t) = ]1\/[_(02 exp [_?(i;s)] (u(z,t) —u(zx,s)) ds.

DEFINITION 2.2 ([I]). Losada and Nieto proposed that the new Caputo
fractional derivatives of order 0 < a < 1 can be expressed as follows

t

Du(z,t) = 1 exp {_O‘(t_s)

1—«

/
"o } u'(z, s)ds.

In this paper, for time variables, we will use the new smooth kernel frac-
tional derivative defined by Caputo and Fabrizio in the two definitions above,
and for space variables, we will use the usual Riemann—Liouville fractional
derivative defined by

DEFINITION 2.3. The left and right fractional Riemann—Liouville deriva-
tives of order « are given as

Rl na n a—1
D t t)d
a IU(JE, ) n — a dLL'n / ( u(777 ) U

“ (e = o | b(n—%)”‘“‘luw )
@ T I'(n—a)dz™ /, ’

where n —1 <a <n &€ Nand z € [a,b)].



Numeric FEM’s solution for space-time diffusion partial differential equations... 207

2.2. Fractional spaces

In this subsection, we will introduce the fractional spaces with some im-
portant properties concerning the space fractional diffusion operator D5,
We are going to use the notation D¢ for convenience.

First we give some notations that will be used: (-,-) is the inner product
in L3(Q), |||l ;» denotes the LP(2) norm and for the special cases L?*(2) and
L>(€) norms are denoted by ||-|| and ||-||, respectively.

For the Sobolev spaces H*(Q) the norm is denoted by ey or [+l
when u(x,t) is defined on the entire time interval (0,7), we define

[ull oo (mrr )y = sup_[lu(, )], -
0<t<T

DEFINITION 2.4. Let o > 0, define the following semi-norms and norms
of the left (J5'), the right (J§) and the symmetric (J§) fractional derivatives
spaces on bounded domain 2 as follows

' 2 2 2
(2.1) ’U‘Jg(ﬂ) =D UHL?(Q)a ”UHJg(Q) = H”HL2(Q) JFP‘“’Jg(Q)’

ax 2 2 2
(2.2) |uljaiq) = 1D ull L2 [ull7e @) = lullze@) + 1 lulja)

a ax 2 2 2
(2.3) |“‘Jg(§z) = [[(D%u, D )||L2(Q)7 ”UHJg(Q) = ||u||L2(Q) +p|U|Jg(Q)

where p will be defined later in the next section.

DEFINITION 2.5. We define the norm of fractional Sobolev spaces H(R)
for a > 0 as follows

o a 2 2 2
‘U‘HQ(R) = |||w] U‘HLQ(R)7 HUHHQ(R) = HU’HL2(R) +p‘u‘HO‘(R)'

Denote H*(R) as the closure of C*°(R) with respect to the norm [[.[| g g)-
Now, for a bounded domain €2, we define the fractional Sobolev space H*(2) by

H*(Q) = {v e L*(Q), 35 € H*(R) such that 9|q = v}
equipped with the norm

v = inf v .
ol =y inf il
LEMMA 2.1. Fora > 0,a #n—1/2 andn € N, the spaces J3(2), J3(2),
J$(QY) and H*(Q) are equal in the sense that their semi-norms and norms
are equivalent.
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LEMMA 2.2. Fora > 0,a#n—1/2 andn € N, the spaces J3(2), J3(2),
J3(Q) and H*(Y) denote the closure of C*°() under their respect norms.

LEMMA 2.3. For a > 0,a # n—1/2 and n € N, the spaces Jg ,(1),
J50(), J§(Q) and H§(S2) denote the closure of C§°(S2) under their respect

norms.

In this paper, we use H§ to denote the fractional derivative space equipped
with the norm ||-||, which can be any one of the norms given in Definition

Let us denote X = H[gl+/3)/2(Q) and its dual by X* = HO_(HB)/2(Q) with
the norm |[.[|_ 1, gy o-

The following properties are useful for the theoretical analysis of finite
elements. There exist constants Cy, Co > 0 such that for u,v € X, 1/2<a<1,
we have

(2.4) —(D**u,v) = —(D%u, D**v) < Oy ||ul|, |||, (continuity on X x X),
(2.5) —(D**u,u) = —(D%u, D**u) > Cy ||u||i (ceercivity on X).

LEMMA 2.4 (Fractional Poincaré—Friedrichs Inequality). Let Q@ C R be
a bounded domain, then there exists a positive constant C' such that we have

||u||L2(Q) <C H“HHg(Q)

for u e H§(Q) and for 0 < s < a we have

HUHHg(Q) <C HUHHg(Q) :

3. Time discretization

In this section, we will consider the time discretization of the prob-

lem and present the variational formulation of the semi-discrete scheme.

First, we are going to use the finite difference approximation to discrete

the time-fractional derivative for 0 < a < 1. Let At = T/N be the time
mesh-size, t,, = nAt forn=0,..., N.
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To motivate the construction of the scheme, we use the following formu-
lation: for all 0 < n < N — 1, we have

1 tn+1 —a(ty o
OCFD?U(%%H) T 1 a/o exp [W] u'(z,s)ds

1 . s —()é(tn+1 - S) u(x7tk+1) — U,(JZ‘, tk) n+1
_1—az/ exp[ l-« At ds+ 74

k=0"1

1 . U($7 tnfk,‘#*l) - U(.’L’, tnfk:) tet —Qas _A,_l
= d n
o ,;) AL . exp 1—a S+ Tp

1 " (@t k) — w(T, ty k) —aty, —atpyq n+1
_akz:% At exp 11—« xp 11— T

_ 1 z w(z, tyy1—k) — w(@, ty_) (exp [—ak‘At} exp [—a(k: + 1)At}>
s At — o 11—«

+ 7“"“.

For the sake of simplification, let us introduce the notation

1—

—akA — HA
By = exp [ ak t] — exp [a(f+a) t]

and define the discrete fractional operator P by

xtn —u(x,ty—
Pfu(x,tpy) = ZBk +1- k)At ( k)
ey

Then we have
SEDu(z, tyi1) = PPu(a, tyyr) + it

where TZJ{I is the truncation error defined by

n te+1 _ _
rar = Z [/ exp [a(inﬂa S)] u'(z, 8)ds

Mot =ula ) [ o]
At e 11—«
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and X! is estimated, see [9], by
P& < Cualrt?.

The problem (|1.1)) can be transformed into a semi-discrete variational
problem, which is given for u"*!(z) the approximation of u(z,t,) by:
Find u"*! € X forn =0,1,--- , N — 1 such that
(Pruntt o) + (L DSun*t Vo) = (f*+,v) Vo e X.

n+1

After some adjustment, we have the iterative solution u in the following

form : Vv € X
(un—i-l’ U) _’_p((l)%ngun—i-l’ VU) =A Z (Bk - Bk-‘rl) (un—k’ 1})
k=0

+ ABn(uoa U) +p(fn+lv U)

where A = B%) and p = aAAt.

4. Full discretization: Finite element approximation

In this section, we will give the full discrete schemes, examine the exis-
tence and uniqueness of the variational solution and finally present the error
estimate.

Let S} denote a uniform partition of 2 which is given by

O=xo<m < - <zxp1<zym=1L
where m is a positive integer.
Let h = L/m = x; — x;—1 and ; = [z;—1,2;) for i = 1,--- ,m. Define
the space X, as the set of piecewise polynomials of order r, (r € N) on the

mesh Sy:

Xp={v:v

0, € P(Q),v € C(Q)}.
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Let UZ—H be the finite element solution at ¢t = ¢,,4+1 of the problem 1 ,
then we derive the full discrete scheme for 0 < a < 1, Vv € X}, by

n

(4.1) (up ™, 0) + (' Dup ™, Vo) —AZ (Bk = Brs1) (u ", v)

+ AB, (u’,v) + p(f* T, v).

LeMMA 4.1 (Existence and uniqueness of the solution). For a small step
size At > 0, there exists a unique solution u”+1 satisfying .
Furthermore, if uZ“ is a solution, then

n+1 7
I e <E |y
PROOF. Since X}, is a subset of X the existence and uniqueness of the
solution is assured by the well-known Lax—Milgram Lemma.
It consists of proving the ccercivity and continuity of the bilinear form A
given by
Alu,v) = (g 0) + p(" DYup ™, Vo)

and the continuity of the linear form F given by F(v) = (f,v) where
F=2Y" (B — Busr) (w0, 0) + AB, (1, 0) + p( £+, ).
k=0

1. The ceercivity of A: Using and , we get for any u} T € Hé1+ﬁ)/2
A ) = ) + pE D, V)
_ ||uh+1||L2 (é{lD;(f“)/QUZH’ (IJ%ZDO[E(BH)/?]*UZH)
- ||“h+1||L2 p |u2+1|iéﬁf+l)/2
S

We get by Lemma [2.1] to Lemma [2.4]

A(uzﬂv ZH) >y ||U i ||H(1+ﬁ)/2 >0 H“ +1|| (1+8)/2"

Then A is coercive.
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2. The continuity of A: Using (2.4), for any uZH v E H(Hﬂ

A(u”+1 v) = (u} ) —l—p(RlDﬁ ntl Vo)

= (™, 0) + (U DPF D 2t JDIG/A )
_ / [+ (2)o(2)|de
Q
+p/9| REDPHI/2y 0 () BEDIATD/2 () |di,

We get by Cauchy—Schwarz inequality

1/2 1/2
A(u) ™ v) (/ lup ™ (2)] dw) </ |v(x)\2dx)
Q
) 1/2 ) ) 1/2
+p</ (D 20t ) da:) (/ DL/ () da:)
Q Q

B plBs+D /2

42) = e e -+ DO |

On the other hand, we have

(4.3) 2]Jupt| . vz

RlD(B+1)/2 n—‘,—l‘

| & pls+1/21
Py x

’U|L2

< o 8D

‘ JrHRZD(BH)/Q n—i-l‘

2
ol

By Lemmas , , and , we obtain

A2 0) < [t o ol e +p [ # PO 2pet| | feple /e

2
v
L2

L2

< o ol s D

L2

2
RI 1 2
+pH0 DD 2yt ’LQ [ollZ2

4 p? H(])%ZDQ(UB+1)/QUZ+1) QLQ é%lD[I(ﬁJrl)/g]*v

L2
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)

< (I 2+ Db

2
L2

< HUZHHJ(HBW HUHJ(H—B)N < C3 HuhHHHuw)/z ||U||H<1+ﬁ>/2

(ol + [ DIP

1112
< CF [l iy )2 10l 2

Then,
n+1 n+1
Ay ™, 0) < Colluy™ || gy 2 19l 145y 2 -

Hence, A is continuous.

H)/2

3. The continuity of F: For any v € , we have by using the Cauchy-

Schwarz inequality

F(v)| = / |F@)o(a)|dz

2

< ( /Q |f<x>|2dx)1/2 ( / |v<:c>|2d:c)1/ — 1l ol

Using (2.1)—(2.2)) and Lemmas we get
[F(v)] <

< Ml orvrzlvll geenre < I fll-sry 2110l g2y /2-

Moreover, as f € X C X*is continuous, we can say that F'(-) is continuous
over X which completes the proof.

4. Estimates of solution u’,?fl: By ceercivity of A and continuity of F', we have:

Ch [l < Alup ot = Flup™)

ik
(148)/2
<=1y 2lur ™ a1y 2-

So, n+1
||uh ||(1+5)/2 CHf” (B+1)/

where C' = C; ' O
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4.1. The error estimate

THEOREM 4.1. Assume that the problem has a unique exact solution
u(tni1) at t = typ1 and uy € L2(I,H™Y(Q)) N L>®(I, H™™) is the finite
element solution of the problem with the initial condition u® € H™1(Q).
Suppose that uy € L*(I,L*(Q)), then we have

[ultns1) = uh ™ || (1 g)/2 < Cu [hrﬂliﬁw”“HLw(H’“H(Q)) +Ar

PROOF. Define for u*t! € &,

1 1
" =u(tyyr) —up
—=n—+1
E" =u(tng) —u™
and
En+1 — un+1 Z—i—l
So, we get

et = B 4 gt
The exact solution satisfies at t = ¢,,41 the following formula
n—1

(44)  (ultasn),0) +p (FEDRultuin), Vo) =1 3 (Br — Biyr)  (tu—s, v)
k=0

+ 7By (up,0) +p (1 0) —p (raT!,v) -

Subtracting (4.1)) from (4.4]), we get

n—1
(4.5) (e”“,v) +p ((I)%LDfe”H, Vv =r Z (Br — Bi+1) ( 7’“,1})
k=0
—p(rarv)-

n

Using e"*! = "7 4 B+ and taking v = E"*! in (4.5) vields to
("L E™) +p ((EDIE", Vo) = Z (B — Bis1) ("%, E")
k=0

(46) (B ) 4 p (§EDIETT VET) < p (kT BT
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The left-hand side of 1) is equivalent to HE”Jr1 H?l +8)/27 for the first term
on the right-hand side, we have

n—1 n—1
r Y (Bi = Biga) (e"F B <0 Y (B — Biga) [l F| | B
k=0 k=0
Then, we obtain
n— n n— n 1 — 2 n
(", ) < [len M | < e H ] e 2
Next,
(EnJrl’EnJrl) < ’EnHH B+ < = ‘ nHH +5||En+1||
where
|2"7| < en*t futa s -
Next,
RL n8" L n+1 Fntl n+1
p(§*DIE vE) <[ H(Hm/zHE laese
Zi —n+1 2 n41
< € ‘E H(1+B)/2 ”E ”(1+6)/2
where
|2 < om* el -
Finally,

POkt ) <ot 8 < 2 [l e
< C%At‘l +e BT
Now combining the above results, we have
B 1y < e 17+ B2 2 (k) 124y + 922 ulta) 24, + P20

+Ce |E"H| +e||E HH(HB)/T
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Using

1B < CHE™ | g2

we get

[ R e < eI+ 22 [02 ()12, + A1)

From the above analysis, we find that

2

n 2 n 2 —n+1
e Narmye < NE" laypyn + HE H<1+m/2
< (e F I 4 P [ )24 + A8+ 2 )12
< e+ C R a7 + A
This yields to
e R yo < N1+ € [27 ey + A8

Finally, using mathematical induction, we find the required result

Juttn) = w1} < Cu [B27 w11 ) + A O

5. Numerical example

To demonstrate the effectiveness of the theoretical result, we will carry out
a numerical example. All the numerical results in the tables are evaluated at
T =1 and we compute the errors in L? discrete norm.

§" Dgu(,t) =5 DyPu(e,t) + f(at), 0<a,B<1, (a,t)€0,1],
u(z,0) =0, ze€]l0,1],
uw(0,t) =u(1,t) =0, te]l0,1]

3 —at 6tz "
where f(z,t) = % (1 — exp [1 _aa]> - 1“(333_ 3’ so the exact solution is

given by u(x,t) = ta3.
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Set Az = 1/1000. Table |1 shows the error between the exact solution and
the numerical solution and the convergence order for o« = 0.5 and different
values of h = At and . In Table |2, we show the error and the convergence
order for v = 0.6 and different values of h and 3. Table [3|shows the error and
the convergence order for f = 0.8 and different values of h and «. Table
shows the error and the convergence order for 8 = 0.9 and different values of

h and a.
Table 1. The error and convergence order for &« = 0.5 and different values of 5 and h
h=At 8=0.3 B8=0.3 B=0.6 B8=0.6 B8=0.9 B8=0.9
error order error order error order
1/10 | 3.9352F — 3 1.5978F — 3 8.0443E — 4
1/20 | 1.8761E — 3 1.07 | 6.1251F —4 1.38 | 24171F —4 1.73
1/40 | 8.2493E — 4 1.19 2.1751E — 4 1.49 | 6.8348F — 5 1.82
1/80 | 3.4868F —4 1.24 | 74384F —5 1.55 1.8735F — 5 1.87
1/160 | 1.4451F —4 1.27 | 2.4969F — 5 1.57 | 5.0563F — 6 1.89
Table 2. The error and convergence order for &« = 0.6 and different values of 5 and h
h=At 8=0.3 B8=0.3 B=0.6 B=0.6 B8=0.9 B =0.9
error order error order error order
1/10 | 5.0343E — 3 2.0199E — 3 9.7356E — 4
1/20 | 2.1149E — 3 1.25 6.87T76E — 4 1.55 2.6629EF — 4 1.87
1/40 8.7434F — 4 1.27 2.3021F — 4 1.58 71726 — 5 1.89
1/80 | 3.5850F — 4 1.29 7.6438E — 5 1.59 1.9179FE — 5 1.90
1/160 | 1.4635F — 4 1.29 2.5282F — 5 1.60 5.1113F — 6 1.91

Table 3. The error and convergence order for 5 = 0.8 and different values of @ and h

h = At a=0.25 a=0.25 a=0.5 a=0.5 a=0."75 |a=0.75
error order error order error order
1/10 3.4389F — 4 8.0443F — 4 1.9122F — 3
1/20 | 9.5408E — 5 1.85 2.4171F — 4 1.73 | 6.7487TFE — 4 1.50
1/40 2.5710F — 5 1.89 6.8348F — 5 1.82 2.0779F — 4 1.70
1/80 | 6.8304E — 6 1.91 1.8735E — 5 1.87 | 5.9640F — 5 1.80
1/160 | 1.8024F — 6 1.92 5.0563FE — 6 1.89 1.6520F — 5 1.85

Table 4. The error and convergence

order for 8 = 0.9 and different values of « and h

h = At a=0.25 a=0.25 a=0.5 a=0.5 a=0.75 |a=0.75
1/10 | 3.7385E — 4 9.7355F — 4 3.0920F — 3
1/20 | 9.9622F — 5 1.91 2.6629F —4 | 1.87 | 8.5934F —4 1.85
1/40 2.6280F — 5 1.92 7.1726F — 5 1.89 2.3413F — 4 1.88
1/80 | 6.9047E — 6 1.93 19179EF —5| 190 |6.1368E —5 1.89
1/160 | 1.8116E — 6 1.93 51113E -6 | 1.91 1.6961F — 6 1.90
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The error of convergence E (x 10'3)

beta=0.3
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Figure 1. Errors for different values of « = 0.5 vs § = 0.8
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Figure 2. Convergence

Time mesh-size h=A(t)

orders for different values of « = 0.6 vs § = 0.9
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Matlab code: appendix

function y
clc
clear all
format long
tic
for k=1:5
alpha=0.5;
beta=0.9;
mi1=5%2"k;
nl= 1000;
E(k)=FEM2(alpha,beta,nl,ml);
end
E
for k=1:4
0(k)=1log2(E(k)/E(k+1)); % calculate the convergence order
end
0
toc
function y=FEM2(alpha,beta,nl,ml)
a=alpha;
B=beta;
n=nl; % discretization in time
tau=1/n;
t=0:tau:1; %t;
m=ml;’ discretization in space
h=1/m; % h
x=0:h:1; %x;
mO=1-exp(-a*tau/(1-a));
p=axtau/m0; 7% p

r1=p/gamma(3-B)/(h~B) ; % r_1
for i=1:m-1
for j=1:m-1
if j==i
gl(i,j)=1;

elseif j==(i-1)
gl(i,j)=2"(2-B)-3;
elseif j>i
gl(i,j)=0;
else
gl(i,j)=C(i-j,B);
end
end
end
hels
for i=1:m-1
for j=1:m-1
if j==1i
g2(i,j)=2"(2-B)-3;
elseif j==(i+1)
g2(i,j)=1;
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elseif j>(i+1)
g2(i, j)=0;
else
g2(i,j)=C(i-j+1,B);
end
end
end
%g2;
A=zeros(m-1,m-1);
for i=1:m-1
A(i,1)=2%h/3;
end
for i=2:m-1
A(i,i-1)=h/6;
A(i-1,i)=h/6;
end
%A ;
A2=A+rix(gl-g2);
UO=zeros(1,m-1);
for j=1:n
for i=1:m-1
Cl= 1/a*x(l-exp(-a*t(j+1)/(1-a)));% tn
C2=6*t(j+1) /gamma(3-B) ;
F1=Cl*p/h*(x(i+2)~5+x(i)~5-2*x(i+1)~5)/20;%
F2=p*C2/h/(3-B) / (4-B) * (x (i+2) ~ (4-B) +x (i)~ (4-B) -2*x (i+1)~ (4-B)) ;%
F(i)=F1-F2;
end
D=U0;
b0=0;
for i=1:j-1
D=D+w_k(j-i,a,tau)*U(i,:);%
b0=b0+w_k(i,a,tau) *(j-i)*tau;
end
F(m-1)=F(m-1)+(r1-h/6)*t (j+1)+h*b0/6; % add boundary condition
b=1/mO*A*D’+F’ ;
U1=A2\b;
U(j,:)=U1; WU;
end
for i=1:m-1
resultl(i)=(x(i+1)~3-U1(i))~2; %
end
result2=sqrt (sum(resultl)*h);
y=result2;
end
function y=C(x,L) %%
=-(x-2)"(2-L)+3*(x-1)~(2-L) -3*x~ (2-L) +(x+1) ~(2-L) ;
end
function y=w_k(k,a,tau) %%
= -2xexp(-axk*tau/(1-a))+exp(-ax(k-1)*tau/(1-a))...
+exp(-a*(k+1)*tau/(1-a));
end
end
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6. Conclusion

This work aims to propose the finite element method to solve the space-
time fractional diffusion equations, when we use the Caputo—Fabrizion frac-
tional derivative for the time variables and the Riemann—Liouville for the
space variables. To discredit the time fractional derivative, we use the finite
difference method, then we use the finite element method to approximate the
space fractional derivative to obtain the full discretization schema with con-
vergence order of O(At? + h?). Through numerical examples, we verified the
effectiveness of the proposed method.
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