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ON TRANSCENDENTAL ENTIRE SOLUTION OF
FERMAT-TYPE TRINOMIAL AND BINOMIAL EQUATIONS
UNDER RESTRICTED HYPER-ORDER

ABHIJIT BANERJEE*, JHUMA SARKAR

Abstract. In this paper we are focusing on finding the transcendental entire
solution of Fermat-type trinomial and binomial equations, by restricting the
hyper-order to be less than one. As the hyper-order is a crucial parameter that
characterizes the growth of entire functions, it will be interesting to investigate
this unexplored domain, as far as practible, with certain restriction on hyper
order. Our results are the improvements of previous results reported in recent
papers [12], [I3]. We have provided a series of examples to demonstrate and
validate the effectiveness of our proposed solutions.

1. Introduction

Fermat’s last theorem [16] states that for an integer n > 3, there does
not exist any non-zero rational numbers x, y such that =™ + y™ = 1. Build-
ing upon this, Gross (see, [3, [4, [5]) extended the theorem to the complex
functional field by considering entire and meromorphic functions instead of
rational numbers and investigated the existence and forms of solutions in this
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context. Since then, numerous authors have further explored this topic, fo-
cusing on Fermat-type differential, difference, and difference-differential equa-
tions. They have utilized the logarithmic derivative lemma and its difference
analogue (see, |2 [7]) to establish the existence and form of transcendental
entire and meromorphic solutions.

Before stating the main content of the paper we assume that the readers
are familiar with the Nevanlinna theory [8 9] [I8] such as T'(r, f), m(r, f),
N(r, f), N(r, %), S(r, f), ete.

For a meromorphic function f(z) in C, we know that order is defined as

p(f) = limsup log T(r, f)

)
r—soo  log T

hyper-order of f as

. log log T'(r,
polf) = hmsupw_
r—00 og r

By S(r, f) we will mean any quantity satisfying o(T'(r, f)), r — oo, outside
possibly an exceptional set of finite logarithmic measure.

In 2013 Liu-Yang [12] investigated the finite-order transcendental entire
solution of the following eqaution

(1.1) FPE?P+ 40 =1,
and established the following result.

THEOREM A ([12]). The transcendental entire solution with finite order of
the differential-difference equation (L.1|) must satisfy the following two cases:

i) if k is odd then f(z) = Fsin(Aiz + Bi) and ¢ = £ =49
() if k is odd then f(z) = Fsin(Aiz + Bi) and ¢ = 571, AF = &,

ii) if k is even then f(z) = £ cos(Aiz + Bi) and ¢ = 5 =
(ii) if ko i hen f(z) = #+cos(Aiz + Bi) and ¢ = "% AR = 41,
where B is a constant.

A

In 2013, Saleeby [14] conducted the initial investigation into the entire and
meromorphic solutions of Fermat-type quadratic trinomial equations. Actu-
ally, in the paper [14], Saleeby first studied Fermat-type trinomial equation of
the form

(1.2) F2(2) +2af(2)g(2) + ¢*(2) = 1,

and obtained the next result.
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THEOREM B ([14]). Let a® # 0,1, then the transcendental entire solution

of must be of the form

1 (cos(h(z))+sin(h(z))>’ o) = ] (cos(h(z))sm(h(z)))

f(z):ﬁ V1+ta V1-« S V2\ Vita Vi-a

where h(z) is an entire function in C™. The meromorphic solution of (1.2)
must be of the form

1 - B(2)°
(a1 —az)B(2)’

ar — azf(2)”

T~ =

9(z) =
where 5(z) is a meromorphic function in C" and

ar=—a+vVaZ-1, ay=-a—+va?-1

Saleeby’s initial work provided insights and information regarding the ex-
istence and properties of solutions to quadratic trinomial equations. Conse-
quently, it sparked significant interest among researchers and motivated fur-
ther study into different variations of Fermat-type quadratic trinomial equa-
tions. Building upon this foundation, researchers explored various aspects and
variants of Fermat-type quadratic trinomial equations. As a result, several pa-
pers have been published in the literature to expand and enhance the under-
standing of this field. Later in 2016, Liu-Yang [I3] further studied on Fermat-
type trinomial equations involving derivative and shift operator and obtained
the following results.

THeOREM C ([13]). If o # £1,0, then the equation
F2)? +2af(2)f'(2) + f'(2)* =1,
has no transcendental meromorphic solution.

THEOREM D ([13]). If a® # +1,0, then the finite order transcendental
entire solution of

() +2af(2)f(z+0)+ f2(z+c¢) =1,

must be of order equal to one.
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2. Motivation, main results and examples

In the literature on Fermat-type trinomial and binomial equations, re-
searchers have primarily focused on finding transcendental entire solutions of
the equations provided in the previous section. We refer the readers to go
through the results in [I0, 1T}, 13, 19] and the references therein to be ac-
quainted with various forms of such solutions and to acquire knowledge about
their properties.

However, it appears that most of the previous work has primarily consid-
ered solutions of finite order in the complex plane C. The case of solutions
with infinite order did not receive much attention.

In 2022 Zhang et al., [19] investigated and established the exact form
of finite order transcendental entire solutions of the following Fermat-type
trinomial equations:

F(2)? +2af (2)Acf(2) + Acf(2)” = €9,
F(z+ 0%+ 20f (z + O)Af(2) + Auf(2)? = e9P),
F1(2)2 4 2af (2)Acf(2) + Acf(2)? = €9,

where A.f(z) = f(z 4+ ¢) — f(2) and g(z) is a non-constant polynomial in C.

Inspired by the results of [I9], in this paper we aim to fill this gap by
investigating the forms of transcendental entire solution of hyper-order strictly
less than one for different variants of Fermat-type trinomial and binomial
equations. In our equations the left hand side will be more generalized than
that was considered in [19]. Actually, hyper-order is a concept that extends
the notion of order for entire functions and provides a more refined measure
of their growth. So by restricting the hyper-order to be strictly less than
one, we are literally interested in understanding the behavior of solutions
of different variants of Fermat-type trinomial and binomial equations that
exhibit higher growth than typical entire functions. This investigation can
provide valuable insights into the nature and properties of solutions with
infinite order and definitely shed light on the previously unexplored case of
solutions with hyper-order less than one to contribute a more comprehensive
understanding of Fermat-type trinomial and binomial equations.

We consider the following equations:

(21) {a1f(z) +azf(z 4 0)}?
+2a{a1 f(2) +asf(z+ ) Hbi f(2) + baf (2 4+ ) Hbi f(2) + baf(z + )} =1,
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(22) {aof™(2) + azf(z +¢)}?
+2a{ag f® (2)+as f(z+c) Hbo fF) (2)+ba f (z4€) Hbo f &) (2)+ba f (2+¢) 2 =1,

where a2 # 0,1, ag, bg, a1, ag, by, ba, ¢ are non-zero constants in C.
Henceforth, we will use the following notations

Dy = atby — brag,
where t = 0,1 and
B 1 B i Ao — 1 n 1
T o2/fita 2Vi—a 7 2/fita 2Vi-a

THEOREM 2.1. Let D # 0, a® # 0,1, ¢ # 0 be constants in C. Also let
f(2) be a non-constant transcendental entire solution of (2.1)) with p2(f) < 1.
Then f(z) has the following form

Ay

1

\/§D [(bzAl — a2A2)ei(az+b) 4 (b2A2 _ CLQAl)eii(aerb)]’
1

f(z) =

such that
(a1 A1 — b1 A2)(a1Ag — b1 Ay) = (beAg — as A1) (ba Ay — azAsg),

and

iae _ @Az —bidy e i —bids
bo Ay —az Ay’ boAs —ag Ay’

The next example justifies Theorem [2.1]

EXAMPLE 2.1. Leta=1,b=2, a=1,a1=1,a0=-2,by = -2, by = 1.
Then

1 o o
f(2) = G- (VB +i)e™ ™ — (VB —i)em 7],
is a solution of ({2.1]), where c satisfies the condition defined in Theorem

The next example shows that the condition ps(f) < 1 is sharp for Theo-
rem 211
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EXAMPLE 2.2. Let a = %, ar =1, as = =2, b1 = =2, b3 =1, c be a
ic __ As+2A
constant such that e*¢ = m. Here
1 iz —iz
f(Z) = —7[(141 + 2A2)66 —|— (Ag + 2A1)€6 ],

3v2
is not a solution of Theorem and po(f) = 1.

THEOREM 2.2. Let Dy # 0, a® # 0,1, ¢ # 0 be constants in C. Also let
f(2) be a non-constant transcendental entire solution of (2.2) with p2(f) < 1.
Then f(z) has the following form

_ 1 (bzA1- — a2A2)€i(az+b) n (ba Az - a2A1)€_i(az+b) ’
\/§D0 Zkak (_Z)kak

such that

a2k(a0A2 — boAl)(aoAl — bOAQ) = (bzAl — agAg)(bzAQ — agAl),

and

iac ikak(aoAg — boAl) —iac _ (—i)kak(aoAl — boA2)

b2A1 — CL2A2 ’ bQAQ - (12A1

The next two examples show that the conclusion of Theorem [2.2]is precise.

EXAMPLE 2.3. Let o = £, a0 =1, a0 =2, bp =2, bo =1, a=1,b=0,
k = 2. Then
1 ) )
2) = —[—(1 +i3V/3)e’® — (1 —i3V/3)e "],
F0) = Sl iavEe - (1 - i3vE)e
is a solution of (2.2)), where c satisfies the condition defined in Theorem [2.2]

EXAMPLE 2.4. Let a =%, a0 =1, a0 =-2,bg = -2, bo=1,a=1,b=0,
k =1. Then

£(2) = = (VB 4 e+ (VB = i)e ™),

is a solution of equation ({2.2)), where c satisfies the condition defined in The-
orem

The next example shows that the condition ps(f) < 1 is sharp for Theo-
rem [2.2)
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EXAMPLE 25. Let o = £, a0 =1, a0 =2, bp =2, bo =1, a=1,b=0,
i(Ay—2A1)

1, oA, - Here

k =2, ¢ be a constant such that e’ =

1 . et? B e 1%
f(z)zG—\/g[—(lJrB\/g)e — (1 —i3v3)e® 7],

is not a solution of (2.2)) and py(f) = 1.

If =0 in (2.1) and (2.2) simply reduced to the corresponding binomial
equations

(2.3) {ar1f(2) + asf(z+ ) + {bif(z) + baf (z + )} =1,

and
(24) {aof™ (2) + aaf(z + )} +{bof M (2) + baf (z + )}* = 1,

respectively. In the context of (2.3]) and (2.4)), it will be interesting to investi-
gate the analogous results of Theorems 2.1 and [2.2] So we have the following
two theorems.

THEOREM 2.3. Let Dy # 0, by # Fias, a® # 0,1, ¢ # 0 be constants in
C. Also let f(z) be a non-constant transcendental entire solution of (2.3|) with
p2(f) < 1. Then f(2) has the following form

1

f(z):TDl[

(ba +iaz)e® P + (by — iaz)e™** 7",

where a # 0, b are two constants in C such that
a? 4+ b2 =a3+ b2

and . ,
ae _ b1tian oo b —iag

= ; € = .
by +ias’ by — tas

The next example justifies Theorem [2.3]

EXAMPLE 2.6. Leta; =1,a2 =1,by =1,bp =—-1,a=1,b=1,c= T
Then

fo) = e e

is a solution of (2.3)).
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THEOREM 2.4. Let Dy # 0, by # Fias, a® # 0,1, ¢ # 0 be constants in
C. Also let f(z) be a non-constant transcendental entire solution of (2.4]) with
p2(f) < 1. Then f(z) has the following form

1 b2 +ias az+b b2 — iag —az—b

f(z) = E ok e me
such that
(—1)*a**(ag + b3) = a3 + b3
and
giac _ 7M o—iac _ (—=1)Ftak (by — iag)

b2 + iag ’ bz — iag ’
a # 0, b are two constants in C.

COROLLARY 2.1.

(i) When k is odd, then we have
1 ; az+b . —az—b
f(z) = 2Doak (b2 + ias)e — (bg —iaz)e ],

such that a3 + b3 = —a®*(a? + b3).
(ii) When k is even, then we have

f(z) = [(b2 + ia2)eaz+b + (62 o Z-az)e—az—b] ’

1
2D0(1k
such that a3 + b3 = a®* (a2 + b3).

The next example justifies Theorem [2.4]

EXAMPLE 2.7. Let k=2 a90=1,bp=-1,a3=1,bo=1,a=1,b=0,
c:—%. Then

flz) =2 [(A+d)e + (1 —d)e 7],

NG

is a solution of the equation (2.4)).
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The next example justifies the sharpness of the condition of po(f) < 1 in
Theorem 2.4

EXAMPLE 28. Let k=1, a0 =1, g =1, a0 =—-1, 00 =1, a=14,b=0,
¢ = 2mi but

iz

F2) = =1 - — (1)),

T
is not a solution of ([2.4]). Clearly p2(f) = 1.

3. Lemmas

LEMMA 3.1 ([15]). Consider an entire function F in C", F(0) # 0 and
put p(np) = p < co. Then there exists a canonical function fr and a function
gr € C" such that F(z) = fp(.)ed"®. For special case n = 1, fp is the
canonical product of Weierstrass. Here p(ny) denotes the order of the counting
function of zeros of F.

LeMMA 3.2 ([1]). Let g be a transcendental meromorphic function of order
less than one and hi be a positive constant. Then there exists an e-set E such
that C\{E} > z — oo, one has

g'(z+()
g(z+¢)

g(z +¢)

-0 g(2)

— 1,

uniformly in ¢ for |(| < hy. Further, the e-set E may be chosen such that for
large z not in E, the function g has no zeros or poles in | — z| < hy.

LemMA 3.3 ([I7]). If f is a non-constant periodic meromorphic function,
then p(f) > 1.

LEMMA 3.4 ([IT]). If h is non-constant entire function, then pa(e™) = p(h).

LEMMA 3.5 ([6]). Let a;(z) be entire functions of finite order p and g;(z)
be entire functions such that gi(2) — gj(2), j # k are transcendental entire
functions or polynomials of degree greater than p. Then

3 aj(2)e ) = ag(2),
j=1

holds only when ag(z) = a1(z) = az(z) =--- = a,(z) = 0.
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4. Proofs of the theorems
PRrROOF OF THEOREM [2.J]. Let f(z) be a non-constant transcendental en-
tire solution of (2.1) with pa(f) < 1. Then using Theorem B we have

(4.1) arf(z) +asf(z +¢) = ;5 (C?/S%) - Si\/n%))

(Aleih(z) + Agefih(z)> ,

Sl

1 [cos(h(2)) sin(h(z)))
4.2 b +b +c)=— _
62 s g (TES -
1 ) )
- AZezh(z) + Alefzh(z)> 7
Vi
where h(z) is a non-constant entire function. From and we have
1 ) .
(4.3) f(z) = V2D (b2 A1 — G2A2)€lh(z) + (baAg — a2A1)e_Zh(z)],
1
1 ) )
(44)  f(z4c) = /2D (b1 A1 — a1 A2)e™ ™) + (b1 Ay — ay Ar)e )],
1
We have from (4.3)
(4.5) T(r, f(2)) = 2T (r,e™™) + S(r, f).

Since pa(f) < 1, using Lemma[3.4] from ([4.5) we obtain po(f) = p(h) < 1, i.e.,

h(z) is a non-constant entire function of order less than one.

Using (4.3) and (4.4)) we have
(4.6) (b2A1 — azA2)e™ T 4 (by Ay — apAp)e T
= (a1 4s — blAl)eih(z) + (a14; — 61A2)6_ih(z).

Now we claim that all four terms namely by A1 — asAs, boAs —as Ay, a1 Ay —
b1A, a1 A; — b1 As in are non-zero. Now we discuss the following cases:

CASE 1: Without any loss of generality let us assume that a; A1 —b; Ay = 0.
Since a1 A1 — bjAs = 0 then from clearly we have a1 Ay — b1 A1 # 0,
otherwise we will have A? = A2, which contradicts our assumption a2 # 0, 1.
Under the condition a; A1 —b1 As = 0 we also have by Ay —as A1 # 0, otherwise
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from this two expression we have D = a1by — asby = 0, which contradicts our
assumption.
SUBCASE 1.1: If by A1 — as A3 = 0, from (4.6|) we will have

(47) (b2A2 - a2A1)e—ih(z+c)—ih(z) = (a1A2 - blAl).

Then (4.7) shows that —i(h(z 4 ¢) + h(z)) must be a constant. Now we claim
that h(z) can not be a non-constant polynomial, if so, comparing degree of h(z)
we have 0 =degree[—i(h(z + ¢) + h(z))]=degree of 2h(z) > 1, a contradiction.
If h(z) is a non-constant transcendental entire function then differentiating

we have h/(z + ¢) = —h/(2) and using Lemma E we have 1 = h/h(,z(:)c) — -1,

which is a contradiction.
SUBCASE 1.2: Let b2A]_ — GQAQ 75 0, b2A2 — a2A1 75 0, a1A2 — blAl # 0,
a1 Ay — by Ay = 0. Then from (4.6) we have

(4.8) (baAy — azAg)eCEHI=E) 4 (hy Ay — ag Ay)e” METAIR(2)
= (a1 Az — b1 Ay).

Now using Nevanlinna Second Fundamental theorem from (4.8]) we have

) ) 1 1
—th(z+c)—ih(z)
T (T’ € ) <N (T’ ez’h(erc)ih(z)) +N (73 o—ih(z10)—ih(z) _ 5)

N (T’ e—ih(z-‘,—c)—ih(z)) s (r’ e—ih(z—i—c)—ih(z))

1
<N (’r’, b A1 —azAs eih(z—l—c)—ih(z))

b2A2—a2A1

s (T, efih(z+c)fih(z)> -0 (T (7“, efih(erc)fih(z))) ’

where 5 = % # 0, which shows that —i(h(z+¢)+ h(z)) is a constant.
Then from (4.8]) we must have i(h(z + ¢) — h(z)) must be a non constant.
Then we have

(b2A1 — CLQAQ)@ih(Z+C)_ih(Z) =+ (b2A2 — a2A1)K1 = (alAg — blAl),

where K| = e~ "z+)=ih(2)  Considering order of growth in both sides we get
a contradiction. Hence a3 Ay — by Ay # 0.

CASE 2: Using similar arguments as done in Case 1 we can show that
b2A1 — a2A2 75 0, b2A2 - a2A1 7é O, a1A2 — b1A1 7'é 0.

Since h(z) is a non-constant entire function and by Ay — as Ay # 0, by Ay —

asA; #0,a1A3—by Ay #0,a1A; —b1 As # 0 then using Lemmafrom (14.6)
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we have either ih(z + ¢) +ih(z) or —ih(z + ¢) +ih(z) is a constant. If ih(z +
¢) + ih(z) is a constant then using similar arguments as done in Subcase 1.1
we clearly have a contradiction. Hence —ih(z + ¢) 4+ ih(z) must be a constant.
Differentiating we have h'(z+c) = h/(z), i.e., h'(z) is a periodic entire function.
We have p(h) = p(h'). Since after we have already deducted p(h) < 1,
using Lemma [3.3| we derive that i’ is constant in C, say h'(z) = a, a # 0, i.e.,
h(z) = az+0b, b is a constant.

Now using and ( . we have

1

2) = ——[(by Ay — azA2)e" @Y 1 (by Ay — anAq)e @),
f(2) ﬁD[(Zl 2As) (b2A2 — azAy) ]
iac a1 Az — b1 Ay e—iac _ a1A; — b1 A
- bQAl — CLQAQ’ - b2A2 — agAl '
This proves the conclusion of Theorem [2.1] O

PROOF OF THEOREM 2.2l Let f(z) be a non-constant transcendental en-
tire solution of ([2.2)) with p2(f) < 1. Using Theorem B we have

(4.9) aof®)(2) + asf(z +¢) = 7[Alem<z> + Age )],

g

(4.10) bof W (2) +baf(2 +¢) = —=[Aze™P) 4 Ayem ],

ﬁ

where h(z) is a non-constant entire function. Then from (4.9) and (4.10) we
have

411)  fP() = (b2 A1 — az Ag)e™ ™ + (by Ay — aAy)e™ ™),

fDo

(4.12)  f(z+ec)=— [(boA1 — apA2)e™ ) + (b Az — agAr)e )],

\/§DO
Differentiating (4.12)) k-times we get

(4.13) fP(z4¢)

1 | |
= ﬂT[(aoAz — bo A1) M (2)e"®) 4 (agAy — boAs)N(z)e ")),
)

where M(z) = ih®) (2) + - +iF(W)F, N(2) = —ih®) (2) + - - 4 (—i)* (R')F.
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Using (4.11)) and (4.13]) we have

(4.14)  (baAy — agA2)e™CHI) 4 (by Ay — agAy)e” MEHO)
= (agAz — bo A1) M (2)e"?) + (apAr — boA2) N (2)e "),

Now we claim that both bo A1 — as As # 0 and bo Ay — as A1 # 0.

Without any loss of generality let b As — asA; = 0, then from we
have by A1 — asAs # 0 and agA; — bpAs # 0. Otherwise bo As — azA; = 0 and
by Ay — axAs = 0 implies A2 = A2, which contradicts the assumption that
a? #0,1; byAy — asA; = 0 and agA; — bpAy = 0 contradicts our assumption
DO = a062 - boag ?é 0.

Then reduces to

(4.15)  (b2A1 — azA2)e™ ) 4 (bo Ay — agAg) M (2)e™ )
= (agA1 — boAz)N (z)e ()

Let us discuss the following possibilities regarding the equation (4.15)):
CASE i): Let M(z) =0 and N(z) =0 then from (4.15)) we have

(b2A1 — agAg)eih(z+c) = 0,

since by A1 — as Az # 0, ih(z + ¢) must be a constant i.e., h(z) is a constant,
which is a contradiction.

CASE ii): Let M(z) =0 and N(z) # 0 then from (4.15) we have
(416) (b2A1 - CLQAQ)ei(h(ZJrC)Jrh(Z)) = ((I()Al — bOAQ)N(Z)

Then (4.16|) implies that i(h(z + ¢) + h(z)) must be a constant. Then using
similar arguments as done in Subcase 1.1 of Theorem [2.I] we must have a
contradiction.

CASE iii): Let M(z) # 0 and N(z) =0 then from (4.15) we have
(bgAl — CLQAQ)€ih(Z+C) + (bOAl - aoAg)M(z)eih(z) =0.

If (bgpA1 — apAz) = 0, then we get a contradiction. If (bgA; — apAs) # 0,
then we get i(h(z + ¢) — h(z)) is a constant. Then differentiating we have
h(z+¢) = h'(z). As h/(z) is a periodic entire function with period ¢ and
we know p(h) < 1, in view of Lemma we have h/(z) is a constant, say
a(# 0). Then we have h(z) = az +b, b € C is a constant. Then we have
M(z) = i*a*, and N(z) = (—i)¥(a)*, which clearly contradicts our assumption
under Case iii).



Abhijit Banerjee, Jhuma Sarkar

CASE iv): Let M(z) # 0 and N(z) # 0. If bpA; — agAs = 0 in ([£.15), then
using similar arguments as done in the proof of Subcase 1.1 in Theorem
we get a contradiction. If bgA; — agAs # 0, then using Nevanlinna Second
Fundamental theorem from we have

. 1 1
i(h(z+c)+h(z))
T <7"’ € ) <N <7"’ ei(h(z—i—c)—i—h(z))) +N (T’ Gi(h (O Th(2) _ 5)

N (T’ ei(h(erc)Jrh(z))) s (T, ei(h(z+c)+h(z))>

1
< N( s oA, = aoAg)M(Z)€2'L(h(Z))>

by A1—azAs

s (r, ei(h(z+c>+h<z))) —0 (T (r, €i<h<z+c>+h<z>>))

where § = M, which shows that i(h(z + ¢) + h(z)) is a constant.

‘A.l ags A
Then form ({4.15] wg rrzlust have

(b2 A1 — a2A2) Ko + (bo A1 — aoAg)M(z)e%h(z) = (apA; — bpA2)N(z),

where Ko = ¢/(h(z+)+h(2))  Considering order of growth in both sides we
clearly get a contradiction. Hence we get bo As — as A1 # 0.

Similarly we can show that bo A7 — as Ay # 0.

Now we discuss the following cases regarding the equation (4.14) when
both b2A2 — agAl 75 0 and bQAl — a2A2 7& 0:

CASE 1: (apAy — bpA1)M(z) = 0, (agAy — bpA2)N(z) = 0. Then from
(4.14) we get a contradiction about the fact that h(z) is a non-constant entire
function.

CASE 2: (apAy — bpA1)M(z) = 0, (agAy — bpA2)N(z) #Z 0. Then from
(4.14) we have

(4.17)  (baAy — agA2)e™CH) 4 (by Ay — agAy)e”MEHO)
= (apA1 — bgA2)N(z)e M=),

Then using Lemma [3.5] we get either i(h(z +c) +h(z)) or, i(—h(z +c) + h(2))
is a constant. Now if i(h(z + ¢) + h(z)) is a constant, then using similar
arguments as done in Subcase 1.1 of Theorem [2.1] we get a contradiction. If
i(—h(z+c)+h(z)) is a constant, but i(h(z+c¢)+ h(z)) is not a constant, then
we have from (4.17))

(byAy — agAg)e’MEHAIThED) 4 (hy Ay — ag A1) K3 = (agAy — byAz)N(2),
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where K3 = ¢/(M(2)=1(z+c)) Now comparing the order of growth in both sides

we clearly get a contradiction.

CASE 3: (apA2 — bpA1)M(z) # 0, (agA1 — bpAz)N(2z) = 0. Then using
similar arguments as done in Case 2 we get a contradiction.

CASE 4: (agAy — bpA1)M(z) # 0, (apA1 — bpA2)N(z) # 0. Then from
(4.14) we have either i(h(z) + h(z +¢)) or i(h(z) — h(z + ¢)) is a constant. If
i(h(z) + h(z + ¢)) is a constant, then we get a contradiction. Then we must
have i(h(z) — h(z + ¢)) is a constant. Then using similar analysis as done in
Case iii) we have h(z) = az+b, a # 0, b € C are constants. Then from
we have

1

(4.18) f®(z) = V2D [(b2A1 — a3 A2)et @) 4 (b Ay — a2A1)e_i(az+b)} ,
0

Integrating k-times from (4.18) we get

(4.19)  f(2)

1 [(52A1 — 242) i(az+b)

_ (b Az — az A1) —i(az—)—b)]
V2Dy

ok - (—i)kak ¢
+5(2),
where S(z) is a polynomial in C of degree k — 1. Since S(z) is an arbitrary

polynomial, using equation (2.2)) we get S(z) = 0.
From (4.19) and (4.12) we have

ikak (CL()AQ — boAl) (—z’)kak (CL()Al — boAz)

ac — —iac — O

b2A1 — CLQAQ ’ bQAQ — a2A1 '

PROOF OF THEOREM [2.4l Let f(z) be a transcendental entire solution of
([2.4) with po(f) < 1. Then using Lemma[3.1] we have

eh(z) + e_h(z)
2 )
eh(z) — eih(z)

21 ’

(4.20) aof®(2) + agf(z +¢) =

(4.21) bof ™) (2) + baf(z+c) =

where h(z) is a non-constant entire function. Then from (4.20) and (4.21]) we
have

(b2 + iaz)e™?) + (by — iag)e =)
2D, ’

(4.22) F9 () =

(bo + iag)e"® + (by — iag)e =)

(4.23) flz+0¢) = =
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Differentiating (4.23|) k-times we get

(bo + iag) My (2)e"*) + (bo — iag) Ny (z)e ")
—2Dq ’

(4.24) f®)(z 4 ¢) =

where M;(z) = [h&z) + o4 (W(2)*] and Ny(z) = [=h®)(2) + -« +
(—=1)*(n')*]. Using (4.23) we have

T(r f(z+0) = T(re?™)+S(r f).
Therefore, T'(r, f(z 4+ ¢)) = T(r, f(2)) + S(r, f) and p2(f) < 1. Then clearly

we have p(h) = p2(f) < 1.
Now using (4.22) and (4.24]) we have

(4.25)  (ba + iaz)e"*T) + (by — iag)e "> +)
— —(bo + iao)M1 (Z)eh(z) _ (bO _ iao)Nl(z)e_h(Z).

Clearly we have by 4+ ias # 0 and by — iag # 0.

Now we discuss the following cases:

CASE 1: Let both (by +iag)Mi(z) = 0 and (bg —iag)N1(z) = 0. Then from
we have h(z) is a constant entire function, which is a contradiction.

CASE 2: Let (b + iag)M1(z) = 0 and (by — iag)N1(z) # 0. Then from
(4.25)) we have

(by + iag)e"H) 4 (by —iag)e ™) = —(by — iag) N1 (2)e ).

Using Lemma 3.5 we have either h(z+c)+h(z) or —h(z+c)+h(z) is a constant.
Then using same arguments as done in the proof of case 2 of Theorem 2.2 we
get a contradiction.

CASE 3: Let (bg + iag)Mi(z) # 0 and (by — iap)N1(z) = 0. Then using
same arguments as done in the proof of Case 2 of Theorem [2.2] we get a
contradiction.

CASE 4: Let (bg+iag)M1(z) #Z 0 and (bg—iag)N1(z) Z 0. Then from (4.25))
we have either h(z+4c)+h(z) or —h(z+c)+h(z) is a constant. If h(z+4c)+h(z)
is a constant then using similar arguments as done in the proof of Subcase 1.1
of Theorem [2.1] we must have a contradiction. If —h(z+c)+h(z) is a constant
then using same arguments as done in the proof of Case iii) of Theorem
we must have h(z) = az + b, where a # 0 and b are two constants in C.

From (4.22), integrating f*)(z) k-times we get

1 b2 + iaz bg - iaz _
eaz+b + e az+b

f(z) = ﬁ P (—a)k + 51(2),
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where S1(z) is a polynomial of degree k — 1. Since Sy (%) is arbitrary we take

S1(z) = 0. Then from (4.22)) and (4.24)) we have

) —ak(b ; ) 1tk (b, — i
et — w’ e—lac _ ( ) a ( 0 Za()) ' 0
by + ias by — ias

PROOF OF THEOREM 2.3l We omit the proof of Theorem [2.3]as the proof
is similar to that of Theorem 2.4l O

5. Two open questions

1. What will be the possible form of transcendental entire solution of hyper-
order strictly less than one of the equations — when the right hand
side is replaced by e9(*), where g(z) is a non-constant polynomial in C?

2. Is it possible to extend the theorems obtained in this paper to C"?
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