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BIDIMENSIONAL EXTENSIONS OF COBALANCING
AND LUCAS-COBALANCING NUMBERS

J. Chimpanzo, M.V. Otero-Espinar, A. Borges,
P. Vasco, P. Catarino

Abstract. A new bidimensional version of cobalancing numbers and Lucas-
balancing numbers are introduced. Some properties and identities satisfied by
these new bidimensional sequences are studied.

1. Introduction

The study of number sequences has been the subject of several studies
published in recent decades. Algebraic properties, generating function, Bi-
net’s formula and some well-known identities have been studied in this re-
search topic. There are studies of various number sequences, leaving the reader
some suggestions about some of this variety (see, for example, the studies
[1, 3, 4, 6, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18]). Also the two-dimensional version
of some sequences has been a topic of investigation for some researchers. This
is the case with the work on the Narayana sequence [2], the Fibonacci sequence
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of Gaussian numbers [15], the Fibonacci sequence [16] and the Leonardo se-
quence [22], among others.

In this paper it is our purpose to introduce and study the bidimensional
version of two numerical sequences: the sequence of cobalancing numbers and
the sequence of Lucas-cobalancing numbers.

We will recall in this section some important results concerning these se-
quences in their unidimensional version, results that will be used later in
establishing new results concerning the same sequences in their bidimensional
form.

Panda and Ray in [18] introduced the sequence {cn}n≥1 of Lucas-co-
balancing numbers that satisfy the following recurrence relation

cn+2 = 6cn+1 − cn, n ≥ 1,

with the initial conditions c1 = 1 and c2 = 7. Binet’s formula of the sequence
{cn}n≥1 of Lucas-cobalancing numbers has the following form

cn =
α2n−1
1 + α2n−1

2

2
,

where

(1.1) α1 =

√
3 + 2

√
2

and

(1.2) α2 =

√
3− 2

√
2.

Related to this sequence we have the sequence {Qn}n≥0 which is known
as Pell-Lucas numbers and is defined by the recurrence relation

Qn = 2Qn−1 +Qn−2, n ≥ 2,

with the initial conditions Q0 = 1 and Q1 = 1. According to Theorem 4.2.3
in [19], one of the relationships that exists between these two sequences is

cn = Q2n−1.

Also, Panda and Ray in [18] introduced the sequence {bn}n≥1 of cobalanc-
ing numbers satisfying the recurrence relation

bn+2 = 6bn+1 − bn + 2, n ≥ 1,
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with the initial conditions b1 = 0 and b2 = 2. Binet’s formula for the sequence
{bn}n≥1 of cobalancing numbers has the following form

bn =
α2n−1
1 − α2n−1

2

4
√
2

− 1

2
,(1.3)

where α1, α2 are defined by formulas (1.1) and (1.2), respectively.
Based on the Binet formula of {cn}n≥1,

cn+1 =
α2n+1
1 + α2n+1

2

2
,

hence

cn+1 =
α2n−1
1 · α2

1 + α2n−1
2 · α2

2

2

=
α2n−1
1 ·

(
3 + 2

√
2
)
+ α2n−1

2 ·
(
3− 2

√
2
)

2

=
(3α2n−1

1 + 3α2n−1
2

2

)
+
(2√2α2n−1

1 − 2
√
2α2n−1

2

2

)
= 3cn +

√
2
(
α2n−1
1 − α2n−1

2

)
= 3cn +

√
2
(α2n−1

1 − α2n−1
2

4
√
2

· 4
√
2
)

= 3cn + 8
(α2n−1

1 − α2n−1
2

4
√
2

− 1

2
+

1

2

)
,

therefore

cn+1 = 3cn + 8bn + 4,

which is the equivalent of saying that

bn =
1

8
cn+1 −

3

8
cn −

1

2
.

Behera and Panda in [1] introduced the sequence {Bn}n≥0 of balancing
numbers satisfying the recurrence relation

Bn+1 = 6Bn −Bn−1, n ≥ 1,
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with the initial conditions B0 = 0 and B1 = 1. Binet’s formula of the sequence
{Bn}n≥0 of balancing numbers is defined by

Bn =
rn1 − rn2
r1 − r2

,

with r1 = α2
1 and r2 = α2

2. A generalization of this sequence was studied by
Ray in [20].

There is another sequence of numbers called Lucas-balancing {Cn}n≥0

in which its recurrence relation is the same as in the case of the sequence
{Bn}n≥0, differing only in the initial conditions which, in this case are, C0 = 1
and C1 = 3. In [19] Panda shows the relation existing between the terms of
order n of the sequences {Bn}n≥0 and {Cn}n≥0, as being Cn =

√
8B2

n + 1.
The sequences that we have mentioned before, are in The On-Line Ency-

clopedia of Integers Sequencesr (OEISr) [21] and the Table 1 gives us the
first elements of them. Note that for cobalancing and Lucas-cobalancing se-
quences, in Table 1, we consider as the first elements, the value of b1 and c1,
respectively.

Table 1. Some first element of {Bn}n≥0,
{Cn}n≥0, {bn}n≥1 and {cn}n≥1

n 0 1 2 3 4 5 6
Bn 0 1 6 35 204 1189 6930
Cn 1 3 17 99 577 3363 19601
bn - 0 2 14 84 492 2870
cn - 1 7 41 239 1393 8119

Chimpanzo et al. in [7] introduced the bidimensional balancing numbers
sequence {B(n,m)} that satisfies the following bidimensional recurrence con-
ditions, where n and m are non-negative integers:{

B(n+1,m) = 6B(n,m) −B(n−1,m),

B(n,m+1) = B(n,m) −B(n,m−1),

with the initial conditions B(0,0) = 0, B(1,0) = 1, B(0,1) = i, B(1,1) = 1+ i and
i2 = −1.

Below we present a series of results related to the sequences {Bn}n≥0 and
{cn}n≥1 that we use later in demonstrations of other results related to bidi-
mensional versions of Lucas-cobalancing numbers and cobalancing numbers.
Thus, we have the properties listed in the following proposition:
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Proposition 1.1. If Bn and cn represent, respectively, the balancing num-
bers and the Lucas-cobalancing numbers of order n, then the following prop-
erties are true:
1.
∑n

l=1 cl =
−1−Bn−1+3Bn

2 ;

2.
∑n

l=1 c2l = B2
n +BnBn+1;

3.
∑n

l=1 c2l−1 = −1−B2n−1+3B2n−2(Bn+Bn+1)Bn

2 .

Proof. To prove item 1, we use Theorem 4.2.16 in [19] and Proposi-
tion 2.6, item 6 in [5]. Thus we have:

n∑
l=1

cl =

n∑
l=1

(Bl−1 +Bl) =

n∑
l=1

Bl−1 +

n∑
l=1

Bl

=
−1−Bn−1 +Bn

4
+

n∑
l=1

Bl−1 +Bn

=
−1−Bn−1 +Bn

4
+
−1−Bn−1 +Bn

4
+Bn

=
−1−Bn−1 +Bn − 1−Bn−1 +Bn + 4Bn

4

=
−2− 2Bn−1 + 6Bn

4

=
−1−Bn−1 + 3Bn

2
.

For item 2, the result follows, using, once again, in [19], Theorem 4.2.16
and also items (a) and (b) of Corollary 2.3.6.

Finally, to prove item 3, we use items 1 and 2 of this proposition. Thus
we have:

n∑
l=1

c2l−1 =

2n∑
l=1

cl −
n∑

l=1

c2l

=
−1−B2n−1 + 3B2n

2
−
(
B2

n +BnBn+1

)
=
−1−B2n−1 + 3B2n

2
−

2
(
B2

n +BnBn+1

)
2

=
−1−B2n−1 + 3B2n − 2 (Bn +Bn+1)Bn

2
. �
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2. Bidimensional Lucas-cobalancing numbers

In this section we will present the bidimensional version of Lucas-cobalancing
numbers, starting by introducing the following definition:

Definition 2.1. The bidimensional Lucas-cobalancing numbers c(m,n) are
the numbers that satisfy the following bidimensional recurrence conditions,
where n and m are non-negative integers:{

c(n+1,m) = 6c(n,m) − c(n−1,m),

c(n,m+1) = 6c(n,m) − c(n,m−1),

with the initial conditions c(0,0) = 1, c(1,0) = 7, c(0,1) = 1 + i, c(1,1) = 7 + i

and i2 = −1.

As noted in the previous section, some versions of numerical sequences have
been the subject of various studies. In the following lemma we will use the
sequence of bidimensional balancing numbers denoted by B(n,m) which were
studied in [7]. In this lemma we present some properties involving not only
the sequence of bidimensional balancing numbers, but especially the sequence
of bidimensional Lucas-cobalancing numbers.

Lemma 2.2. The following properties are valid for all non-negative integers
m and n and for the numbers c(n,m):
(a) c(n,0) = cn+1;
(b) c(0,m) = B(1,m);
(c) c(n,1) = cn+1 + (Bn −Bn−1) i;
(d) c(1,m) = B(1,m) + 6 (Bm −Bm−1) ,

where B(n,m) is a bidimensional balancing number, Bk is a balancing number
of order k and ck is a Lucas-cobalancing number of order k.

Proof. The proof of (a) will be done by induction on n:
For n = 0 we have that c(0,0) = 1 = c1 and the proposition is true.
For n = 1 we have that c(1,0) = 7 = c2 and the proposition is also true.
Suppose that the proposition is true for all values less than or equal to n.

We are going to show that it remains true for n+ 1:
By Definition 2.1 and the induction hypothesis, we obtain:

c(n+1,0) = 6c(n,0) − c(n−1,0)

= 6cn+1 − cn = cn+2,

which ends the proof of (a).
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The proof of (b) will be done by induction on m:
For m = 0, since B(1,0) = 1 (see [7]), we have that c(0,0) = 1 = B(1,0) and

the proposition is true.
For m = 1, since B(1,1) = 1+ i (see [7]), we have that c(0,1) = 1+ i = B(1,1)

and the proposition is also true.
Suppose that the proposition is true for all values less than or equal to m.

We show that it remains true for m+ 1:
By Definition 2.1, by the induction hypothesis and by the expression (3)

or by Definition 3.1 in [7],

c(0,m+1) = 6c(0,m) − c(0,m−1)

= 6B(1,m) −B(1,m−1)

= B(1,m+1),

which ends the proof of (b).
The proof of (c) will also be done by induction on n:
For n = 0, since B−n = −Bn (see [7]), we have that c(0,1) = c1 +

(B0 −B−1) i = 1 + i and the proposition is true.
For n = 1 we have that c(1,1) = c2+(B1 −B0) i = 7+i and the proposition

is also true, given the initial conditions of the sequence {Bn}n≥0.
Suppose that the proposition is true for all values less than or equal to n.

Let us show that it remains true for n+ 1:
By Definition 2.1 and the recurrence relations of {Bn}n≥0 and {cn}n≥1,

c(n+1,1) = 6c(n,1) − c(n−1,1)

= 6 (cn+1 + (Bn −Bn−1) i)− (cn + (Bn−1 −Bn−2) i)

= 6cn+1 + 6 (Bn −Bn−1) i− cn − (Bn−1 −Bn−2) i

= 6cn+1 + 6Bni− 6Bn−1i− cn −Bn−1i+Bn−2i

= (6cn+1 − cn) + (6Bni−Bn−1i)− (6Bn−1i−Bn−2i)

= cn+2 +Bn+1i−Bni

= cn+2 + (Bn+1 −Bn) i,

which ends the proof of (c).
The proof of (d) will also be done by induction on m:
For m = 0 again, since B0 = 0, B−n = −Bn and B(1,0) = 1 (see [7]), we

have that c(1,0) = B(1,0) + 6 (B0 −B−1) = 7 and the proposition is true.
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For m = 1, since B0 = 0, B1 = 1 and B(1,1) = 1+ i (see [7]), we have that
c(1,1) = B(1,1) + 6 (B1 −B0) = 7 + i and the proposition is also true.

Suppose that the proposition is true for all values less than or equal to m.
Let us show that it remains true for m+ 1:

By Definition 2.1, by the recurrence relation of {Bn}n≥0 and by property 4
of Lemma 3.2 in [7],

c(1,m+1) = 6c(1,m) − c(1,m−1)

= 6
(
B(1,m) + 6 (Bm −Bm−1)

)
−
(
B(1,m−1) + 6 (Bm−1 −Bm−2)

)
= 6 ((Bm −Bm−1) +Bmi+ 6 (Bm −Bm−1))

− ((Bm−1 −Bm−2) +Bm−1i+ 6 (Bm−1 −Bm−2))

= 6 (Bm −Bm−1) + 6Bmi+ 36 (Bm −Bm−1)− (Bm−1 −Bm−2)

−Bm−1i− 6 (Bm−1 −Bm−2)

= 42 (Bm −Bm−1)− 7 (Bm−1 −Bm−2) + 6Bmi−Bm−1i

= 42Bm − 42Bm−1 − 7Bm−1 + 7Bm−2 +Bm+1i

= (42Bm − 7Bm−1)− (42Bm−1 − 7Bm−2) +Bm+1i

= 7 (6Bm −Bm−1)− 7 (6Bm−1 −Bm−2) +Bm+1i

= 7Bm+1 − 7Bm +Bm+1i

= 7 (Bm+1 −Bm) +Bm+1i

= (Bm+1 −Bm) +Bm+1i+ 6 (Bm+1 −Bm)

= B(1,m+1) + 6 (Bm+1 −Bm) . �

The following theorem gives us a way to determine the element c(n,m), for
any n and m, non-negative integers, in terms of cobalancing and balancing
numbers.

Theorem 2.3. For the non-negative integers m, n, the bidimensional
Lucas-cobalancing numbers are described in the form:

c(n,m) = cn+1 (Bm −Bm−1) + (Bn −Bn−1)Bmi.

Proof. We begin by performing the demonstration by induction on m,
fixing n.
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For m = 0 and given the initial conditions of the sequence {cn}n≥1

and again, using the fact that B−m = −Bm in [7], we have that c(n,0) =
cn+1 (B0 −B−1) + (Bn −Bn−1)B0i = cn+1, which is true by item (a) of
Lemma 2.2.

For m = 1 and again, given the initial conditions of the sequence {cn}n≥1

and B−m = −Bm in [7], we have c(n,1) = cn+1 (B1 −B0)+(Bn −Bn−1)B1i =
cn+1 + (Bn −Bn−1) i, which is found to be true by Lemma 2.2, item (c).

Suppose that the equality is true for non-negative n fixed and all values
less than or equal to m. Let us prove that it is still true for m+ 1:

c(n,m+1) = cn+1 (Bm+1 −Bm) + (Bn −Bn−1)Bm+1i.

By Definition 2.1 and the recurrence relation of {Bn}n≥0,

c(n,m+1) = 6c(n,m) − c(n,m−1)

= 6 (cn+1 (Bm −Bm−1) + (Bn −Bn−1)Bmi)

− (cn+1 (Bm−1 −Bm−2) + (Bn −Bn−1)Bm−1i)

= 6cn+1 (Bm −Bm−1) + 6 (Bn −Bn−1)Bmi

− cn+1 (Bm−1 −Bm−2)− (Bn −Bn−1)Bm−1i

= 6cn+1Bm − 6cn+1Bm−1 + 6BnBmi− 6Bn−1Bmi

− cn+1Bm−1 + cn+1Bm−2 −BnBm−1i+Bn−1Bm−1i

= cn+1 (6Bm −Bm−1)− cn+1 (6Bm−1 −Bm−2)

+Bn (6Bmi−Bm−1i)−Bn−1 (6Bmi−Bm−1i)

= cn+1Bm+1 − cn+1Bm +BnBm+1i−Bn−1Bm+1i

= cn+1 (Bm+1 −Bm) + (Bn −Bn−1)Bm+1i,

as we wanted to show.
Let us now fix m and, perform the induction on n.
For n = 0 and given the initial conditions of the sequence {cn}n≥1 and [7,

Lemma 3.2, item 4], and again, using the fact that B−n = −Bn, we have that
c(0,m) = c1 (Bm −Bm−1)+(B0 −B−1)Bmi = (Bm −Bm−1)+Bmi = B(1,m),
which is true by Lemma 2.2, item (b).

For n = 1 and again, given the initial conditions of the sequence {cn}n≥1

and the fact that B−n = −Bn in [7], we have that c(1,m) = c2 (Bm −Bm−1)+
(B1 −B0)Bmi = 7 (Bm −Bm−1) +Bmi = B(1,m) +6 (Bm −Bm−1), which is
found to be true by Lemma 2.2, item (d).
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Suppose the theorem is true for all values less than or equal to n. We prove
that it is still true for n+ 1:

c(n+1,m) = cn+2 (Bm −Bm−1) + (Bn+2 −Bn+1)Bmi.

By Definition 2.1 and the recurrence relations of {cn}n≥1 and {Bn}n≥0,

c(n+1,m) = 6c(n,m) − c(n−1,m)

= 6 (cn+1 (Bm −Bm−1) + (Bn+1 −Bn)Bmi)

− (cn (Bm −Bm−1) + (Bn −Bn−1)Bmi)

= 6cn+1 (Bm −Bm−1) + 6 (Bn+1 −Bn)Bmi

− cn (Bm −Bm−1)− (Bn −Bn−1)Bmi

= 6cn+1Bm − 6cn+1Bm−1 + 6Bn+1Bmi− 6BnBmi

− cnBm + cnBm−1 −BnBmi+Bn−1Bmi

= Bm (6cn+1 − cn)−Bm−1 (6cn+1 − cn)

+ (6Bn+1 −Bn)Bmi− (6Bn −Bn−1)Bmi

= Bmcn+2 −Bm−1cn+2 +Bn+2Bmi−Bn+1Bmi

= cn+2 (Bm −Bm−1) + (Bn+2 −Bn+1)Bmi,

as we wanted to show. �

3. Some identities involving bidimensional Lucas-cobalancing
numbers

From now on, we will explore some bidimensional identities of the bidi-
mensional sequence of Lucas-cobalancing numbers, using somewhat inherent
properties of the sequence.

Identity 3.1. The sum of the numbers c(p,m) of odd index p, can be
described by:

n∑
l=1

c(2l−1,m) =
(
B2

n +BnBn+1

)
(Bm −Bm−1)

+
(
B2

n −Bn−1Bn +B2n

)
Bmi.
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Proof. By Theorem 2.3, we have

n∑
l=1

c(2l−1,m) =

n∑
l=1

(c2l (Bm −Bm−1) + (B2l−1 −B2l−2)Bmi) .

Thus,

n∑
l=1

c(2l−1,m) = (c2 (Bm −Bm−1) + (B1 −B0)Bmi)

+ · · ·+ (c2n (Bm −Bm−1) + (B2n−1 −B2n−2)Bmi)

= (c2 + · · ·+ c2n) (Bm −Bm−1)

+ ((B1 −B0) + · · ·+ (B2n−1 −B2n−2))Bmi

=

n∑
l=1

c2l (Bm −Bm−1) +
( n∑

l=1

B2l−1 −
n∑

l=1

B2l−2

)
Bmi.

The result follows, using item 2 of Proposition 1.1 and items (a) and (b) of
Corollary 2.3.6 in [19]. �

Identity 3.2. The sum of the numbers c(p,m) of even index p, can be
described by:

n∑
l=1

c(2l,m) =
(
B2

n+1 +Bn+1Bn+2

)
(Bm −Bm−1) +

(
BnBn+1 −B2

n

)
Bmi.

Proof. By Theorem 2.3, we have

n∑
l=1

c(2l,m) =
n∑

l=1

(c2l+1 (Bm −Bm−1) + (B2l −B2l−1)Bmi) .

Thus,

n∑
l=1

c(2l,m) = (c3 (Bm −Bm−1) + (B2 −B1)Bmi)

+ · · ·+ (c2n+1 (Bm −Bm−1) + (B2n −B2n−1)Bmi)

= (c3 + · · ·+ c2n+1) (Bm −Bm−1)

+ ((B2 −B1) + · · ·+ (B2n −B2n−1))Bmi
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=

n∑
l=1

c2l+1 (Bm −Bm−1) +
( n∑

l=1

B2l −
n∑

l=1

B2l−1

)
Bmi

=

n+1∑
l=2

c2l (Bm −Bm−1) +
( n∑

l=1

B2l −
n∑

l=1

B2l−1

)
Bmi.

By item 2 of Proposition 1.1, by items (a) and (b) of Corollary 2.3.6 in [19],
the result follows. �

Identity 3.3. The sum of the first p numbers c(p,m), can be described
as follows:

n∑
l=1

c(l,m) =
1

2
(−3 + cn+1 −Bn−1 + 3Bn) (Bm −Bm−1) +BnBmi.

Proof. Using Theorem 2.3, we have

n∑
l=1

c(l,m) =

n∑
l=1

(cl+1 (Bm −Bm−1) + (Bl −Bl−1)Bmi) .

Thus,

n∑
l=1

c(l,m) = (c2 (Bm −Bm−1) + (B1 −B0)Bmi)

+ · · ·+ (cn+1 (Bm −Bm−1) + (Bn −Bn−1)Bmi)

= (c2 + · · ·+ cn+1) (Bm −Bm−1)

+ ((B1 −B0) + · · ·+ (Bn −Bn−1))Bmi

= (−c1 + c1 + c2 + · · ·+ cn+1) (Bm −Bm−1)

+ ((B1 −B0) + · · ·+ (Bn −Bn−1))Bmi

=
(
− 1 +

n∑
l=1

cl + cn+1

)
(Bm −Bm−1)

+
( n∑

l=1

Bl −B0 +

n−1∑
l=1

Bl

)
Bmi.

By item 1 of Proposition 1.1, the fact that B0 = 0 and item 6 of Proposition 2.6
in [5], the result follows. �
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Identity 3.4. The sum of the numbers c(n, p) of odd index p can be
given by:

m∑
j=1

c(n,2j−1) =
(
B2

m −BmBm+1

)
cn+1 + (Bn −Bn−1)B

2
mi.

Proof. By Theorem 2.3, we have

m∑
j=1

c(n,2j−1) =

m∑
j=1

(cn+1 (B2j−1 −B2j−2) + (Bn −Bn−1)B2j−1i) .

Thus,

m∑
j=1

c(n,2j−1) = cn+1

m∑
j=1

(B2j−1 −B2j−2) + (Bn −Bn−1)

m∑
j=1

B2j−1i

= cn+1

( m∑
j=1

B2j−1 −
m∑
j=1

B2j−2

)
+ (Bn −Bn−1)

m∑
j=1

B2j−1i

=

m∑
j=1

B2j−1 (cn+1 + (Bn −Bn−1) i)− cn+1

m∑
j=1

B2j−2

The result follows, using items (a) and (b) of Corollary 2.3.6 in [19]. �

Identity 3.5. The sum of the numbers c(n, p) of even index p can be
described by:

m∑
j=1

c(n,2j) =
(
BmBm+1 −B2

m

)
cn+1 + (Bn −Bn−1)BmBm+1i.

Proof. Using Theorem 2.3, we have

m∑
j=1

c(n,2j) =
m∑
j=1

(cn+1 (B2j −B2j−1) + (Bn −Bn−1)B2ji) .

Thus,

m∑
j=1

c(n,2j) = cn+1

m∑
j=1

(B2j −B2j−1) + (Bn −Bn−1)
m∑
j=1

B2ji
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= cn+1

( m∑
j=1

B2j −
m∑
j=1

B2j−1

)
+ (Bn −Bn−1)

m∑
j=1

B2ji

=

m∑
j=1

B2j (cn+1 + (Bn −Bn−1) i)− cn+1

m∑
j=1

B2j−1.

By Corollary 2.3.6, items (b) and (a) in [19], the result follows. �

Identity 3.6. The sum of the first p numbers c(n, p), can be described by:

m∑
j=1

c(n,j) =
1

4
(Bm−1 − 2Bm +Bm+1) cn+1

− 1

4
(1 +Bm −Bm+1) (Bn −Bn−1) i.

Proof. By Theorem 2.3, we have

m∑
j=1

c(n,j) =

m∑
j=1

(cn+1 (Bj −Bj−1) + (Bn −Bn−1)Bji) .

Thus,

m∑
j=1

c(n,j) = cn+1

m∑
j=1

(Bj −Bj−1) + (Bn −Bn−1)

m∑
j=1

Bji

= cn+1

( m∑
j=1

Bj −
m∑
j=1

Bj−1

)
+ (Bn −Bn−1)

m∑
j=1

Bji

=

m∑
j=1

Bj (cn+1 + (Bn −Bn−1) i)− cn+1

m∑
j=1

Bj−1

=

m∑
j=1

Bj (cn+1 + (Bn −Bn−1) i)− cn+1

(
B0 +

m−1∑
j=1

Bj

)
.

By [5, Proposition 2.6, item 6] and the fact that B0 = 0, the result follows. �
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4. Bidimensional cobalancing numbers

In this section we will present the bidimensional version of cobalancing
numbers, starting with the following definition:

Definition 4.1. The bidimensional cobalancing numbers b(m,n), ∀n,m ∈
N0 are defined by:

b(n,m) =
1

8
c(n+1,m) −

3

8
c(n,m) −

1

2
,

where c(i,j) represents the bidimensional Lucas-cobalancing numbers studied
in the previous sections.

In particular, for m = n = 0, we get

b(0,0) =
1

8
c(1,0) −

3

8
c(0,0) −

1

2
=

1

8
· 7− 3

8
· 1− 1

2
= 0.

For n = 0 and m = 1, we obtain that

b(0,1) =
1

8
c(1,1) −

3

8
c(0,1) −

1

2

=
1

8
(7 + i)− 3

8
(1 + i)− 1

2

=
7

8
+

1

8
i− 3

8
− 3

8
i− 1

2
= −2

8
i = −1

4
i.

For n = 1 and m = 0, we obtain that

b(1,0) =
1

8
c(2,0) −

3

8
c(1,0) −

1

2
= 2.

For m = n = 1, it comes that

b(1,1) =
1

8
c(2,1) −

3

8
c(1,1) −

1

2
.

By Lemma 2.2, item (c) we have that c(2,1) = 41 + 5i. Then,

b(1,1) =
1

8
(41 + 5i)− 3

8
(7 + i)− 1

2
= 2 +

1

4
i.
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The following results present identities satisfied by bidimensional cobal-
ancing numbers in whose expressions some numbers c(m,n), B(m,n) and also
balancing numbers are involved.

Lemma 4.2. The following properties are valid for all non-negative integers
m and n and for the numbers b(m,n):
(a) b(n,0) = bn+1;

(b) b(0,m) = −1
4B(1,m) +

3
4 (Bm −Bm−1)− 1

2 ;

(c) b(n,1) = bn+1 +
1
2

(
1
4Bn+1 −Bn + 3

4Bn−1

)
i;

(d) b(1,m) =
1
8

(
c(2,m) − 3B(1,m)

)
− 9

4 (Bm −Bm−1)− 1
2 .

Proof. The proof of (a) will be done by induction on n:
For n = 0 we have that b(0,0) = 0 = b1 and the proposition is true.
For n = 1 we have that b(1,0) = 2 = b2 and the proposition is also true.
Suppose that the proposition is true for values less than or equal to n. Let

us show that it remains true for n+ 1:
By Definition 4.1 and by Lemma 2.2, item (a),

b(n+1,0) =
1

8
c(n+2,0) −

3

8
c(n+1,0) −

1

2

=
1

8
cn+3 −

3

8
cn+2 −

1

2

=
1

8
cn+3 −

3

8
(3cn+1 + 8bn+1 + 4)− 1

2

=
1

8
cn+3 −

9

8
cn+1 − 3bn+1 − 2

=
1

8
(3cn+2 + 8bn+2 + 4)− 9

8
cn+1 − 3bn+1 − 2

= 3
(1
8
cn+2 −

3

8
cn+1 −

1

2

)
+ 2 + bn+2 − 3bn+1 − 2

= 3bn+1 + 2 + bn+2 − 3bn+1 − 2 = bn+2,

which ends the proof of (a).
The proof of (b) will be done by induction on m:
For m = 0, since B(1,0) = 1 and B−n = −Bn (see [7]), we have that

b(0,0) = −1
4B(1,0) +

3
4 (B0 −B−1) − 1

2 = −1
4 (1) +

3
4 (1) −

1
2 = 0 and the

proposition is true.
For m = 1, since B(1,1) = 1 + i (see [7]), we have that b(0,1) = −1

4B(1,1) +
3
4 (B1 −B0) − 1

2 = −1
4 (1 + i) + 3

4 (1) −
1
2 = −1

4 i and the proposition is also
true.



Bidimensional extensions of cobalancing and Lucas-cobalancing numbers

Suppose that the proposition is true for all values less than or equal to m.
Let us show that it remains true for m+ 1:

By Definition 4.1 and by Lemma 2.2, items (d) and (b),

b(0,m+1) =
1

8
c(1,m+1) −

3

8
c(0,m+1) −

1

2

=
1

8

(
B(1,m+1) + 6 (Bm+1 −Bm)

)
− 3

8
B(1,m+1) −

1

2

=
1

8
B(1,m+1) +

3

4
(Bm+1 −Bm)− 3

8
B(1,m+1) −

1

2

= −1

4
B(1,m+1) +

3

4
(Bm+1 −Bm)− 1

2
,

which ends the proof of (b).
The proof of (c) will also be done by induction on n:
For n = 0 again, since B−n = −Bn (see [7]), we have that b(0,1) =

b0 + 1
2

(
1
4B1 −B0 +

3
4B−1

)
i = 0 + 1

2

(
1
4 · 1− 0 + 3

4 (−1)
)
i = −1

4 i and the
proposition is true.

For n = 1 we have that

b(1,1) = b1 +
1

2

(1
4
B2 −B1 +

3

4
B0

)
i = 2 +

1

2

(1
4
· 6− 1 +

3

4
· 0
)
i = 2 +

1

4
i

and the proposition is also true.
Suppose that the proposition is true for all values less than or equal to n.

Let us show that it remains true for n+ 1:
By Definition 4.1 and Lemma 2.2, item (c),

b(n+1,1) =
1

8
c(n+2,1) −

3

8
c(n+1,1) −

1

2

=
1

8
(cn+3 + (Bn+2 −Bn+1) i)−

3

8
(cn+2 + (Bn+1 −Bn) i)−

1

2

=
1

8
cn+3 +

1

8
(Bn+2 −Bn+1) i−

3

8
cn+2 −

3

8
(Bn+1 −Bn) i−

1

2

=
1

8
cn+3 −

3

8
cn+2 −

1

2
+

1

8
Bn+2i−

1

8
Bn+1i−

3

8
Bn+1i+

3

8
Bni

= bn+2 +
1

8
Bn+2i−

1

2
Bn+1i+

3

8
Bni

= bn+2 +
1

2

(1
4
Bn+2 −Bn+1 +

3

4
Bn

)
i,

which ends the proof of (c).
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The proof of (d) will also be done by induction on m:
For m = 0, given that in [7], B−n = −Bn, we have that b(1,0) =

1
8

(
c(2,0) − 3B(1,0)

)
− 9

4 (B0 −B−1)− 1
2 = 2 and the proposition is true.

For m = 1, given Lemma 2.2, item (c) and again, in [7], the fact that
B(1,1) = 1 + i, we have that b(1,1) = 1

8

(
c(2,1) − 3B(1,1)

)
− 9

4 (B1 −B0) − 1
2 =

1
8 ((41 + 5i)− 3 (1 + i))− 9

4 (1)−
1
2 = 2 + 1

4 i and the proposition is also true.
Suppose that the proposition is true for values less than or equal to m.

Let us show that it remains true for m+ 1:
By Definition 4.1 and by Lemma 2.2, item (d),

b(1,m+1) =
1

8
c(2,m+1) −

3

8
c(1,m+1) −

1

2

=
1

8
c(2,m+1) −

3

8

(
B(1,m+1) + 6 (Bm+1 −Bm)

)
− 1

2

=
1

8
c(2,m+1) −

3

8
B(1,m+1) −

9

4
(Bm+1 −Bm)− 1

2

=
1

8

(
c(2,m+1) − 3B(1,m+1)

)
− 9

4
(Bm+1 −Bm)− 1

2
,

which ends the proof of (d). �

5. Some identities involving bidimensional cobalancing numbers

From now on, we will explore some bidimensional identities of bidimen-
sional cobalancing sequence, using certain properties attached to it.

Identity 5.1. The sum of the numbers b(p,m) of odd index p, can be
described by:

n∑
l=1

b(2l−1,m) =
1

8

(
(Cn +Bn+2)Bn+1 − 3B2

n

)
(Bm −Bm−1)

+
1

4
(3Bn−1 − 2Bn −Bn+1)BnBmi−

1

2
n.

Proof. By Definition 4.1, we have

n∑
l=1

b(2l−1,m) =

n∑
l=1

(1
8
c(2l,m) −

3

8
c(2l−1,m) −

1

2

)
.
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Thus,

n∑
l=1

b(2l−1,m) =
( n∑

l=1

1

8
c(2l,m)

)
−
( n∑

l=1

3

8
c(2l−1,m)

)
−
( n∑

l=1

1

2

)
=

1

8

n∑
l=1

c(2l,m) −
3

8

n∑
l=1

c(2l−1,m) −
1

2

n∑
l=1

1.

The result follows, by Identities 3.2 and 3.1, by Theorem 2.4.3 in [19] and by
Corollary 2.3.5, item (b) also in [19]. �

Identity 5.2. The sum of numbers b(p,m) of even index p, can be de-
scribed by:

n∑
l=1

b(2l,m) =
1

8

(
(Cn+1 +Bn+3)Bn+2 − 3B2

n+1

)
(Bm −Bm−1)

+
1

8

(
(Bn+2 − 4Bn)Bn+1 + 3B2

n

)
Bmi−

1

2
n.

Proof. By Definition 4.1, we have

n∑
l=1

b(2l,m) =

n∑
l=1

(1
8
c(2l+1,m) −

3

8
c(2l,m) −

1

2

)
.

Thus,

n∑
l=1

b(2l,m) =
( n∑

l=1

1

8
c(2l+1,m)

)
−
( n∑

l=1

3

8
c(2l,m)

)
−
( n∑

l=1

1

2

)
=

1

8

n∑
l=1

c(2l+1,m) −
3

8

n∑
l=1

c(2l,m) −
1

2

n∑
l=1

1.

By Theorem 2.3, by Identity 3.2, by the fact that
∑n

i=m xi =
∑n+p

i=m+p xi−p,
by Proposition 1.1, item 2 and also item 3, by Corollary 2.3.6, item (b) in [19]
and by Theorem 2.4.3 also in [19], the result follows. �

Since the idea behind the proof is similar to the ones we have just pre-
sented, we will omit the corresponding proofs in the results that follow.
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Identity 5.3. The sum of the first p numbers b(p, m), can be described by:

n∑
l=1

b(l,m) =
1

16
(10 + 8bn + 10Bn + 3 (Bn+1 −Bn−1)) (Bm −Bm−1)

− 1

8
CnBmi−

1

2
n.

Identity 5.4. The sum of the numbers b(n, p) of odd index, can be de-
scribed by:

m∑
j=1

b(n,2j−1) =
1

8
(cn+2 − 3cn+1)

(
B2

m −BmBm+1

)
+

1

8
(Bn+1 − 4Bn + 3Bn−1)B

2
mi−

1

2
m.

Identity 5.5. The sum of the numbers b(n, p) of even index, can be
given by:

m∑
j=1

b(n,2j) =
1

8
(cn+2 − 3cn+1)

(
BmBm+1 −B2

m

)
+

1

8
(Bn+1 − 4Bn + 3Bn−1)BmBm+1i−

1

2
m.

Identity 5.6. The sum of p numbers b(n, p), can be given by:

m∑
j=1

b(n,j) =
1

32
(cn+2 − 3cn+1) (Bm−1 − 2Bm +Bm+1)

− 1

8
(Bn+1 − 4Bn + 3Bn−1) (1 +Bm −Bm+1) i−

1

2
m.

6. Conclusion

This research paper presents new sequences of numbers in their bidimen-
sional versions. Some identities involved in these sequences are stated and we
think that this work makes a contribution to the mathematical field and gives
an opportunity to researchers interested in this topic of numerical sequences.
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